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Suppose g) has K≥ 0 Cork > 0)
Can

you increase its Gauss curvature without shrinking any areas
?

A- :
"

competitor
"

metric § with {
K
'
≥ K

Gauss - Bonnet : DA ' ≥ DA

⑤ ᵈA = §, K ' DA ' =4ñ i.
Uuiforvuizatiou :

gig
'
c- [ground] so WLOG , g

' =é?g , DA
' _-e"dA

,

with in ≥ 1 .

0=↳KdA ' - fkdA = /He"- K ) da Éf#hdA
S2 S2 5≥T

⇒ K' = K
"

area- externality
"

If K > 0
.
then can divide both sides of K'e%K by

K = Kiso and get e%1 ie . g
'

=g
"

area - rigidity
"

Remains: Rigidity fails if *≥ ◦ but not

,

enlarge the ii.
"

neck
" ( :

"
'
⇒

region Is?gy! ⑤g)
✓

i. e. 1h11 can only increase if some areoisde-re.ae

Same proof implies ¢? g) is area- extremal if k≤ 0 and

area- rigid in its conformal class if K < 0 .
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Ded: A closed Riem . mfld (Mg) is area-e.ie#al for scalar
curvature if

Ng
'
≥ ig

⇒ seal
'
= scae (

and

area-rigid.gg, wya µ
'
≥ ʳᵈ

. . . ⇒ gi=g )-

-
Llorull ' 98 : §?ground) is area- rigid .

i. e. DA
'
≥ DA on all

surfaces ECM=Goette - Semmelmann '

01 -
'

02
, building on Min-Oo:

✗ IMHO
, Rg ≥ 0 , Rg > 0 or ¥ - g > Rig > 0 ⇒ (M

"

, g) is area- extremal
area- rigid(Mg) Keiller , Rig ≥ 0 . Rig> 0

Note: Other than on S? only metrics w/

specialhobnomy.IIndimensiou4.F-iusler-thorpetn.ci
: (MYg) has see≥◦ ⇔ 3- 2 :M→iR st. Rgt2*70 .

ThmA_ (B .

- Goodman
'

22) . CM?g) closed
, simply - connected , with Sec ≥ 0 .

If 2 :M- R s.t. R -12* ≥ 0 can be chosen 6≥ 0 or 2 ≤ 0 .

then g
is area-d . If s¥g > Ric > 0 ,

then
g
is areaid .

Besi7: If 2≥ o or -62-0 , then either M" ± #ÑP2 ( definite)homeo

or M" Em$7s? g. ☒gz) .

area- rigid
by[G§ !

Using Thm A
,
can produce examples w/ genericholonomg-Rgr.si * > 0

1Cos:(it ICPZ has an open set of area- rigid metrics containing gfs ;
Iii) ICPZ# ICPZ has aregÑis ( Oheeger metrics) .×

w/ see≥ 0 but not see > 0
, cf . pictures of S2

Note: ICP
?
# ICPZ doesnt admit metrics w/ Rg ≥ 0 nor Kohler metrics !



Only known M
" with see ≥ 0 to which Thm A does not apply is CIF#EP?

(widely conjectured)which has hléihler metrics with Ric > 0
.

hence area- rigid by [G.-s .] to be all
. . .

Upshot:

Among known simply- connected examples : S4¢P?sÉÉp2#ep?¢pz#¢p#TEE
• M " admits see≥ 0 ⇒ M

"
admits area- extremal metrics if / see≥§

• Mt admits see> 0 ⇒ Open set of area- rigid metrics @/ see >0) on M
"

"

Localversiai of . works of Cecchini, Lott, Réide , Zeidler, . . .

Def: A Riem
. mfld w/ boundary 1M ,g) isa (for scalar curvature if
seal

'
≥ seal

Ng '
≥ Ng seal

'
= sad

& ⁿᵈʰ ! am
-- glam

⇒ { Mgm= Ham (
and area-r.LI if
- . - ⇒ g- =g )

Him ≥ Ham

Need condition on Ham for interesting results:(Mg) Im ↑
HIM< Ham ✗

Convention: Ismail) -10×4
,
Tam>

,
Ham -- tr Iam

,
Fm inward unit normal .

ThmB_ (B . - Goodman
'

22)
. If *

, g) has see > 0 at p c- ✗
,
then

sufficiently small convex neighborhoods of PEX are
.

"

Cannot increase seal nor Ham without decreasing areas ( leaving 2M unchanged) ?
Extension of them A to mfld w/ boundary :

ThmC_ (B .

- Goodman
'

22) . [MY g) meld w/ boundary , with sec≥ o and Iam≥ 0 .

If 2 :M→ R s.t. R+2* ≥ 0 can be chosen 6≥ 0 or Z ≤ 0 .

then g
is area-d . If ˢ¥g > Ric > 0 ,

then
g
is areaid .
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Outlineofproofifthmtti
• Let Sg , Sg , be the spinor bundles over M

"

w.r.t.gg ,!

which are locally defined but Sg , ☒ Sg is globally defined
.

• Twisted Dirac operator Dg.gl :P (Sg ☒Sj) → Msg , ☒Sj)

Dg.gl ∅ ☒7) = Éei☐É∅ ☒Y + Cei ∅) ☒ 04.x
i =\

gig , ◦ )
w.it . §' ☒Sgt =#☒ Sgt (Sgi ☒Sj) .splits as Dogg , = (

° BJ '

≈ÑÉFu Ñ¥TM

• ind(Dgij,) does not depend on g , g
'
. so , assuming g=g !

Via S☒S=~A*TM , Dogg , is conjugate to d+d*.

ind(DgTg)Édld+d*)h¥tM
= dim Ker (d+d* ) / ntieventm

- dim Her @+ ᵈ* ) /n 1pm
= 1- + bilm) - bÑM) > 0

thus I } EMSgt☒Stg) , } -1-0 ,
with Dogg , 3--0 .

• Bochner- lichueoowicz-weitz-enbi.ch formula, Ñg
'
≥ Ng and secg≥0 imply :

Dg% ≥ ☐*☐ + ¥@alg, - sealg) + g- (R) ,
- curvature term

for Hodge Laplacian
on MTM

where TCR) ≥ 0 if R≥ 0 , and T(*) / g. ☒gig
≥ 0 .

• Using that T(R)=T(R+z* ) - 2J (
*) and

, up
to reversing

orientation , 6 ≤0 , get Digg , ≥ ☐
*

☐ + ¥ @colgi - scdg) .

• 0 =/§}.gl } ,}) ≥ /10312+14 (scaly - sadg) 1312 ⇒ scaly , _- scaly
M M ¥

☐



→- In case of extra time or questions : --

Adaptatioustoprorethmc:

• Atiyah - Patodi - Singer Index Theorem :
Sore theorem and

indCDF.gl/---2(XlM)+olM)+bd2M)+bz(2M)) 5/0 Iam≥ 0

[ signature of bilinear form
induced by Cup product an

image of HIM .am) in HTM) .

thus I } EP (Sgt☒Stg) , } -1-0 ,
with Dogg , } = ° .

As before, and Iam≥ 0

• 0=14%13,37%10312+14 1312+11 Ham- Ham)lÑ .

M
M 2M¥
-.
-

☐
Remarks :

*Rifted from %ᵈg > Rig > 0 as in Goette - Semmelmenu.

* Round hemisphere S4 is area- rigid by Thur C ,
so counter - examples

toMÉe (by Brendle- Marques
- Neves) shrinh%1e.g.m.%ef-m.az

* Theorem C applies to normal bundle of
EPIC# with Cheeger

metric
;
this mfld doesnt admit metrics w/ R÷e?!?!¥%!µe

* Theorem B follows from Theorem C taking M to be small convex

¥h•l of pox wheatdoes not change sign .

*E : for generic g , any deformation of
sad near pe ✗ is realized !

* Can prove more general results w/
"

topologically modified
"

competitors
f:(Nig ') → (Mig), with conditionsondegf-

Renato G. Bettiol
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