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Problem
Let G ~ (M, g) be an isometric action. Find z

G-invariant Wil \A\[u;quu > C M. M
\J‘ A)

Setup
» 7: M — M/G quotient map
> Mpr cM ?f{u\ﬁ[('x.a- p«-’]’ (OPJV\/ AM, @“W}

> 7 (Mpr, g) — (MPf/G’g) &e.wv suLWM‘sLbV\
» Orbital volume function osL¢d 2%

Vs M, /G — R
x — Voly (771 (x)) Q M/G

% S!M.oo“/\ , extends to (,ovx‘{'. &vwo’l'l'ov\
V: M/G—>R, such that V‘@(M/G)EO M /
o 2/ky N r/G
> Q= (/\/Ip,/G,V g), k = dlm/\/lpr/G—l
= drwm S\w‘/é\




Symmetry Reduction Theorem (Hsiang—Lawson)

G-invariant hypersurface

— Z:r GCcQi ni |
Y C (M,g) is minimal pr/ IS minima

Proof
Y. C M is a G-invariant hypersurface: ¥, = - ( x) .
XEZP/G
V(x) = Voly(r*(x)), k=dimX, /G
Volu(E) = [ V) de ~ [ dlytley —Vola(E,/6)
Tpr /G Tor /G

M‘“‘ wj{;‘@;} o VoM (28 =0,

d Vol
=0 ul V 2t  G-iwlciad

il
VV—_//
S Winimal in(v\@) . i t:o\l&‘j)_(@rr/(-,)t)‘-‘o,
v (Eple)y

/e winwt i O -




Actions of cohomogeneity 2

If dim Q = 2, then we're looking for S.eod,,w,s Y, /G cCQl
- )
L 0
8

¥, /G C Q Josd | if 09 = 0

I
ZCMcosed@){zpr/GCQ !.m \oewdm,ifaQ#Q)

Y C M embedded <= %, /G C Q 2w dded .



Applications
Chern 1969: “Spherical Bernstein Problem”

Let 5" be the unit round sphere. Is every embedded minimal
S~ C 8" planar, i.e., congruent to an equator 3"~ C §"7?

» Almgren 1966: Yes, if n = 3,

> Hsiang 1983: No, if n =45 6,3, ¢, 19, 92,14, ___

7
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da S/ =2
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<> B.—Piccione 2021: Af\;c'l'vmlc, W | Up 0 Bwprv sty

Yau 1987:

Are there any nonplanar embedded minimal spheres in

E(a,b,c,d)::{)?ER”' X1_|_ _I_ ‘|‘Z‘§:1}

J’é{' S-C'ao( .

Planar minimal spheres: M; := E(a, b, c,d) N {x; = 0}/

> Haslhofer—Ketover 2019: At lm" one , if ais large enough
2, (using Min-Max theory and Mean Curvature Flow)

_y ||if a'is large enough, and eithet b=¢€ orc =d ”




Some other applications:

» Nonplanar minimal hypersurfaces of R":
Alencar 1993, Q.-M. Wang 1994, ...

» Nonplanar free boundary minimal surfaces in B":
Freidin—Gulian—-McGrath 2017, Siffert-Wuzyk 2021

» Carlotto—Schulz 2022: Embedded minimal 73 c $*
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“Bifurcation” (1885

Topological change in the structure of a dynamical system
when a parameter crosses a bifurcation value

SUR LUEQUILIBRE D'UNE MASSE FLUIDE § 2. Fquilibre de bifurcation.

Considérons d'abord le cas ot il sagit d'un équilibre absolu ct d'un
systéme dont la position est définie par n quantités @, @, ..., €. Sup-
posons quiil y ait une fonction des forces F(r,, o, ..., «,) de fagon

ANIMEE D'UN MOUVEMENT DE ROTATION

AR que Péquilibre ait lieu quand toutes les dérivées de cette fonction s'an-
H. POINCARE nuIcnt‘ et qu il soit slﬂble‘(!uand cette foncnoy{ est maximum. Je sup-
& PARIS. poserai qu'outre les quantités x,, x,, ..., x,, il entre dans la fonction

F un paramétre variable y, de telle sorte que les valeurs des o qui
«orrespondent & Iéquilibre dépendent de ce paramétre y.
§ 1. Introduction.

Quelles sont les figures d'équilibre relatif que peut affecter une
masse fluide homogéne dont toutes les molécules s'attirent conformément
a la loi de Newrox et qui est animée autour d’un certain axe d'un
mouvement de rotation uniforme? -

Quelles sont les conditions de stabill

Tels sont les deux problémes qui forment l'objet de ce mémoire.

On en connait depuis longtemps deux solution:
volution et lellipsoide & trois axes inégaux de Jacosi. Je me propose
détablic quil y en a une infinité d'autres.

Mais je vais avant d'aller plus loin signaler un certain nombre de
résultats que lon trouve dans le Treatise on Natural Philosophy de MM.
Tarr et Thowsox, 2% édition, 778. Sir Wiruiam Tuomsox énonce la
plupart de ces propositions sans aucune dé fon; pour quelques
unes d'entre elles, il renvoie i des mémoires plus étendus insérés aux
Philosophical Transactions.

Voici ces résultats, qui doivent nous servir de point de départ

(a). Lellipsoide de révolution aplati est une figure d'équilibre tou-
jours stable, si on impose a la masse fluide la condition daffecter la
forme d’un ellipsoide de révolution.

4cta mathemaiica. 7. Tmprimé le 16 Septesbre 1985,

é de cet équilibre?

Pellipsoide de ré-

Henri Poincaré



How to find nontrivial solutions out of trivial ones?

Try deforming trivial solutions until they become unstable:

&3 =0 =
£(T) " f(a,0) =0, VaeR
eg, f(a,s)=s>—as S=0

53: S fg S:f»‘o

S o i avo, s=%Jo Q*’O\
of -
g(a,o = - )\ - a

o2

(2,00= =4 Fo0

-

(o



| ocal bifurcation

Theorem (Crandall-Rabinowitz)
Suppose f(a,0) =0, Va € R, and

of

> — —
é).ga*,O) 0
02 f

>
paow20) 7 0

Then 3U > (a.,0) such that

') N\U = {(a,0) cud u B

where © 5 o \ﬂj‘muﬁm(} M

Proof.

Clever use of Implicit Function Thm.

O




Global bifurcation

f:(0,+00) x I = R,
| is an interval, 0 € /

Definition
A bifurcating branch B is a connected
component of f71(0)\ {(a,0)}. 0

Biviv
Theorem (Rabinowitz)

If restriction of (a,s) — a to f~1(0)
is proper, then every branch B either

> ‘(“.LLOV\'\M,()‘S "\"D ‘tvi\n’nﬂ \}l‘m&,\

> Onon oew‘)o\d\’




Commercial break

Analytic Theory of
Global Bifurcation

Hansjorg Kielhdfer

Bifurcation Theory

Anntroduction with Applications
toPartalDiferntial Equations

Boris Buffoni
and John Toland

) Springer

Instability and Bifurcation

2. Bettiol and Palo
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From Part 1: E(a, b,c,d) := {)?G R* : Z—§+2—2§+§—3§+§—‘z = 1}
Planar minimal spheres N; := E(a, b, c,d) N {x; =0}, i =1,2,3,4
Theorem (B.—Piccione, 2021)

Fh=c oc c=6\, the number of distinct nonplanar embedded
minimal spheres in E(a, b, c,d) Qeas 4o *os ob @ Fos |,
and they converge to My with increasing multiplicity.

In fact, if b= c > d, then

|;9’1_il_2<f ‘la #{distinct nonplanar min. spheres in E(a, b, b,d)} > 94



Symmetry reduction setting:

> Iso(S3, g) Q?sz /O(Z) o . SetG= @

> G(x) = {(xl,xz cos — xzsinf, xysinf + x3cos b, x,) : 0 € R}

> (5% = S°N {%e=xz=03 Sor = 4%\ 53)6




33
g

> (5%/6,8) = { (xi,r, %) € B3
> 9(5%/G) =(S2) = Jr=0}
>V =2rr=2rby/1 -4 — 4
> Q,:=(S5}/G,V?g)

———

N doponcde o B2 44

V=0 sl
Symmetry Reduction Theorem:

G-invariant minimal

Y,/GCQ,isa
2-sphere ¥ C (53, g) A

J‘Qru, \bevvdon«, ﬁ@o&ab
7




Geodesics on €2,
B:[—m,m) — 0,

B(s) = (Q,C,os s, J&‘ms\) A 5(0)

Vo = mwit atorwnel :d-/JLs)

Theorem
For each s € [—m,7), there is a unique maximal geodesic
vs: (0,0s) — Q, that starts transversal to 09, at 3(s).

Moreover, it satisfies Ii\m
£\,0

W _ P
PiOl




Proof [l Noiry —Qbinben] 769
> Let x € Q, be sufficiently close to 02, ) J S3
» Orbit 771(x) C S3is le-rm,ﬂ_ awd, \;Q‘Q~OAJ(.L.L T

» Plateau problem: least-area disk D, with
0D, = m71(x) exists and is
Qup , D 1 G -ivvenad—
> D, N (S3)C = {p}, n(p) = B(s) for some s Jecderz
» Symmetry Reduction:
m(Dy \ {p}) C Q, is a geodesic

> lim 7(£) = 7(p) = B(s) € 0%, 2,

T G B
> QQ%SW‘H'\ — 1{% Pl ~

» Removable Singularity Thm. & Maximum Princ.: B
Only geodesic starting transversal to 3(s) is 7. L]




Reflections on €2, . B(3) 1 Als)

aad Yver £ S (57
ZQEBZQ a% Qa M, / 3, \ﬁﬁ(O)

Yhor <= 0 :\\ { o) '6‘5 ¥ 'l' X1
’yver = r)/g DJJ\ \\0 - ,/

~ -
________

Trivial solutions (planar minimal spheres):
Zhor = 7T_1(7hor) - I_I4> Zver = 7"-_:l('yver) = I_Il

> Find 75, 5 € (=3, 5), meeting Yuer orflusgonally, oc ot ()
o J

"
T




» All geodesics vs, s € (—5, 5)

> (mkead Yver ‘{'YW\SV#;J? e %;e-r—

> do et _SP.L‘/~ imtersed

/7

1

~

> Let 75(7:) be the fyest \‘Mitﬁcdébv\:‘\
\@“W\-{" /l‘-),/ '\éw.r) l"f;, (‘Ws(%ﬂﬁ =0 .

> S Ts, S s Are Yo - o g{._,

» Define the functions
f:(0,400) x (-2,2) > R
" (a,5) = (7))

() € S
> — S
flas) =0~ minimal 2-sphere

» Trivially: f(a,0) =0, for all a

» Look for \9L£grcoslcav~5 from 0

NTE

_
2

~
~
~<oo

--"




Linearized problem

f:(0,+00) x
fe\"en( )
Reparametrize so that

.=1 Va>0

Jacobi field along 4o
J(t) ==

v,: [0,1]] — R o

va(t) = [J(t)]

[Ve(76)]

%%(t”s:o _-

(_zz
272

Y

-

~~

P Y
~

af'E‘Ven / \\
S—(2.0) = [t)

82 feven )
=\
EPGP ———(a,0) = o

~~.

-



Singular Sturm—Liouville analysis

a,s) = 0 corresponds to A = 0 being an eigenvalue o
or 01— 0b oot
—(paVy) + GaVa = Apava, 0<t<1
a’v,(0) + d*v,(0) =0, (10)
W(1)=0/v)(1)=0,  (BC o=
A n
Proposition
3 a%ven A 400 such that
of*
é?s (an7 0) _52___
aZfo 3
n — 0
92050 Bu//\(a>lk=q& <

Ifb=c=d=r, then =",

/ even)

even

even



By Crandall-Rabinowitz (Part 2), both (7°““) '(0) and
(feem)~1(0) have infinitely many branches:

S

2
we still need to show that branches “persist” as a 400




Last steps

> N(377) = #{7 M Yhor C Q?} /,/" T B
> N@.w)is bl Gudbac 7 o, / BN

> Let By C (F2)1(0)\ {(2,0)} be ™ \ / /%

the branch issuing from (a?%,0) S -
> If (a,s) € B?, then N(a,~s) :z;:;i .‘::’11 ----- M(q,d)soz,
» Thus B are %q f’the(npcaert ) 0
WWp& by a%mow z
> Each {a} x (—%,%) czr?mtersect '
only Yiw B's 0 /:' <

Bl

> |s| 7 along Byas a /' 400, so q.ﬁ \\

m|n|ma| spheres converge to ., —

with multiplicity , or 2n.

> B yield hear o muw. Qs T2
N J —a




Bonus: When do new minimal spheres bifurcate?

» Q: How to compute the bifurcation instants a??

» No closed formula, only an arithmetic equation involving
infinite continued fractions (Heun functions)!

» If b=c=d =1, then we know 2/"" — 1. What is a;""?

» We have strong numeric evidence for: 2 2

Conjecture N%;\ )
Ifb=c=d=1, then
a(n)(]d — :2, ’__4’ and aiven — 2\(\'

» Similar to bifurcation of closed geodesics on 2-ellipsoids:
instants at which Area(I1;) = “Ta of planar minimal
2-spheres ; C E(a,1,1,1), i = 2,3,4, is an integer

multiple of Area(I;) = 4F.
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Similarly to Part 3, let
(5%g) = E(a,a,b,b):{%e R*: Xl +3 2 4 :1}

> Iso(S%8) 2 0[2)x O(2) . Set G =0[2)

» Consider the trivial minimal torus

Y, = {XGE(a,a,b,b)::—i X2 =X3 +X4 =

N
—

Theorem (B.—Piccione, 2022)

For all ©<aXl ‘0/\6 , there is at least one G-invariant
embedded minimal torus in E(a, a, b, b) not congruent to ¥_,.




About minimal tori in spheres

Lawson Conjecture, proved by Brendle 2013

If a= b= c=d, then every embedded minimal torus in
E(a, a, a, a) is congruent to the Clifford torus ¥ ,.

Theorem (White, 1989)

Every metric on S3 with Ric > 0 has at least 1 embedded
minimal torus.

Conjecture (White, 1989)

Every metric on S3 admits at least i embedded minimal tori.



Symmetry reduction setting:

> (53/G,g)g{(xl,xz,r)envé:;—£+§—§+g—§:1,r20}
Y-

> 0(5°/6) = (31)° = v =03
> V =27r= 27rbm
» Note €, is Yo*o&i%qﬂ\ Shwm

i, SO
geodesic ODE has a Jﬂ‘: t ;W{..a f!

Symmetry Reduction Theorem:

~— X

G-invariant minimal — Y, /GCQ,isa
torus ¥ C (5%, g) Closed  Spodais




Bifurcation setup

» Polar coordinates in Q,: (p, 0)

» o(0) := radial segment at angle
0 with x; axis

» ~(t) := geodesic with
’75(0) = 5]/ 0) . '75(0) :S,FL,

whereTp’s |, (o(s),0) e€(9 is so
that 7o is trivial closed geodesic

» Trivial solution: >, := 7r’1(70)

» Find s meeting o(7) & t\wo b\m%
» Ly, ¥ and lift’ back to S3




v

v

Write metric as dp? + ¢(p)?d6?
(p(t),0(t)) is a geodesic iff

= p(p)¢!(p) 6> =0

b+228 pf =0

Conserved quantity 9 @(@) = C(D/>

0 is (:M*M’f or Muamebwy ., SO
can reparametrize vs(t) as vs(0)

Define the function

f:(0,4+00) x I — R

f(2.5) = bl

flas)=0 ~ 7 (=) CS

minimal torus

Trivially: f(a,0) =0, for all a

X2

- =~




Linearized problem

f:(0,+00) x I — R
fla.5) = L

» Jacobi field along o
Ja(e) = d%%(e)‘s:o
= (Ra(e)a Ta(e))
» Jacobi equation:

2
Ra"i_ﬁRa:O

(rab)? T, = £c(v:)]

of
> 5:(2,0) = Rl 1)

0*f ¢
> 520520 = &“")

With our boundary conditions,

R0) = s e )
@(n)z O ‘:’é;t?s meZ_

<:>_‘2_q' = i
oo
~— A = L’f.‘[g
30|,y 0




Upshot

of 82f b
E(ﬁo _0 dads _’) >0

&

Thus:

» Local bifurcation at a =

~a|v

Crandall-Rabinowitz (

» This is the only blfurcat|on
branch, hence '\(\o by 0 ftetir it |

et |
Rabinowitz (Part 2) a=b
» Branch perS|sts for all
0 1 a< % as it cannot cross —a
& by Brendle's proof of

Lawson conjecture

Sle



