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ON DIFFERENT NOTIONS OF
POSITIVITY OF CURVATURE

Abstract
by

Renato Ghini Bettiol

We study interactions between the geometry and topology of Riemannian mani-
folds that satisfy curvature positivity conditions closely related to positive sectional
curvature (sec > 0). First, we discuss two notions of weakly positive curvature, de-
fined in terms of averages of pairs of sectional curvatures. The manifold S? x S? is
proved to satisfy these curvature positivity conditions, implying it satisfies a property
intermediate between sec > 0 and positive Ricci curvature (Ric > 0), and between
sec > 0 and sec > 0. Combined with surgery techniques, this construction allows to
classify (up to homeomorphism) the closed simply-connected 4-manifolds that admit
a Riemannian metric for which averages of pairs of sectional curvatures of orthogonal
planes are positive. Second, we study the notion of strongly positive curvature, which
is intermediate between sec > 0 and positive-definiteness of the curvature operator
(R > 0). We elaborate on joint work with Mendes [14], 15], which yields the clas-
sification of simply-connected homogeneous spaces that admit an invariant metric
with strongly positive curvature. These methods are then used to study the moduli
space of homogeneous metrics with strongly positive curvature on the Wallach flag

manifolds and on Berger spheres.
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CHAPTER 1

INTRODUCTION

The study of closed manifolds with positive sectional curvature (sec > 0) is one of
the most challenging areas in Riemannian geometry. Despite being a classical subject,
surprisingly little is understood about this class. Besides the theorems of Bonnet-
Myers and Synge on the fundamental group, very few topological obstructions are
known. In addition, some of the oldest open problems in global Riemannian geometry

regard manifolds with sec > 0, including the celebrated Hopf Problems:
Hoprr PROBLEM 1. Does S? x S? admit a Riemannian metric with sec > 07
HopF PROBLEM II. If M?" has sec > 0, then it has Euler characteristic x(M) > 07

Rendering the subject even more intriguing, examples of closed manifolds that
admit a Riemannian metric with sec > 0 are relatively scarce. Apart from spheres
and projective spaces, they are only known to occur in dimensions 6, 7, 12, 13 and
24, with infinite families in dimensions 7 and 13. The unifying feature of these
examples is the presence of many symmetries, since almost all constructions rely on
taking quotients of compact Lie groups. In fact, the use of symmetries has fostered
important developments in the area, as outlined in the Grove symmetry program [43].

In this thesis, we study curvature positivity conditions closely related to sec > 0,
with an approach mostly guided by the use of symmetries, that also draws inspiration
from the above Hopf Problems. Our goal is to contribute to the understanding of
sec > 0 by analyzing different curvature positivity conditions that are either slightly

weaker or slightly stronger, and for which certain results might be of easier access.



We introduce two (somewhat dual) notions of weakly positive curvature, sec® > 0
and sect > 0, defined in terms of averages of pairs of sectional curvatures. For § > 0,

given a Riemannian manifold (M, g), and a 2-plane o C T,,M, consider the quantity

(sec(o) + sec(a”)),

N[

sec’(0) = min
o' €Gra(Tp M)
dist(o,0’)>0

where dist is a fixed fiberwise distance function on the Grassmannian of 2-planes

% > 0 can be interpreted as the positivity of the

tangent to M. The positivity sec
averages of sectional curvatures of any 2-planes separated by an angle at least 6. The
conditions sec’+ > 0 and sect > 0 are respectively related to the limits of sec? > 0
as the lower bound 6 for the distances considered in the averages becomes arbitrarily
small or arbitrarily large. More precisely, M satisfies sec® > 0 if for all § > 0, there
is a metric g on M for which sec’ > 0; while (M,g) satisfies sect > 0 if it has
sec? > 0 for the largest possible 6, so that averages of pairs of sectional curvatures of
orthogonal planes are positive, see Sections and for details.

Both sec’+ > 0 and sect > 0 are clearly weaker than sec > 0. These conditions
are respectively intermediate between sec > 0 and positive Ricci curvature (Ric > 0),
and sec > 0 and positive scalar curvature (scal > 0). Moreover, sec’* > 0 is also

intermediate between sec > 0 and sec > 0.

The first main result in this thesis, which appeared in [13], is the following:
THEOREM A. The manifold S* x S? satisfies sec’* > 0, and hence also sect > 0.

In addition to its connection with the Hopf Problem [ the proof of this result
yields the existence of metrics with sec? > 0 arbitrarily close to the standard product

metric as # N\, 0. This provides a further connection with the lesser known:

LocAL HoOpPF PROBLEM L. Is there a sequence g, of metrics on S*x.S% with secg, > 0

that converges to the standard product metric?



Although both the classical and local versions of the Hopf Problem I remain
unanswered, Theorem [A] improves on the curvature positivity conditions sec > 0
and Ric > 0 of the standard product metric, via small deformations. It should be
mentioned that there is compelling evidence for S? x S? not admitting metrics with
sec > 0, since one such metric could have at most a finite isometry group, see Hsiang
and Kleiner [52] and Grove and Wilking [45]. At least, this indicates that such metrics
are very difficult to find. Thus, Theorem [A] may be also regarded as an attempt to
understand how much positive curvature can be acquired by special deformations of
the standard product metric, in search of reasons for why they fail to have sec > 0.

The fact that S? x S? admits metrics with sect > 0 is a key ingredient in the proof
of our second main result, which uses a surgery stability criterion recently obtained

L > 0. These exam-

by Hoelzel [51] to construct many other 4-manifolds with sec
ples actually exhaust the list of homeomorphism types of closed simply-connected 4-
manifolds that satisfy scal > 0, so that, combined with the work of Sha and Yang [90],

we have the following classification result:

THEOREM B. Let M* be a smoothable closed simply-connected topological 4-manifold.

Up to endowing M with different smooth structures, the following are equivalent:

(1) M* satisfies sect > 0;
(ii) M* satisfies Ric > 0;

(iii) M* satisfies scal > 0.

The other results in this thesis are about a curvature positivity condition stronger
than sec > 0, called strongly positive curvature. This term was coined by Grove,
Verdiani and Ziller [44], for a concept that stems from the work of Thorpe [96], 97]. Let
(M, g) be a Riemannian manifold and R: A*T,M — AT, M its curvature operator. A
2-plane o C T,,M can be seen as an element X AY € A?*T, M, by choosing orthonormal

vectors X,Y € T,M that span o. From this viewpoint, sectional curvature is the



associated quadratic form sec(c) = (R(0),0), restricted to Gro(T,M) C A*T,M.

Any 4-form w € A*T,M induces a symmetric operator

w: N2T,M — NT,M, {(w(a),B) = (w,aAp).

The quadratic form associated to w vanishes on o € Gry(7,M), since o A o = 0, so

sec(o) = (R(0),0) = ((R+ w)(0),0).

This observation, known as Thorpe’s trick, implies that if there exists w € A*T,M
such that the modified curvature operator R + w is positive-definite, then sec(o) > 0
for all 2-planes o C T,M. The manifold (M, g) is said to have strongly positive
curvature if it has a 4-form w such that R+ w is positive-definite at all points p € M.

Strongly positive curvature is clearly an intermediate condition between sec > 0
and positive-definiteness of the curvature operator (R > 0). By the work of Bohm
and Wilking [I7], manifolds with R > 0 are known to be diffeomorphic to spherical
space forms. Thus, strongly positive curvature may be relevant in understanding the
gap between this well-understood class and the intriguing class of manifolds with
sec > (0. Furthermore, strongly positive curvature and sec > 0 are equivalent in
dimensions < 4, providing an interesting viewpoint on the Hopf Problem [I} There is
an important computational advantage to studying positive-definiteness of modified
curvature operators instead of sec > 0, since the latter is a highly nonlinear problem,
while the former is linear.

Although it was implicitly used by others authors, strongly positive curvature and
the analogously defined strongly nonnegative curvature have not been systematically
studied until the joint work with Mendes [I5]. Propelled by the discovery that Rie-
mannian submersions preserve these conditions [15, Thm. A}, we obtain the following

classification result in the spirit of the symmetry program, which appears in [14, [15].



THEOREM C. All simply-connected homogeneous spaces with sec > 0 admit a homo-

geneous metric with strongly positive curvature, except for the Cayley plane CaP?.

A detailed account on the proof of the above classification is provided, supplying
several details omitted in [I4], [I5]. We also discuss in depth the concept of strongly
fat homogeneous bundles, which plays a pivotal role in this proof. As a conse-
quence of this classification, we obtain a complete description of the moduli space
of homogeneous metrics with strongly positive and nonnegative curvature on certain

homogeneous spaces, called Wallach flag manifolds [14]. More precisely, we have:

THEOREM D. A homogenous metric on the Wallach flag manifolds W, W2, or
W24 has strongly nonnegative curvature if and only if it has sec > 0. Furthermore,
a homogenous metric on W° or W2 has strongly positive curvature if and only if it
has sec > 0, and a homogenous metric on W?* has strongly positive curvature if and

only if it has sec > 0 and does not submerge onto CaP?.

In a similar spirit, we analyze the moduli spaces of Berger metrics with strongly

positive and nonnegative curvature, proving the following new result:

THEOREM E. The Berger spheres (S*™™, Agy @ gy) and (S, Agy @ gu) have
strongly positive curvature for all 0 < A < 1. The Berger sphere (515, Agy @gH) has

strongly positive curvature if and only if 0 < A < A\, = 1.184, where A\, is the largest

real oot of p(\) = 289A3 — 61207 + 360\ — 48.

We recall that the Berger metrics A gy & gy above are known to have sec > 0 if
and only if 0 < A < %. A particularly interesting consequence of the above is that

there exist homogeneous spaces with sec > 0 that do not have strongly nonnegative

curvature, namely (S*°, Agy @ gy) with A, < A < 3. Previously, the only known
examples of homogeneous spaces with sec > 0 that failed to have strongly positive
curvature had strongly nonnegative curvature (the Cayley plane CaP?, the Berger

space B?, and the Wallach flag manifold W?2*).
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This thesis is organized as follows. Chapter [2| recalls basic notions from Rieman-
nian geometry, establishing the conventions and notation used throughout the text.
In Part I (Chapters|3|and , we study two metric deformation techniques, first-order
deformations and Cheeger deformations. These chapters mainly discuss the work of
Strake [94, 5] and Miiter [72] respectively, supplementing it with new observations,
with a treatment partly inspired by [2, Chap. 6]. In Part IT (Chapters , |§| and ,
we study the two notions sec® > 0 and sect > 0 of weakly positive curvature. The
basic definitions and results are given in Chapter 5, while Chapters [f] and [7] contain
the proofs of Theorems [A| and |B| respectively. In Part III (Chapters @ and , we
study strongly positive curvature. Foundational results on modified curvature oper-
ators and homogeneous spaces are given in Chapter [§] The notion of strongly fat
homogeneous bundles is introduced in Chapter [9] leading to the proof of the strong
Wallach Theorem (Theorem . This is the main tool in the proof of Theorem
given in Chapter [9] Finally, Theorems [D] and [E] are proved in Chapter [10]



CHAPTER 2

PRELIMINARIES AND NOTATION

In this chapter, we establish some basic notation and terminology from Rieman-
nian geometry that is used throughout this thesis. All manifolds are supposed to be

C*°-smooth and finite-dimensional.

2.1 Manifolds and bundles

Let M be a manifold with dim M = n. We denote by ®@*T'M the kth tensor
power of the tangent bundle 7'M and by VKT M and A*T'M the subbundles formed
by symmetric and skewsymmetric k-tensors, respectively. We convention that the
space of smooth sections of these bundles is denoted by the same symbol as the
bundle, e.g., we write X € T'M for a smooth vector field X: M — T M. The same
conventions apply for the cotangent bundle TM*, as well as @*TM*, VETM* and
AFTM*. We denote by GryTM the Grassmannian bundle of 2-planes tangent to M,

whose fiber over the point p € M is the Grassmannian of 2-planes on 7,M, denoted

Gry(T,M) = {o C T,M : dimo = 2}. (2.1)

A Riemannian metric g € V2T M* is a positive-definite symmetric tensor, usually
denoted g and simply referred to as metric. When the choice of metric g on M is

unambiguous, it is sometimes denoted (-,-) and the corresponding norm is denoted



|| - || Furthermore, in this case we identify TM and T'M* via the isomorphisms
(: TM —TM* and ()#: TM* — TM, (2.2)

where X° = (X,-) and a = (a7, ), for X € TM and a € TM*. We implicitly use the
identifications of the corresponding tensor powers induced by , that allow to raise
and lower indices of tensors. Furthermore, we use the same symbols (-,-) and || - ||
as above to denote the corresponding objects on such tensor powers. In the presence
of a metric, we also identify GroT'M as a subbundle of A2T'M, by identifying each
(oriented) 2-plane o € Gra(T,M) with the element X AY € A*T,M, where {X,Y} is

an (oriented) orthonormal basis of o. In this way, we have, up to a double covering,
Gro(T,M) = {X AY € N*T,M : | X AY| = 1}. (2.3)

Henceforth, we do not make any distinctions between (2.1)) and its oriented double
covering (2.3, since all the notions we consider on 2-planes are independent of the

choice of orientation.

2.2  Curvature

Let g be a Riemannian metric on M. The Levi-Civita connection of g is denoted

V, and is given by the Koszul formula:

(VxY, Z) = %(X(Y, ZY+Y(X,Z) — Z(X,Y)

(2.4)
+{[X,Y],2) = {[X,2],Y) +([2,Y], X)).
We convention that the curvature tensor of (M, g) is given by
Rg(X, Y)Z = V[Xy]Z —VxVyZ +VyVxZ. (25)



We also make frequent use of the curvature operator, denoted by the same symbol,
Rg: N°TM — NTM, (Rg(XAY),ZAW)=(Rg(X,Y)Z,W), (2.6)

which is a self-adjoint operator. The sectional curvature of (M, g) is the quadratic

form associated to ([2.6) restricted to GroTM C A*T'M, that is, the function
secg: GraT'M — R,  secg(0) =secg(X NY) = (Rg(X,Y)X,Y), (2.7)

where 0 = X AY € Gry(T,M). The Riemannian manifold (M,g) is said to have
positive sectional curvature, or sec, > 0, if the above is a positive function, i.e.,
secg(0) > 0 for all 2-planes o € GroT'M, and analogously for nonnegative sectional
curvature. We say that o € GroT'M is a flat plane if secg(0) = 0, and denote the set
of flat planes by sec;'(0) C GryTM.

The Ricci curvature of (M, g) is denoted
Ricg € V’TM, Ricg(X,Y) =Y (Rg(X,e;)Y,es), (2.8)

=1

where X,Y € T,M and {e;} is an orthonormal basis of T,M. In particular, if

X € T,M is a unit vector, we may assume that X = e, and hence
Ricg (X)) := Ricg(X, X) Zsecg (X Ne). (2.9)

Finally, the scalar curvature of (M, g) is the function

n n—1

scalg: M — R, scal(p Z Ricg(e; Z Z secg(e; A ej). (2.10)

i=1 j5=1

Other notions of curvature arise from the complexification TM® := TM @ C. A



Riemannian metric g € V2T'M can be extended in two ways to V2T M; namely, as a
complex bilinear form or as a Hermitian inner product. We denote these respectively
by (-,-) and (-, -)), and note that (X, Y)) = (X,Y) forall X, Y € TMC®. We denote by
the same symbols the corresponding objects on tensor powers of TM®. The curvature
operator extends to a complex linear operator on A’T'MC. The associated real
quadratic form restricted to GraTMC C A?TMC, that is, the function

Secg: Gr,TM® — R, Secgj

(0) =secg (X NY) = (Rg(X,Y)X,Y)), (2.11)

where 0 = X AY € Gr,TMC, is called complex sectional curvature. Note that
secg (X NY) = (Rg(X, Y)X,Y). The restriction of (2.11]) to GroTM coincides with
the sectional curvature function ([2.7). A 2-plane o € GryT'MY is called isotropic if
(X,X) =0for all X € 0. It is easy to see that o € GroT M is isotropic if and only
if o = (X+Y)AN(Z+iW), where X, Y, Z, W € TM are (real) orthonormal vectors.

For such an isotropic plane, by the Bianchi identity b(R) = 0 (see Section [2.3)),

secg(a) = secg(X AN Z) +secg(X AN W)
(2.12)

+secg(Y NZ) +secg(Y AW) = 2(Rg(X,Y)Z,W).

The Riemannian manifold (M,g) is said to have positive isotropic curvature if
secg(a) > 0 for all isotropic 2-planes o € GryTM®, and analogously for nonneg-
ative isotropic curvature.

Without reference to a specific Riemannian metric, we say that a manifold M
satisfies a certain curvature condition if there exists a metric g on M such that
(M, g) satisfies such condition. For example, we say that M has positive-definite
curvature operator, or satisfies R > 0, if there exists a metric g on M such that
is a positive-definite operator, that is, (Rg(a), ) > 0 for all & € A*’TM, « # 0; and

we say that M has positive sectional curvature, or satisfies sec > 0, if there exists a

10



metric g on M such that secg > 0.

2.3 Pointwise curvature conditions

Let V' be an n-dimensional real vector space, endowed with an inner product. Let
S(NV):={R: N*V = N’V : (R(«a),) = (R(B),a) for all a, 8 € A*V'}

be the space of symmetric linear operators on A?V, endowed with the inner product

(R,S) = tr RS. We identify every w € A"V as an operator w € S(A%V) by setting
(w(a),B) = (w,aAB), forall a,B e AV, (2.13)

that is, (W(X AY),Z AW) := w(X,Y,Z,W). This determines a linear isometry
AW C S(A?V), which is regarded as an inclusion. The orthogonal projection oper-
ator b: S(A?V) — AV onto this subspace is the Bianchi map (see [12, §1.G]), that

maps each R € S(A?V) to the 4-form b(R) € AV given by
b(R)(X,Y,Z, W) = §<<R(XAY), Z/\W>+<R(Y/\Z),X/\W>+<R(Z/\X),Y/\W}).
The kernel of the Bianchi map is denoted

Se(A?V) :=kerb = {R € S(A’V) : b(R) = 0}. (2.14)

The elements R € Sy(A%V) are called algebraic curvature operators, since on a Rie-
mannian manifold (M, g), the curvature operator (2.6)) satisfies R € Sy(A*T,M) for

all p € M. By the above, there is an orthogonal direct sum decomposition
S(A*V) = Se(A?V) @ AV

11



This is a decomposition of O(n)-representations, since the Bianchi map is equivariant
with respect to the natural O(n)-actions on S(A?V) and AV, given by
A-R:=A"'RA,
A € 0(n). (2.15)
A (XANYNZAW):=AXNAY NAZNAW,
The O(n)-representation on AV is irreducible, while the O(n)-representation on
Se(A?V) splits as sum of three irreducible subrepresentations, that are related to the
Ricci and Weyl tensors, see [12, Thm. 1.114]

The so-called pointwise curvature conditions on a Riemannian manifold (M, g)
may be expressed as O(n)-invariant cones in Sy(A?V). Namely, given one such cone
C C Sp(A*V), we say that (M, g) satisfies C if, for all p € M and all linear isometries
t:' V. — T,M, the pull-back by ¢ of the curvature operator R € Sy(A*T,M) is such

that «*(R) € C. Consider, for example, the open O(n)-invariant convex cones

Crso = {R € Sp(A*V) : (R(a),a) > 0 for all @ € A*V,a # 0},

Coecs0 i= {R € Sp(A*V) : (R(0),0) > 0 for all o € Gra(V)}.

Then, in the above sense, (M, g) satisfies Cp~ if and only if R, > 0, and it satisfies
Csec>o if and only if sec, > 0. In this context, if two O(n)-invariant cones C, Cy in
Sp(A%V) satisfy C C Cy, we say that condition C implies Cy. For instance, clearly

Cr>0 C Cseeso, corresponding to the fact that R > 0 implies sec > 0.

2.4 Lie groups

A bi-invariant Riemannian metric on a Lie group G is denoted by @, which is
identified with the positive-definite symmetric bilinear form @ € V2g, where g is the
Lie algebra of G. Since () is bi-invariant, that is, left and right translations in G

are isometries, we have that Q([X,Y],7) = Q(X,[Y, Z]) for all X,Y,Z € g. The

12



curvature operator of (G, @) can be computed as (see [2, Prop. 2.26] or [75] §3.4]),

Rg: N’ g— Ng, (Re(XAY),ZAW)=1Q(X,Y],[Z,W)). (2.16)

1
4
Thus, (G, @) has positive-semidefinite curvature operator Rg > 0. In particular,

seco(X AY) = 1||[X, Y]

2
o (2.17)

and secg > 0. It is well-known that SU(2) endowed with a bi-invariant metric is
isometric to the round sphere S3, and 7: SU(2) — SO(3) is a double covering map,

corresponding to S* — RP3. In particular, (SU(2), Q) and (SO(3), Q) have secg > 0.

2.5 Product manifolds

Let M = M; x M, be a product manifold. Given p € M, we write p = (p1,p2),
where p; € M;, and T,M =T, My &T,,M,. Given X € T,M, we have X = (X7, Xy),
where X; € T}, M;. A product metric on M is a metric of the form g = g; @ g,, where

g; is a metric on M;. In other words,
g(X,Y) = g1 (X1, Y1) + g2(Xp, Y2).
Routine computations show that the curvature operator of (M, g) is given by
g(RIXAY), ZAW) = g1 (Ri(X1AY1), ZL AWY) + g (Ra(Xo A Y2), Zo AWR), (2.18)

where R;: A2TM; — A>T M; is the curvature operator of (M;, g;). In particular, the

sectional curvature of X AY € Gry(T,M), with [|[X AYZ =1, is

secg(X A Y) = secg, (X1 A YD) [|[ X1 AVA|[] + sc0g, (Xo AY2) [ X A VS| . (219)

13



We say that a 2-plane X AY € Gry(T,M) is a mized plane if either X; = 0 and
Yo =0, 0or Xy =0 and Y; = 0. In other words, mixed planes are spanned by a pair
of vectors with one tangent to each of the factors M; and M. It follows from (12.19))

that mixed planes have zero sectional curvature. Furthermore, if X AY € Gro(7,M)

satisfies X; =Y, = 0, then secg(X AY) = secg, (X; AY;), where {7, 5} = {1, 2}.

2.6 Immersions and submersions

An immersion i: M — M between Riemannian manifolds (M, g) and (M,g) is
an isometric immersion if, for all p € M, di(p) is a linear isometry from 7, M into
Ti(p)W. When i: M — M is injective, we identify it as an inclusion map, and write
T,M = T,M & T,M~ for all p € M, where T, M~ is the g-orthogonal complement to
T,M. 1f X € T,M and p € M, we write X € T,M and X+ € T,M* for its tangent
and normal components. Let V and V be the Levi-Civita connections of (M, g) and

(M,g). The second fundamental form 1 of the isometric immersion i: M — M is

I: TM x TM — TM*, 1I(X,Y)=VxY —VxY = (VY)!, (2.20)

where X,Y € T'M denote local extensions of X,Y € TM. The relation between the
curvature operators R and R of (M, g) and (M,g) is given by the Gauss equation
(see [12, Chap. 1)),

gRIXAY),ZAW)=8R(XNY),ZAW)

(2.21)
+g(I(X, 2),I(Y,W)) —g(I(X,W),L(Y, Z)),
in particular, the sectional curvatures of (M, g) and (M, §g) satisfy
secg(X AY) = secg(X AY) + (I(X, X), (Y, Y)) — |[1(X, V)" (2.22)
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If I vanishes identically, then M is called totally geodesic.

A submersion 7: M — M between Riemannian manifolds (M, g) and (M, g) is a
Riemannian submersion if, for all p € M, dr(p) is a linear isometry from (ker dr(p))*
onto T, M, where (kerdm(p))* is the g-orthogonal complement to ker dm(p). We

denote the vertical and horizontal spaces respectively by
V, :=kerdr(p) and H,:= (kerdn(p))" ={X € T,M :g(X,V,) =0}. (2.23)

If X € T,M, we write X” and X™ for its vertical and horizontal components; and
if X € T, M, we denote by X e TpM its horizontal lift, i.e., the unique horizontal
vector X € T,M such that dr(p)X = X. Let V and V be the Levi-Civita connections
of (M,g) and (M,g). The two fundamental tensors 7" and A of the Riemannian

submersion 7: M — M are the (1,2)-tensors on M given by

TxY = (VoY) + (Vo Y)Y, 020
AxY = (TanY™)Y 4+ (Taon?¥)", |
If X, Y € TM are vector fields, then
AgY =VgY - VyY = J[X, Y]V (2.25)
so that, for all V' € V,, we have
(AxY, V) = {[X,Y],V) = %Vl’([Y, Y)]) = —%d(Vb)(Y,V). (2.26)

Note that the left and right ends of (2.26]) are tensorial on X and Y. The relation

between the curvature operators R and R of (M,g) and (M, g) is given by the Gray-
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O’Neill formula (see [12, Chap. 9]),

gRIXAY),ZAW)=8g(RXAY),ZAW) +2g(AgY, AzW)

(2.27)

—8(AyZ, AxW) +8(AxZ, AyW),

in particular, the sectional curvatures of (M,g) and (M, g) satisfy
secg(X NY) =secg (X ANY) +3 HAy7H2. (2.28)
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CHAPTER 3

FIRST-ORDER DEFORMATION

A first-order deformation of a Riemannian metric g is a (linear) path

gs:=g+sh, seR, (3.1)

where h € V2T M* is a symmetric 2-tensor. Since g is positive-definite, there exists
e > 0 such that g, remains positive-definite if |s| < ¢, and is hence a Riemannian
metric. The first-order behavior of sectional curvature under such deformations was
originally studied by Berger [9] and Bourguignon, Deschamps and Sentenac [18, [19],
and later by Ehrlich [33H35] and Strake [94] 05]. In what follows, we discuss some of

these results providing detailed proofs.

3.1 Berger-Ebin Slice Theorem

An important question to address when considering deformations of metrics is
whether they are nontrivial up to isometries. There is a natural action of the dif-
feomorphism group Diff(M) on V2T M* by pull-back. The orbit of a Riemannian
metric g € V*T'M* consists of other Riemannian metrics f*(g) € V2T M*, and the
diffeomorphism f: M — M is clearly an isometry between (M,g) and (M, f*g).
Thus, in order for a metric deformation to be geometric, it has to deform metrics
up to diffeomorphisms, i.e., deform Riemannian structures up to reparametrizations
of M. Due to technical difficulties to work on the orbit space of the Diff(M)-action

on V2T M*, it is more convenient to consider deformations of metric tensors, such as
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(3.1), and use other means to ensure that it is not contained in a Diff (M )-orbit. This
can be achieved through the work of Ebin [32], and Berger and Ebin [10], as follows.
Fix a metric g on the closed smooth manifold M, and consider the connection

V:TM* — @*TM* induced by its Levi-Civita connection. The L2-inner product

(t1,t2) ::/Mg(tl(x),tg(x)) volg

provides a notion of formal adjoint operator V* to V. Define the operator
§: VETM* — TM*, 6§ :=V*ernm.
Routine computations show that the formal adjoint §*: TM* — V2T M* of § satisfies
(6°a)(X,Y) = 3 (X (a(Y)) + Y(a(X))) = 5(Larg)(X,Y), (3.2)

where £ denotes the Lie derivative. Indeed, 0 is the composition of V* with the
inclusion V2TM* C ®*I'M*, hence its formal adjoint is the composition of the
symmetrization operator, i.e., the projection ®?TM* — V2T M*, with the connec-
tion V. In particular, from , one sees that the range Im §* is the tangent space
to the Diff(M)-orbit through g. More precisely, if 1, € Diff(M) is a family of dif-
feomorphisms with 7y = Id and %ns‘szo =V, then we have <n(g) T Lyg =
26*(V?). This observation is indicative! of the following splitting proved by Berger
and Ebin [10]:

VETM* = ker § © Im 6*. (3.3)

In the above, the subspace kerd is tangent to the slice for the Diff(M)-action on

VAT M*, see Ebin [32], and the subspace Im 6* is tangent to the Diff (M )-orbit through

!Recall that the above adjoints are only formal. The proof of this statement regarding smooth
sections requires the study of certain differential operators with injective symbol, see [10, Thm. 4.1].
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g, as indicated before.

Thus, to first-order, the deformation is geometric if and only if h € kerd.
Although this condition is not strictly necessary for many of the results in the re-
mainder of this chapter, it may be assumed that all metric deformations considered
here have velocity in ker 9, i.e., induce nontrivial deformations of the unparametrized

Riemannian structure.

3.2 First variation formulas

Denote by V? the Levi-Civita connection of g, and let C' € TM @ TM* @ T'M*

be its first variation, i.e., C'is the (1, 2)-tensor such that
VY =VxY +sC(X,Y) + O(s), (3.4)

where V = V? is the Levi-Civita connection of g. By lowering indices using g, we

also consider C' as the (0, 3)-tensor C' € ®*T M*, given by
C(X,Y,Z) =2’ (C(X,Y)) = &(C(X,Y), Z). (3.5)

In what follows, we assume that X,Y,Z € T,M are g-orthonormal vectors, and we
also denote by X, Y and Z local coordinate fields, that is, extensions of these vectors

to a neighborhood of p € M such that
X.Y]=[X.2]=[V.Z]=0 and (VX),=(VY),=(VZ),=0.  (36)
In particular, notice that for any (0, 2)-tensor t € ®?T'M*, we have that at p € M,

X (2(Y, 2)) = (V£)(X,Y, Z) —t(VxY, Z) = t(Y,VxZ) = Vxt(Y, Z)  (3.7)
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Lemma 3.1. In the above notation, the first variation C of V?® is given by
C(X,Y,72) :%(Xh(Y,Z)—I—Yh(X,Z)—Zh(X,Y)). (3.8)

In particular, using (3.7), we have

C(X,X,Y) = Vxh(X,Y) — LVyh(X, X) 59)
3.9
C(Y,X,Y) = LVxh(Y,Y).

Proof. Using (3.1)), (3.4), (3.5) and (3.6)), we have:

g.(V5Y, Z) = g(V4Y, Z) + sh(VyY, Z)
= g(VxY,Z) +sg(C(X,Y),Z) + sh(VxY, Z) + O(s?) (3.10)

=g(VxY,2) +sC(X,Y, Z) +O(s%).
On the other hand, by (3.1)) and the Koszul formula ([2.4)), we have:

g:(VLY,Z) = (Xg,(Y. Z) + Yg,(X,Z) — Zgs(X.Y)) 1)
=g(VxY,Z) +s5(Xn(Y,Z)+ Yh(X,Z) — Zh(X,Y)).

The desired expression (3.8) for C' follows from comparing (3.10) and (3.11)); while
(13.9) follows directly from (3.7 and (3.8). ]

Proposition 3.2. The first variation of the sectional curvature of gs is given by:

d
s 5¢Ce (X AY)

= VxVyh(X,Y) - IV Vxh(Y)Y) — 1Vy Vyh(X, X)

s=0

+h(R(X,Y)X,Y) — secg(X A Y) (h(X, X) +h(Y,Y)),

where gs = g+ sh.
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Proof. From (2.5) and (3.1)), we have that the curvature operator R of g, satisfies:

gs(R(X, V)X, Y) =g(Rs(X,Y)X,Y) + sh(Rs(X,Y)X,Y)

= g(Vi VX, Y) — g(Vi V3 X,Y) + sh(R(X,Y)X,Y) + O(s?).

Expanding the first term in the above expression, and using (3.6)) and (3.7)), we have

g(Vi VX, Y) = g(Vi(VxX +5C(X, X)), Y) + O(s)
— g(VyVxX,Y) +sg(C(Y,VxX) + VyC(X, X),Y) + O(s?)
=g(VyVxX,Y) +sg(VyC(X, X),Y) +O(s%)

=g(VyVxX,Y) +sVyC(X, X,Y) + O(s*),
and, analogously for the second term,
g(VLKVyX,Y) =g(VxVyX,Y) + s VxC(Y, X,Y) + O(s%).
Thus, by , the first variation of the unnormalized sectional curvature of g; is:

d
ggs(Rs(X, Y)X,Y)

= VxVyh(X,Y) - IV Vxh(Y,Y) - 1V, Vyh(X, X)

s=0

+h(R(X,Y)X,Y).
Finally, the desired expression follows from the fact that, by ,
secg (X AY) X AYZ = go(R(X,Y)X,Y),
where || - ||, indicates the norm on A*T'M induced by g, || X AY[|3 =1, and

d d
&HX A YH;S 0 = _(gs(Xv X) gs(}/a Y) - gs(Xv Y)2)

T ds
=h(X, X)g(V,Y)+g(X, X)h(Y,Y) —2h(X,Y)g(X,Y) (3.12)

s= s=0
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=h(X,X)+hn,Y),

since X,Y € T,M are g-orthonormal. O

In the next chapters, we are particularly interested in deforming metrics with
secg > 0. The above first variation formula for the sectional curvature has a slight

simplification in this context, if we consider a flat 2-plane X AY € Gry(T,M).

Corollary 3.3. Let (M, g) be a Riemannian manifold with secg > 0, and let X,Y €
T,M be g-orthonormal vectors that span a flat plane, i.e., secg(X NY) = 0. Then,

the first variation of secg, (X NY') is given by

d
& SecCg, (X N Y) = vayh(X, Y) — %vaxh(Y, Y) — %VyVYh(X, X) (313)

5=0
Proof. Consider the Jacobi operator

Ix: T,M — T,M, Jx(Z):= R(X, Z)X.
As R: A2TM — AN*TM is self-adjoint, we have that Jy is also self-adjoint, since

g(Jx(Z),W) = g<R(X= Z)X7 W) = g(R<X’ W)X7 Z) = g<JX(W)7 Z)

Moreover, g(Jx(Z), Z) = g(R(X,Z)X,Z) > 0 for all Z € T,M, since secg > 0. Thus,
Jx is a self-adjoint positive-semidefinite operator. Denote by {e;} a g-orthonormal
basis of eigenvectors of Jy, and by A; > 0 the corresponding eigenvalues, so that

Jx(e;) = Nje;. Writing Y = > y; e;, we have that

0 = secy(X AY) = g(Ix(V),Y) =g (S,udien 056) = DAl
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hence y; = 0 whenever \; > 0. Therefore, Y € ker Jx, that is,

Jx(Y) = R(X,Y)X = 0. (3.14)
Thus, Proposition and (3.14)) give the desired formula (3.13)). O

Another important specialization is to consider first-order conformal deforma-
tions, that is, first-order deformations (3.1)) where h is of the form h = ¢ g for some
smooth function ¢: M — R. Notice that, in this case, gs = (1 + s¢)g is a (linear)

path of Riemannian metrics in the conformal class of g, for |s| sufficiently small.

Corollary 3.4. Let (M, g) be a Riemannian manifold with secg > 0, and let X,Y €
T,M be g-orthonormal vectors that span a flat plane, i.e., secg(X ANY) = 0. Consider
the first-order conformal deformation of g given by (3.1) with h = ¢g. Then, the

first variation of secg (X NY') is given by

d
e secg, (X NY) = —1 Hess¢(X, X) — s Hess ¢(Y,Y). (3.15)

s=

Proof. We apply Corollary with h = ¢ g. Using (3.6) and (3.7)), it follows that

d
I SCCe. (XAY)

0 = vaygf) g(X, Y) - %vaxqb g(Y, Y) - %Vvaqb g(X,X)

= X(Y(9))g(X,Y) ~ 1X(X(9) g(Y.Y) — 1Y (¥(9)) g(X. X)

= —1 Hess¢(X, X) — S Hess ¢(Y,Y),
since X and Y are local coordinate fields that extend the g-orthonormal vectors

X,Y € T,M; in particular, at p € M, Hessp(X, X) = X(X(¢)) — dop(VxX) =
X(X(¢)), and analogously Hess (Y, Y) =Y (Y (¢)). O
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3.3 First-order Lemma

In order to apply the above first variation formulas to improve curvature, we often

use the following auxiliary result:

Lemma 3.5. Let f:[0,S5] x K — R be a smooth function, where S > 0 and K
is a compact subset of a manifold. Assume that f(0,2) > 0 for all z € K, and
%(O,x) > 0 if f(0,2) = 0. Then there exists s, > 0 such that f(s,x) > 0 for all

rze K and 0 < s < s,.

Proof. Since f is smooth and K is compact, there exist €; > 0 and €5 > 0 such that

%(O,x) > gq if f(0,2) < 1. In particular, we have that K = K; U K3, where

Ki:={zeK:f(0,z) >}, and K,:= {:1: € K: %(O,x) > 82}. (3.16)

By continuity of f, there exists s; > 0 such that f(s,z) > 3¢, > 0 for all 0 < s < s

and x € K;. Setting

10 (5.2

m:= max |=—-=(s,z
s€l0,9] |2 0s2
zeK

Y

we have, by the Taylor polynomial of f(s,z) at s = 0, that for all (s,x) € [0, 5] x K,

f(s,z) > f(0,2) + g—ﬁ(O,x)s —ms®.

In particular, if x € Ky and 0 < s < g5/m, it follows that
f(s,1) > e95 —ms* > 0.

Thus, setting sy := e3/m and s, := min{si, s2}, we have that f(s,z) > 0 for all

0 < s < s, and x € K, concluding the proof. O

In particular, we have the following tool to deform metrics with sec > 0 into
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metrics with sec > 0, cf. Strake [94, §1.A].

Corollary 3.6. Let (M,g) be a compact Riemannian manifold with secg > 0. Let g
be a first-order deformation, such that f—ssecgs(o)‘szo > 0 for all flat planes o, i.e.,

forall o € secg_l(()). Then, there exists s, > 0 such that secg, > 0 for all 0 < s < s,.

Proof. Use Lemmawith f:00,5] x GroTM — R, f(s,0) := secg,(0). ]

3.4 Obstructions to first-order deformations

We now discuss (several) obstructions to using the above tool. The following is

observed in Strake [94], §1.D].

Lemma 3.7. Let (M,g) be a Riemannian manifold with a totally geodesic immersed
submanifold i: M — M. Let g, = g+ sh be a first-order deformation of g, and set
gs :=1"(g,). Then, for all X NY € Gro(T,M) and p € M,

d d
I SeCe: (X AY) T T secg (X NY) Y (3.17)

Proof. Denote by II, the second fundamental form of (M, g,) inside (M, g,) and con-
sider its first variation

I, = Iy + s + O(s?).

Since (M, g) is totally geodesic in (M, g), we have that Iy = 0. Therefore,

(L(X, X), L,(Y, V), =g(I(X, X), I,(Y,Y)) + sh(I,(X, X), I,(Y,Y))
+ sg(Lo(X, X), I (Y,Y)) + sh(Io(X, X), L (Y,Y)) + O(s*)

= 0(s?).
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and, analogously, ||I(X,Y)||. = O(s?). Moreover, by (3.12), we also have

2
85

IXAY[Z =1+s(R(X,X)+0(Y,Y)) +O(s).

Thus, by the Gauss equation (2.22)), differentiating at s = 0 the expression

2
AT — sees (X Ay) — BEXVLEY), — LAV
Secgs - Sngs — ‘ 7
X AY]2,
and using the above expansions, we obtain the desired conclusion (3.17]). n

Remark 3.8. The equality (3.17)) can also be proved by comparing the first variations
of secg, (X AY) and secg (X AY), as given in Proposition [3.2}

As an immediate consequence of Corollary and Lemma we have:

Corollary 3.9. Let (M,g) be a Riemannian manifold with secg > 0 and a totally
geodesic immersed compact submanifold i: M — M. Let g, be a first-order deforma-
tion of g, such that % secgs(0)|s:0 >0 forallo € secg_l(()) C GroyTM. If M does not

have sec > 0, then % secgs(a){szo =0 for some o € secg_l(O).

In connection with the Hopf Problem [[] and the Local Hopf Problem [I| let us
discuss deformations of a compact product manifold (M, g) = (M1 X My, g1 @ gz)
such that (M;,g;), i = 1,2, have secg, > 0. From (2.19)), we have that the set of flat
planes sec; ' (0) C GryT'M coincides with the set of mixed planes.? Since (M;, g;) is
a compact Riemannian manifold, it admits at least one closed geodesic v;: St — M;,
see Jost [55, Thm. 7.11.4]. The product T := 7,(S') x 12(S?) is a totally geodesic

flat torus immersed in (M, g). Since a 2-torus does not satisfy sec > 0 by the Gauss-

Bonnet Theorem, it follows from Corollary [3.9] that no first-order deformation g, of

2At each p € M, this is simply the product S,, My x Sp, My of the unit spheres S,, M; C T, M;,
up to orientation.
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-1

¢ (0).% Furthermore, it is possible to

g can satisfy < secy, (0)}510 > 0 for all o € sec
show that the first variation of sectional curvature vanishes for all mixed planes, as

originally observed by Berger [9].

Proposition 3.10. Let (M, g) = (M1 X My, gl@gg) be a compact product Riemannian

manifold and let g5 be a first-order deformation of its product metric g, such that

4 secy, (0)}320 > 0 for all mized planes o € GroTM. Then < secy, (o)

i o = 0 for all

mized planes o € Gro T M.

Proof. Let X,Y € T,M be such that X \Y € Gro(7,M) is a mixed plane, and assume
Xo=0and Y; =0. Identify X = X, € T, My CT,M and Y =Y, € T, My C T,M.
From (3.13).

d
0=+ secg, (X AY)| = VxVyh(X,Y) - IVxVxh(Y)Y) — LV, Vyh(X, X).

s=0

Taking a trace of the above inequality on X € T, M, that is, applying it to a

gi-orthonormal basis {e;} of 1), My C T, M, and summing over i, we obtain
0 < diVMl(Vyh) (Y) + %AM1h<Y, Y) — %VyVy )EI']M1 (h), (318)

where divy;, and Ay, respectively denote the divergence and Laplacian on (M, g1),
which are identified with the corresponding operators on M; x {ps} C M, and
tra, (h) = > . h(e;, e;). Integrating over the submanifold M; X {ps2}, since the
divergence terms on this closed manifold (M, g;) have zero integral by the Stokes

Theorem, we have

0< —%/ VyVy trar, (h) = —%VYVY/ trag <h>
My x{p2} M

1x{p2}

3This technique implies that the same conclusion holds if (M, g) is a compact symmetric space
of rank > 2 with secg > 0, since it also contains a totally geodesic flat torus, cf. Strake [94, §1.D].
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Taking a trace of the above inequality on Y € T, Ms, it follows that

0< 1A, (/ trar, (h)) : (3.19)
My x{p2}

By the Maximum Principle, since (Ma, g») is a closed manifold, the inequality (3.19)) is

an equality, and hence so are all the preceding inequalities, concluding the proof. []

Remark 3.11. With regard to the Hopf Problem [[|and the Local Hopf Problem I} the
above results imply that there are no first-order deformations of product metrics g
on S% x S?% that could yield a metric with sec > 0 via Corollary Higher-order
deformations g, of such product metrics were found by Bourguignon, Deschamps and
Sentenac [19], with the property that, for all mixed planes o € Gry(T(S? x 5?)), the
first nonzero derivative of secg (o) at s = 0 is positive. Although this implies that
secg, (0) is an increasing function on a neighborhood of s = 0 for each fixed mixed
plane o, this property is not sufficient to yield secg, > 0 for s > 0 sufficiently small.
In fact, there is no uniform control on all mixed planes, or, equivalently, on an open
neighborhood of secgl(O) C GroyT'M, see [19, §5] and [94, p. 73]. Furthermore, such
metrics g, descend to RP? x RP?, which does not have sec > 0 by Synge’s Theorem,
see Petersen [75, Thm. 26, p. 172].

Notice also that, in order to generalize to higher-order variations, one must
assume higher-order vanishing of Iy at s = 0. In particular, possessing a totally
geodesic submanifold that does not have sec > 0 is not necessarily an obstruction for
higher-order deformations to develop sec > 0. This can also be deduced by direct
inspection of the higher-order variations of sectional curvature, which can be found

in an earlier paper of Bourguignon, Deschamps and Sentenac [18].

Let us prove yet another obstruction to first-order variations developing sec > 0

via Corollary due to Weinstein [103].
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Proposition 3.12. Let G be a compact Lie group that acts isometrically on a com-
pact Riemannian manifold (M,g) with secg > 0. Assume that M does not admit
G-invariant Riemannian metrics with sec > 0. Then there are no first-order defor-

mations of g that have Sngs<0)‘$:0 >0 for all o € sec;'(0) C GryTM.

Proof. Let gs = g+ sh be a first-order deformation of g, and consider the averaging

g / 4 (g,) dg,
G

where dg is the Haar measure on G. Clearly g, is G-invariant for all s € R such that
gs is a metric. Note that gy = g, since the G-action on (M, g) is isometric, hence g is

G-invariant. Thus, we have that g, = g+ sﬂ, where h is obtained via the averaging
h:= /Gg*(h) dg. (3.20)
For a fixed 2-plane o € GryT'M, define
k7: Met(M) = R, £7(g) :=secg(0),

where Met(M) C V2T'M* is the open subset formed by Riemannian on M. By ({3.20)),

a4 secg, (0)

ds

— 4" () B = dk°(g) / g (h)dg = / dk*(g)g" (1) dg

= /G 9" (dk7(g)h) dg = /G g <% secg, (0) S_O) dg.

Thus, if & secgs(o)‘szo > 0 for all o € sec;*(0), then also £ secg, (0)}510 > 0 for all

s=0

o € sec;'(0), and, by Corollary , we would have G-invariant metrics g, on M with

secg, > 0, contradicting the assumption that M has no such metrics. O

Combining Proposition with the celebrated result of Hsiang and Kleiner [52]
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and its recent strengthening by Grove and Wilking [45], we have the following;:

Corollary 3.13. Let (M*,g) be a closed simply-connected Riemannian manifold with
secg > 0, and assume (M*, g) admits an isometric circle action. Unless M is equiv-
ariantly diffeomorphic to S* or CP?, there are no first-order deformations g, of g

that have & secgs(a)‘szo >0 for all o € sec;'(0) C GryTM.

Proof. By the results cited above, the only closed simply-connected 4-manifolds that
admit a metric with sec > 0 invariant under a circle action are equivariantly diffeo-

morphic to S* or CP?, so the statement follows directly from Proposition [3.12|* [

Together with Remark , we conclude that the only metrics g on S? x S? with
secg > 0 that are candidates to have a first-order deformation that yields metrics
with sec > 0 on S? x S? via Corollary are not product metrics, and such that
(S? x S?, g) has finite isometry group. Although this is a generic subset of the metrics
with sec > 0 on S? x 52, this first-order approach to the Hopf Problem [[ (and the

Local Hopf Problem [I) seems unlikely to produce further results by itself.

Remark 3.14. Under the above assumption that (5% x S?, g) has sec, > 0 and finite
isometry group, Bourguignon, Deschamps and Sentenac [I§] proved that there are no
real-analytic deformations g, of g for which there exists s, > 0 such that secg, > 0
for all 0 < s < s,. However, we observe that this result alone does not solve the
Local Hopf Problem [[] for such a metric g. In other words, it does not exclude that
g € Met(S? x S?) is in the closure of the (possibly nonempty) subset of metrics on
52 x S? with sec > 0, as it is not clear whether all points at the boundary of this

subset can be reached as limits of real-analytic paths in the interior. Finally, we

4We should also remark that, by the same results, the only closed simply-connected 4-manifolds
that admit a metric with sec > 0 invariant under a circle action are equivariantly diffeomorphic to
54, CP?, 52 x 82, CP?#CP?, or CP2#ﬁ2. Hence, Corollary only yields obstructions to
first-order deformations of metrics with sec > 0 to sec > 0 on % x S2, CP?#CP? and CPQ#W2.
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remark that the result in [I8] uses the absence of Killing fields on (S* x 5% g) in a

crucial way, and hence does not apply to the standard product metric.

Despite the above obstructions to first-order deformations from sec > 0 to sec > 0,

Corollary was successfully used by Strake [95, Thm. 3.4] to prove the following:

Theorem 3.15. Let (M, g) be a complete Riemannian manifold with secg > 0, and
let A C M be a connected, locally convex, compact subset with nonempty interior and
nonempty boundary. Assume that the only points p € M that support flat planes are
contained in the interior of A, that is, W(secg_l(O)) C int A, where w: GroTM —
M is the bundle projection. Then g admits a first-order deformation gs such that

Lsecg, (0)| _, > 0 for all o € sec;(0). In particular,” M satisfies sec > 0.

5Recall Corollary |3.6
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CHAPTER 4

CHEEGER DEFORMATION

A Cheeger deformation of a Riemannian manifold (M, g) consists of rescaling the
metric g in the directions tangent to the orbits of an isometric group action. This
method is inspired by the construction of Berger spheres,! in which the round metric
on the sphere S?"*! is rescaled by A in the direction of the fibers of the Hopf bundle
St — §2ntl s CP", yielding a 1-parameter family of metrics on S?"*!. Recall that
this is a principal S'-bundle, so the Hopf fibers are orbits of the isometric circle
action on S?"™! whose orbit space is CP". The terminology is due to the work of
Cheeger [23], who applied this technique to construct metrics with sec > 0 on the
connected sum of any two compact rank one symmetric spaces. Cheeger deformations
were systematically studied by Miiter [72], and a summary of his results is provided
in Ziller [T11} 112]. In this section, we discuss some of these key results, following the

approach in the previous references as well as Alexandrino and Bettiol [2, §6.1].

4.1 Construction of a Cheeger deformation

Let G be a compact Lie group that acts isometrically on the Riemannian manifold
(M, g), and fix a bi-invariant metric ) on G. Endowing M x G with the product metric

g®d %Q, where t > 0, there is a free isometric G-action on M x G given by:

h-(p,g):=(hp,hg), peM, gheG. (4.1)

1See Sections [10.2} [10.3, and |10.4{ for details, in particular Proposition [10.7]
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The orbit space (M x G) /G of this action is easily seen to be diffeomorphic to M, since
it is the associated bundle M — M xg G — {Id} to the trivial principal G-bundle

G — G — {Id}. The quotient map can be explicitly computed to be the submersion:
p: MxG—=M, ppg)=g 'p (4.2)

Since the G-action is free and isometric, there is a unique Riemannian metric
g: on M such that p: (M x G gd %Q) — (M, g;) is a Riemannian submersion. The
family of metrics g; is called the Cheeger deformation of g with respect to the G-action.
We remark that, as ¢ N\, 0, the metrics g; converge to go = g, see Proposition
The original G-action on (M, g) remains isometric on the Cheeger deformed man-

ifold (M, g;), t > 0. Indeed, the isometric G-action on (M x G,gd %Q) given by

kx(p,g) = (p,gk™), peM, gkeG (4.3)

commutes with , and hence descends to an isometric G-action on the correspond-
ing orbit space (M, g;). As kp(p,g) = kg tp = p(k*(p,g)), the G-action induced
by coincides with the original G-action on M.

For each p € M, we denote by G, := {g € G: gp = p} its isotropy group and by
g, the Lie algebra of G,, which is a subalgebra of the Lie algebra g of G. Let m, be
the QQ-orthogonal complement of g, inside g, so that g = g, ® m,, is a Q-orthogonal
splitting, and identify m, with the tangent space 7,,G(p) to the G-orbit through p via
action fields, i.e., we identify each X € m, with

. d
X, = e exp(sX)p Y € T,,G(p). (4.4)
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This defines a g-orthogonal splitting of T, M into vertical and horizontal spaces,
Vo =T,G6(p) ={X, : X €em,} and H,:={XecT,M: g(X,V,) =0}, (45)

and T,M =V, @ H, remains g;-orthogonal for all ¢ > 0. For X € T,M, we write

X = XY + X", where XY and X% are its vertical and horizontal components.

Remark 4.1. The restriction of the quotient map w: M — M /G to the open and dense
subset Mpyine C M of points that lie in principal orbits? is a smooth Riemannian

submersion, and V, and H, are its vertical and horizontal spaces (2.23)).

For each ¢ > 0, there is a )-symmetric automorphism F;: m, — m, such that

QP(X).Y) = g(X5.Y;), XY em, (4.6)

p»=p

Furthermore, let C;: T,M — T,M be the g-symmetric automorphism such that
g(CH(X),Y) = g(X,Y), XY €T,M. (4.7)

In order to describe how the metrics g; evolves compared to the original metric
g, we explicitly compute the automorphisms C}, following Miiter [72], Satz 3.3] and
Ziller [111], Prop. 1.1].

Proposition 4.2. The automorphisms P,: m, = m,, and Cy: T,M — T,M fort >0
are determined by Py in the following way:

P(X) = (Pt +t1d)"Y(X) = Py (Id +tP)"1(X), X €m,,
(4.8)

Ci(X) = ((1d+tP) ™ (Xw)), + X™, X e T,M,

2A G-orbit G(p) is principal if the corresponding isotropy group G, is the smallest possible (up
to conjugacy), see, e.g., Alexandrino and Bettiol [2] §3.4].
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where Xy, is the unique vector in my, such that (Xy), = XY, In other words, using

the identification via action fields, Cy(X) = (Id +tPy) " (XY) + X™ for all X € T, M.

Proof. The differential dp(p,e): T,M & g — T,,M of (4.2) satisfies

The vertical space® at (p,e) for the Riemannian submersion p is formed by the pairs
(2*,Z) € T,M & g. Thus, the vector (X*,Y) € T,M @ g is (g ® +Q)-orthogonal to

all pairs (Z*, Z), and hence horizontal for p, if and only if for all Z € g,
0=g(X",Z") + QY. 2) = QP Xu, Z2) + Q(1Y. Z) = Q (R X + 7Y, Z) ,

that is, Y = —tF) Xy, Here, for X € g, we denote by X, the component of X in m,,.
In particular, the horizontal lift with respect to the Riemannian submersion p of the
action field X* € T,M is given by (W*, —tPy W) € T,M & g where W € g satisfies
X* = dp(p,e)(W*, —tPyWy). Using ([L.9), this becomes X} = W + (tPy Wy); =
((1d —l—tPO)Wm);, to which W = (Id +tP) ' X € m is clearly a solution. Therefore,

the horizontal lift of X* € T,,M is given by

X+ = (((1d+tPy) 7' X)", —tPy(Id +tPy) ' X) € T,M & g. (4.10)

Since Py(Id +tPy) ™" = Py(Py(By +¢1d)) ™" = Po(Py ' +¢1d) ' Byt = (Pt +¢1d)7,
the above horizontal lift (4.10]) can be rewritten as:

X = (P Y (B + 1) X)), (P +t1d) ' X) e T,M @ g. (4.11)

*
p7

3Recall that vertical/horizontal spaces for the submersion p: M x G — M are subspaces of
T,M & g, see (2.23)), and vertical/horizontal spaces V, and H,, in (4.5) are subspaces of T, M.
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Rewriting it in this way is convenient for the computations in the remainder of this
proof, see (4.13). Analogously, the horizontal lift of a vector V = VV 4+ V¥ =
(Vi) + V7t € T,M, is given by

V= (B (P +t1d) Vo) + VI =Py +t1d) Vo) € T,M &g,  (4.12)

since V is horizontal for p and dp(p,e)V = V.

Since p: (M x G, g® %Q) — (M, g;) is a Riemannian submersion, the square
norm of X* € T, M with respect to g; equals the square norm of its horizontal lift
(4.11)) with respect to g ® %Q. Thus, we have that for all X € m,

g:(X;, X)) = g((Fy (B '+ t1d)'X) (B (Bt +1d) X))
+ QP +t1d) T X t(Py t + t1d) X))
=Q((Py ' +t1d) "X, Py ' (Py ' + t1d) ' X)
+tQ((Py 't +t1d) X, (Pt +t1d) ' X) (4.13)
=Q((Py ' +tId) "X, Py (Py t + t1d) T X + ¢(Py ! +t1d) T X)
=Q((Py' +t1d) "X (Py ' +t1d)(Py ' +t1d) ' X)

=Q((Py' +t1d) X, X),

which, according to the definition (4.6]), proves that P, = (Py ' +t1d)~!. The formula
for C} follows immediately from the above and (4.7)). O]

Remark 4.3. From , if Py has eigenvalues \;, then C} has eigenvalues ﬁ cor-
responding to the vertical directions and eigenvalues 1 in the horizontal directions.
Thus, as t grows, the metric g; shrinks in the direction of the orbits and remains
unchanged in the orthogonal directions. Note that the speed in which the orbits
shrink may vary with the orbit. As ¢t 400, the manifolds (M,g;) converge, in

Gromov-Hausdorff sense, to the orbit space M /G equipped with the orbital distance.
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Ezample 4.4. In the case of the S'-action on S?"*! discussed in the beginning of this
section, m, is 1-dimensional for all p € S*"*! and the automorphism Py: m, — m,
has the unique eigenvalue \; = 1. Thus, denoting by gy = g the round metric,
we have that the Cheeger deformed metric g, is a Berger metric on S?"*! given by
g = %th gy & gy, where g = gy @ gy is the splitting of g into vertical and horizontal
parts for the Hopf bundle S — S?"*1 — CP". In this case, all orbits are shrunk
at the same speed, since the action fields have constant norm. Note that (S?"! g;)
converges in Gromov-Hausdorf sense to CP™ with its standard metric as t * 4o0.

Moreover, note that the metrics A gy, @ gy, A > 1, are not Cheeger deformations of g.

4.2 Evolution of sectional curvatures

As mentioned in the previous section, we are particularly interested in deforming
metrics with secg > 0. Cheeger deformations are remarkably useful in this context

due to the following fundamental result.

Proposition 4.5. Let (M, g) be a Riemannian manifold with secg > 0, and let g, be

a Cheeger deformation of g. Then secg, > 0 for all t > 0.

Proof. Recall that a Lie group (G,(Q) with bi-invariant metric has secg > 0, see
(2.17). Thus, if sec, > 0, then M x G with the product metric g @ %Q also has
sec > 0. Since p: (M x G,g® 1Q) — (M, g) is a Riemannian submersion, sce (4.2)),
it follows from the Gray-O’Neill formula (2.28) that secg, > 0 for all ¢ > 0. O

As observed by Miiter [72], in order to study in further details how curvature

evolves along a Cheeger deformation, it is very convenient to define a reparametriza-
tion of GroT'M using the automorphism C; defined in (4.7) and computed in (4.8)).
Given 0 = X AY € Gro(T,M), set

Cilo) =C; (X AY)=CP X ANCTYY, t>0.
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The above is a l-parameter family of bundle automorphisms of GryT'M, called

Cheeger reparametrization, which considerably simplifies curvature computations, cf.

the horizontal lifts (4.12]) and -

The following result, due to Miiter [72, Satz 3.10] (see also Ziller [I11}, Prop. 1.3]),

completely determines how sectional curvatures evolve along a Cheeger deformation.

Proposition 4.6. Let (M,g) be a Riemannian manifold, and let X,Y € T,M be

g-orthonormal vectors. Let g; be a Cheeger deformation of g, and set
ko(t) =g (R(C' X, CY) O X, CYY), (4.14)

where Ry is the curvature tensor of g, so that the sectional curvature of Ct_l(X/\Y) 18

ko(t)
|G (X A Y)H

secg, (C;H (X AY)) = (4.15)

Then, denoting by Sy the unit sphere in the Lie algebra g with respect to the bi-

invariant metric Q and using the same notation as in Proposition [4.3, we have that:

ke(t) = secg(X AY) + —H Py X, Py Ya ||,
2 4.16
g (AZPXY) Q[P X B Y] 2)) (416)
+ — max ,
4 zeS, tg(Z*,72*)+1

and
T X AV = 2] P X A Po Yallgy + (|| Po Xalg, + [|Po Yall ) + 1. (4.17)

Proof. In order to explicitly compute ko (t), we use the Gray-O’Neill formula for the
defining Riemannian submersion p: (M x G,g®1Q) — (M, g;), sce ({£.2). From (4.8)
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and ([{L.10), if X € T,M, the horizontal lift of C;'(X) = ((Id +1F)(Xw)), + X™ is

Cil(X) = (X, —tPy Xu) € T,M & g. (4.18)

Recall from the proof of Proposition that the vertical space of the Riemannian
submersion p consists of the vectors (Z*, Z) € T,M @ g, where Z € g. In particular,

using ([2.26)), we have that the square norm of the tensor A applied to horizontal lifts

CyH(X) and C; ' (Y) with respect to (g @ Q) is?

- 2
: (2 10) (A G (V). (2%, 2))
= Imax

zesy (g9 1Q)((2,2),(2*,2))
(sa(z, 29) (X067 0))
1Q(2, Z)
. <d(Z*)b(X7Y)—|—d(Zb)(—tP0Xm;_tP0Ym)>2

= —Imax

4 ZeS, g(Z*, Z%) + %

| &)

CrH(X)

= Imax

ZeSs g(Z2*,2*) +

b (AZPXY) Q[P X R Vi, Z)>2

T4 zes, tg(Z*, Z2) + 1

Thus, applying the Gray-O’Neill formula, see (2.27)) and (2.28)), to the Riemannian

submersion p, and using (2.16|) and (4.18)), one deduces the desired formula (4.16)):

1 2 —— 2
ko(t) = (R(X, V)X, V) + L [[EPo Xows 1P Yal [}, + 3 | A ' OV))

t3
=secg(X NY) + ZH[PO X, I Ym]”i)

g (AZPEY) QR X AV 2))

TR tg(2*,2°) +1

“Here, we are using the elementary fact that, in a vector space V with inner product (-, -), one can
write [|v]|? = max (v,w)? where Sy is the unit sphere of V. The advantage of expressing this term
weSy

in such way is that it allows to use ([2.26]), which provides a tensorial expression on X,Y € T,M,
without resorting to local extensions of these vectors.
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Finally, formula (4.17)) follows by applying (4.6)), (4.7) and (4.8),

[CTH X AY)|) = el C X, G X) (O, CFY) — (G X, O )
=g(X,C7 ' X)g(Y,CrY) — g(X, C7'Y)?
= (14 t]|Po Xalp) (L + |2 Yal|) = (FQUP X, P Vi)’

= 2| Py X A Py Va4 (|| Po X, + [P0 Vi) + 1.

With (4.16]) and (4.17)), one completely determines secg, (C’t_ WX /\Y)), see (4.15). O
Remark 4.7. Note that Proposition also follows by direct inspection of (4.16]).

Corollary 4.8. Let (M,g) be a Riemannian manifold with secg > 0, and let g, be
a Cheeger deformation of g. If X,Y € T,M are g-orthonormal vectors such that
[Po X, Py Ya] # 0, then secg, (C; (X AY)) > 0 for all t > 0. In particular, if
G = SO(3) or G = SU(2) and the vertical projection’ of X NY € Gra(T,M) is

2-dimensional, then secy, (C; (X AY)) >0 for all t > 0.

Proof. If [Py X, PoYu] # 0, then ko(t) > 0 for all ¢ > 0 by Proposition SO
secg, (C; (X AY)) > 0 for all ¢ > 0. Moreover, if G = SO(3) or G = SU(2), then
secg > 0 and hence [Py Xy, Py Ya] # 0 whenever X, # 0 and Yy, # 0, see (2.17). O

Remark 4.9. More generally, it follows from (2.17)) that for any compact Lie group
(G, Q), we have [Py Xy, P Y] # 0 if and only if secq (Po Xa AP Ym) > 0.
4.3 First-order properties

In the last section of this chapter, we analyze Cheeger deformations from the

first-order viewpoint of Chapter [3|

By vertical projection of X A'Y € Gry(T, M) we mean the projection onto 7,G(p) C T, M.
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Let (M,g) be a Riemannian manifold with sec, > 0 and let g; be a Cheeger
deformation of g. By Proposition , if o € sec;'(0) is a flat plane, then secg, (o) >0
for all t > 0, and an explicit formula for secy, (C’t_ 1(0)) is given in Proposition
This formula can be used to compute the first variation of secg, (o), without the
Cheeger reparametrization C}, since o has extremal curvature. More precisely, since
secg > 0 and secg(0) = 0 is a minimum, it follows that that o is a critical point of

secg: GroT'M — R, i.e., d(secg)(0) = 0. Thus, by the chain rule,

+ d(secg) (o)’

= 35|,

d _
s O], = 5

=% secg, (0)

)

t=0

where ¢’ is the first variation of C; (o) at t = 0, that is, C; ' (o) = 0 +t o’ + O(t?)
in A2T'M. Furthermore, we can compute the above first variation directly from the

unnormalized curvature k¢ (t), since secg(0) = 0 and hence by (4.15]),

2
gt

d _
secg(or) + |72 3 s0¢g, (C(2)

k(0) = Sl o)

d
=3 seCg, (Ct_l(a))

t=0 t=0

=0
Thus, altogether, we have < secg, (a)}tzo = k(0).

Let X,Y € T, M be g-orthonormal vectors such that o = X AY, and differentiate

(4.16]) at ¢ = 0 to obtain

= k,(0) = 2 max d(Z*)’(X,Y)2 (4.19)

a5 ) =0 4 78,

dt

Notice that < secg, (a)|t:0 >0, and & secgt(a)’tzo = 0 if and only if d(Z*)"(X,Y) =0

for all Z € g, in which case (4.16|) simplifies to
3 ’
1

3
||[P0Xm>POYm]H§g + 3imax Q<[P0Xm’POYm}’Z>

ko(t
c(t) 4 zeS, tg(Z*,2*)+1

(4.20)
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In particular, if & secgt(a)|tzo = 0, then (4.20) implies that either secg, (C; '(0)) > 0
for all t > 0, or secg, (C; (o)) = 0 for all ¢ > 0; according to [Py X, Py Yu] # 0 or
[Py X, Po Y] = 0. Notice also that if < secg, (a)}tzo = k¢ (0) = 0, then by (4.20)),

ke (0) = 0,
3 9
ke (0) = 5[|[Po Xo, Py Yalllg, + 5 ax Q([Po X, Po Yal, 2)* (4.21)

= 6/[[Po X, Po Yl o

cf. Miiter [72, Satz 4.9] and Ziller [I11], Cor. 1.4].

Remark 4.10. By the above observations, the 2-forms d(Z*)* € A>T'M, with Z € g,
play a fundamental role in the study of kc(t) and secg, (C; '(0)). Note that, since Z*
is a Killing vector field, denoting by X,Y € T'M local coordinate fields that extend

X,Y € T,M, we have from (3.6) that

A(Z)(X.Y) = X (g(27.Y)) - Y (8(2". X))
=g(VxZ*Y) —g(VyZ*, X) (4.22)

= 2g(VXZ*,Y)

In particular, if p € Mpyinc, see Remark [4.1] then by (2.24)) and (2.2,

(

—2g(AxY, Z2), if XY €H,,

A(ZV(XY) = { —2g(TxY, 22) = 2g(I(X, Z2), V), if X €V, Y € H,,

Q([Po X, Y]+ [X, Py Y] + P [ X, Yal, Z), i XY €V,

\

where 7" and A are the tensors of the Riemannian submersion 7: Mpyine — Moprine/G,
and II, is the second fundamental form of the orbit G(p), see Miiter [72, Lemma 4.15]

or Ziller [I11], Prop. 1.6] for details.
As discussed in Section [3.4] the presence of totally geodesic immersed flat tori is
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a first-order obstruction to deforming metrics with sec > 0 to sec > 0. From the
above computation (4.19) of the first variation of sectional curvature for a Cheeger

deformation, one deduces the following obstruction, cf. Ziller [I11}, Cor. 1.5].

Proposition 4.11. Let (M, g) be a Riemannian manifold with secg > 0, and g be a
Cheeger deformation of g. If 0 € GroT' M s tangent to a totally geodesic flat torus

in (M, g) and o contains a horizontal direction, then secg, (Cy'(0)) = 0 for all t > 0.

Proof. Let i: T — M be the totally geodesic flat torus in (M, g), and let e, es be a
global orthonormal frame on (7, i*g). Define vector fields X and Y along i: T — M
by setting X(p) := di(p)e; and Y (p) := di(p)ey for all p € T. From (4.19) and
Lemma [3.7} the function kc(t) defined as the unnormalized g-sectional curvature of

C;7H X AY) satisfies

d
— SeCirg, (€1 Ne2)| . (4.23)

d
XAY
kC( )= dt Secgt( NY) t=0 dt t=0

On the other hand, by the Gauss-Bonnet Theorem, for all ¢ > 0,
/ S€Cirg, (€1 N €2) VOljg, = 2mx(T") = 0.
T
Thus, differentiating the above at ¢ = 0 and using (4.23]), we have

0=

/ S€Cirg, (€1 N €2) VOl;=g,

d
dt
/ S€Cjng, (€1 N\ €2) o

=0

d
voljeg + [ seci=g(e1 A eg) dtvolz g,
T -

SecZ g (€1 A 62)‘ VOl g

:/k/C«(O) VOli*g.
T

Since the above integrand k¢ (0) is nonnegative by (4.19), we have that k(0) = 0

on all of T'. In particular, if o = X A'Y contains a horizontal direction, then either
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Xm = 0or Y, =0, hence [Py Xy, Py Y] = 0. Thus, it follows from (4.20]) that for all
t > 0 we have kc(t) = 0 and hence secg, (C; '(0)) = 0. O

We conclude this section computing the first variation of a Cheeger deformation g,

that combined with the first variation formula (3.13)), can be used to reobtain (4.19).

Proposition 4.12. Let (M, g) be a Riemannian manifold and g; be a Cheeger defor-
mation of g with respect to a G-action on M. Let{Z;}, 1 < i < n, be a Q-orthonormal

basis of g. Then gy = g+ th+ O(t?), whereh = —>"" (Z}) ® (Z;)" € V*TM*.

Proof. From (4.8), we have that given X € T, M, the first variation of Cy(X) is

GOHX)] g = & (14 +P) (X)) + X7 |,
= (FUd+tR) ™ (Xa)], ), (4.24)
= (_PO Xm);

Thus, if X,Y € T,M, we have from the above, (4.6) and (4.7) that

Se(X. V)|, = $e(Gi(X). V)],
= g((=Pop Xw);, )
— —Q(Py Xu, Py Yan)
= 3" Q(Po X, Zi) Q(Py Y, Zs)
=2 8X. Z))e(Y, Z)

=~ (XLi(Z) @ (Z)) (X.Y),

proving that h = — >"" (Z)* ® (Z;)" is the first variation of g. O
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PART II

WEAKLY POSITIVE CURVATURE
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CHAPTER 5

AVERAGING SECTIONAL CURVATURES

In this chapter, we discuss two weakly positive curvature conditions, defined in
terms of averages of pairs of sectional curvatures. Although we focus on averaging
only 2 sectional curvatures, we remark that notable results on curvature positiv-
ity conditions with averages of more sectional curvatures have been obtained by

Labbi [62], 63] and Wu [108], among others.

5.1 Distance between planes

Let V be a real vector space of finite dimension dim V' = n endowed with an inner
product. We denote by Gry(V') the Grassmannian of 2-planes in V. In this section,
we compare three distance functions dist: Gry(V) x Gro(V) — R, that provide a
notion of aperture, or gap, between 2-planes in V' and induce the standard topology
on Gry(V).

Let 0,0’ € Gry(V) and denote by S, and S, the great circles in the unit sphere
Sy :={v € V : ||v]| = 1}, obtained by intersecting it with the 2-planes ¢ and o¢’,

respectively. The spherical distance between 0,0’ € Gry(V) is defined as:

distg (o, 0’) := distyg (Sa, SUI), (5.1)

where disty is the Hausdorff distance between closed subsets of the sphere Sy,. By
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the properties of the Hausdorff distance, we have

dists(o, 0’) = max {max dist(v, Sy), max dist(w, S(,)} , (5.2)

VES, wESU/

where the distance between a point in Sy, and a great circle is measured with respect

to the round metric on Sy. In particular, we have that 0 < distg(co,0’) < 7.

Remark 5.1. Suppose 0,0’ € Gry(V) achieve the above maximum distgs(o,0') = 7.
The linear subspace of V' spanned by ¢ and ¢’ has dimension 3 or 4, according to
whether the great circles S,, S, C Sy intersect or not. In the first case, there are
orthonormal vectors ey, es,e3 € V such that 0 = e; A ey and o’ = e; A ez, while in
the second case, there are orthonormal vectors eq, es, e3,e4 € V such that 0 = e; Aey

and o’ = ez A ey, that is, 0 and ¢’ are orthogonal.

Another definition of distance between o,0’ € Gry(V) can be given in terms of
the operators of orthogonal projection onto these subspaces. Let Il,: V' — V be
the orthogonal projection operator onto o C V', and analogously for ¢’. The chordal

distance between 0,0’ € Gry(V') is defined as:
diste(o,0’) == ||I1, — IL/||. (5.3)

Since orthogonal projection operators have norm < 1 and the vectors II,(Id —I1,/)v

and (Id —II,)II,v are orthogonal for all v € T, M, we have that

2
(T, — )] = || (T, (Id =11, ) — (Id =11, )T v|
= |, (1d =T )o|* + [|(1d ~T1,) Tl |
< [[(1d =17 )o[|* + [Ty |

< |lvll*,

which implies 0 < disto(o,0’) < 1. It is proved in Akhiezer and Glazman [I], §34]
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that (5.3]) can also be written as
disto (o, 0') = max {max inf ||jv —w||, max inf ||v — w||} . (5.5)
vES, wea’ w vET

This allows us to compare distg and diste, using and . Notice that the
first arguments are the maximum over v € S, of the distance between v and o’,
either measured in the spherical fashion dist(v, Sy/) = 152}9{,1/ arccos | (v, w)|, i.e., taking
the length of the shortest path on Sy that joins v to ¢’; or in the chordal fashion
lv — Iy (v)| = 111}161(1: |lv — wl|, ie., taking the length of the shortest straight line
segment that joins v to ¢’. An analogous statement holds for the second arguments,

interchanging the roles of ¢ and ¢’. This geometric interpretation is what motivates

the above terminology, and it also implies
distc (o, 0’) = sin (dists (o, 0")), (5.6)

proving that distg and dist¢ are, in fact, equivalent in the above context.!
Remark 5.2. The maximum in (5.2)) is achieved simultaneously by both expressions,
that is,

distg(o,0") = max dist(v, Sgr) = max dist(w, S,) (5.7)
VESH we o

and analogously for the maximum in ([5.5)),

. A . . _ . .
diste(o,0') = max ul;relg’ |lv —wl| gé%i(, 11)1615 |lv —wl|. (5.8)

A proof of the above can be found in Morris [71, Lemma 3.2].

Remark 5.3. If 0,0" € Gry(V') achieve the maximum diste (o, 0’) = 1, then it follows

from ([5.6]) that the same conclusions as in Remark are valid for o and o’.

LA detailed comparison of the distance functions dists and distc in more general contexts (such
as Banach spaces) can be found in Berkson [I1], see also Kato [57, Chap. IV §2.1].
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Our last distance function in Gry(V') is obtained via the diffeomorphism

O(n)

(V)= 5@0m —2)

(5.9)

In order to describe the distance function induced by the Riemannian metric on (}5.9))
that makes it a symmetric space, we first discuss basic properties of the principal

angles between two subspaces, see [40, [54] [73] for details.

Definition 5.4. Given 0,0’ € Gry(V), the principal angles 0 < 6; < 0y < 5 between
o and o’ are respectively the smallest and the largest angle that a line in o makes

with the plane ¢’. In other words,

0, = arccos <max max (v, w)) and 6y = arccos (min max (v, w>> . (5.10)

vESy WES vESy WES

It is easy to see that interchanging the roles of o and ¢’ does not change these
angles. Clearly, 6; = 0 if and only if o0 and ¢’ intersect nontrivially, and 6; = 6, = 0 if
and only if 0 = ¢’. Furthermore, 6, = 6, = 7 if and only if o and ¢’ are orthogonal,
that is, ¢/ C o, where o+ is the complement of ¢ in V such that o @ o+ =V is an
orthogonal direct sum. More generally, if the principal angles between o, 0’ € Gry(V')
are 61 and 6y, then there are orthonormal vectors ey, es, e3, e4 € V such that 0 = e; Aey

and o’ = (cos ye1+sin O1e3) A(cos Oyea+sin Ozey). In particular, (o, 0') = cos 6y cos 5.

Remark 5.5. A useful alternative characterization of principal angles #; and 65 be-
tween o and o' is that cos@; and cosf are the singular values® of the operator
(I1y/)|o: 0 — ¢’ of orthogonal projection of o onto ¢’. Direct computations show that
the principal angles between 0,0’ € Gry(V) are 6; = arccos v/)\;, where A\; > Xy > 0

are the roots of the polynomial® P, /() = X2 — (1 — [lo Ad’||> + (0, 0")2) A + (0, 0")>.

2Recall that the singular values of an operator A: V — V are the eigenvalues of v/ A*A.

3In particular, notice that §; = 6 = 0 if and only if A\; = Ay = 1, which is equivalent to
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The symmetric space distance between o, 0’ € Gry(V) is defined as:

distgs(o,0') = 1/6% + 63, (5.11)

where 6; are the principal angles between o and ¢’. This is the length of the short-
est geodesic in (5.9) that joins o and o, which can be computed to be 7(t) =
(cos(t91)61 + sin(tGl)eg) A (cos(t92)62 + sin(t92)e4) in terms of the above orthonormal

vectors ey, eg, e3,e4 € V such that 7(0) = o and (1) = o’

Remark 5.6. From (5.7) and (5.10)), it follows that the spherical distance between
0,0 € Gry(V) is precisely the largest principal angle between these planes, i.e.,
distg(o, 0’) = 65. In particular, by (5.6)), the chordal distance is dist¢ (o, o) = sin 5.
Remark 5.7. From the above discussion, o,0’ € Gry(V') achieve the maximum dis-
tance distgg(o,0’) = 75 if and only if o and ¢’ are orthogonal. Thus, there is more

information about planes at maximal distance with respect to distgg than planes at

maximal distance with respect to distg or dist¢, see Remarks [5.1] and

5.2 The family of conditions sec’ > 0

Let M be a manifold and fix a fiberwise distance function dist on GryT'M, that
is, a distance function on each Gry(7,M) that varies continuously with p € M. For
instance, endowing M with a Riemannian metric g, one may use local orthonormal
frames to construct smoothly varying linear isometries ¢,: V' — T, M, and define a

distance function on Gro(7,M) by setting

dist(o, 0") := distar,) (1, ' (0), 1, ' (0"), forall o,0" € Gra(T,M), (5.12)
(0,0') = 1 and |lo Ad’|| = 0, that is, 0 = o’. Similarly, §; = 6, = T if and only if \; = Xy =0,
which is equivalent to (o,0’) =0 and ||o A ¢’|| = 1, that is, ¢ and ¢’ are orthogonal.
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where distgy, vy is a distance function on Gry(V'), e.g., one of (5.1)), (5.3)) or (5.11)).

Given a Riemannian metric g on M and 6 > 0, we define:

secg: Gr,TM — R, secg(a) = min
o' €Gra(Tp M)
dist(o,0')>0

N

(secg(0) + secg(a”)). (5.13)

Note secg > (0 means that, at every point p € M, the average of sectional curvatures
of any 2-planes tangent at p that are at least 6 apart from each other is positive. One
can intuitively think of # as a lower bound for the aperture, or gap, between the planes

considered in the averaging, see the previous section for geometric interpretations.

Clearly, if secg > 0, then secg

> 0 for any # > 0. Moreover, if ; < 65, then
G

secg1 > 0 implies secg2 > 0. Thus, sec

> 0 is a family of curvature positivity
conditions parametrized by 6 > 0, that becomes stronger as # \, 0. At the limit

6 = 0, the condition secg > 0 is equivalent to secg > 0, since:

secg(0) = 1 (secg(0) + secg(0)) ZJ/EGIgi(%pM)
dist(o,0')>0

N

(secg(0) + secg(a”)) = secy(0).

In the setting of Section , secg > ( are pointwise curvature conditions if dist is of

the form (j5.12)), since secg > 0 corresponds to the open O(n)-invariant convex cone

Ciectso = (R € Sb(/\2V) : <R(O'>,U> + <R(0")’0'/> >0

for all 0,0’ € Gry(V') such that distg,,)(o,0") > 6

5.3 The condition sec®+ > 0

Using the above family of conditions sec’ > 0 without fixing the metric g, consider

the following curvature positivity condition on M regarding the limit 6 ~\ 0.

Definition 5.8. A manifold M satisfies sec’+ > 0 if, for all # > 0, there exists a

Riemannian metric g’ on M with seczg > 0, and g? converges to a metric g° as 6 \, 0.
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Remark 5.9. The notion of convergence g — g° in the above definition can be
chosen, e.g., as convergence in the C*-topology for some k > 2, and is only explicitly
mentioned if necessary. Note that the choice of fiberwise distance function on GryT M
is not very important in this context, since we are interested in 6 0, and also note

that sec® > 0 is not a pointwise curvature condition in the sense of Section .
The interest in sec®* > 0 is mainly due to its relation with sec > 0 and Ric > 0:

Proposition 5.10. If M satisfies sec > 0, then it also satisfies sec’+ > 0. If M is

compact and satisfies sec’+ > 0, then it also satisfies Ric > 0 and sec > 0.

Proof. If M admits a Riemannian metric g with sec, > 0, then setting g’ = g for all
0 > 0 we have that M satisfies sec’+ > 0.

Given a Riemannian metric g on a compact manifold M, we define:

Oo(g) := ;g\r} Ureri% eiﬁrjgié;M’ dist (v Aei, v A ej). (5.14)
g('l]7€i):0,

g(ei.e;)=0i;

The above is clearly a positive number, that depends continuously on g. Moreover,
if sec > 0 for some 0 < 6 < 6y(g), then Ricg > 0. In fact, Ricg(v) > 0 for any
direction v € T'M, since, by and , this is a sum of sectional curvatures
whose pairwise average is positive.

If M satisfies sec™ > 0, set G := {g’ : 6 € [0,1]}, and 0, := min{6y(g) : g € G}.
Since 6y(g) depends continuously on g and G is compact, we have that 6, > 0. By
the above, for any 0 < 6 < 0., we have Ricge > 0. Therefore, M satisfies Ric > 0.
Moreover, we claim that secgo > 0 and hence M satisfies sec > 0. In fact, given

o € Gry(T,M), let 6,, be a sequence of positive numbers converging to 0, say 6,, = %,

and let o, € Gry(T,M) be a sequence such that dist(o, 0,,) = 6,,. Then, we have:

(secgon (0) + secgon (o)) < 1(secgon (o) + secgon (04,)).

[N
N

0 <sec’s (o) = min
g o' €Gra(Tp M)
dist(o,0') >0,
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As n — 400, the right-hand side of the above inequality converges to secg(c), which

is hence a nonnegative number, concluding the proof. O]

By the above, on compact manifolds, sec’* > 0 is an intermediate curvature
positivity condition between sec > 0 and Ric > 0, as well as sec > 0 and sec > 0.
We remark that sec’+ > 0 is indeed intermediate, since there are compact manifolds
M that have Ric > 0 but do not have sec’+ > 0; and that have sec’+ > 0 but do
not have sec > 0. Namely, the connected sum #%(S™ x S™), k € N, has Ric > 0
by the work of Sha and Yang [89], and, for k sufficiently large, it does not have
sec > 0 by the celebrated a priori bounds on Betti numbers of Gromov [41], see also
Petersen [75, Thm. 86, p. 357]. Thus, by Proposition , #F(S™ x S™) does not
satisfy sec’* > 0 for k sufficiently large. Moreover, it is proved in Corollary that
RP? x RP? satisfies sec’+ > 0, and it does not satisfy sec > 0 by Synge’s Theorem,

see Petersen [75, Thm. 26, p. 172].

5.4 The condition sect > 0

The range of § > 0 for which secg > 0 is a meaningful condition is between 0
and the diameter of the largest fiber of GroT M, according to the chosen fiberwise
distance. In the previous section, we explored the limit 6 ~\, 0, and, in this section,
we discuss a curvature positivity condition related to the opposite limit. Differently
from the previous section, the choice of fiberwise distance function is very important
here. As observed in Remark [5.7, 2-planes 0,0 € Gry(V) are at maximal distance
distgg(o,0') = \% with respect to the symmetric space distance if and only if
they are orthogonal, that is, 0’ C o+, while this is not necessarily the case if o and o

are at maximal distance with respect to the distances (5.1]) or (5.3]). For this reason,

given a metric g on M, we use the symmetric space distance via ((5.12)) to define the
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biorthogonal curvature of o € Gry(T,M) as secg (o) := sec?(o) with # = =, that is,

g V2

secgl(a) = UIEGIgi(%pM) £ (secg(0) + secg(0”)). (5.15)
o'Cot

Note Sech > (0 means that, at every point p € M, the average of sectional curvatures
of any 2-planes tangent at p that are orthogonal to each other is positive. Clearly,
this condition is vacuous®* if dim M < 3, so we henceforth assume dim M > 4.

In the setting of Section , secgl > () is a pointwise curvature condition , corre-

sponding to the open O(n)-invariant convex cone

R(o),0) + (R(c"),0") >0
Cueing = 4 R € Sy(A2V) : \B(o), o) + (R, ) . (5.16)
for all 0,0’ € Gry(V) such that o’ C ot

i

which is precisely the cone Cyeo~0, With distg,v) = distgs and 6 = 75

Definition 5.11. A manifold M satisfies sect > 0 if there exists a Riemannian

metric g on M with sec; > 0.

Since the conditions sec’ > 0 become weaker as # grows, it is natural to expect
that the maximal possible # yields a condition much weaker than sec > 0. Indeed,
while sec’* > 0 is intermediate between sec > 0 and Ric > 0 (see Proposition 5.10)),

we now verify that sect > 0 is intermediate between sec > 0 and scal > 0.
Proposition 5.12. If (M,g) has secg > 0, then it also has sech > 0. If M has

secgl > 0, then it also has scalg > 0.

Proof. If a Riemannian metric g on M has sec, > 0, then by definition ([5.15]) it clearly

4

has secy

> (0. Moreover, if the metric g has secé > 0, then it also has scal; > 0,

40n 3-manifolds, there are no pairs of orthogonal 2-planes. However, requiring that averages of
sectional curvatures of 2-planes at maximal distance (with respect to (5.11])) is positive determines
an intermediate condition between sec > 0 and Ric > 0.
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since, by (2.10), scalg is a sum of sectional curvatures of pairwise orthogonal 2-planes.

Alternatively, note that Cieeso C Cseol 59 C Cicarso := {R € Sp(A?V) : tr R > 0}. O

Remark 5.13. There are manifolds that have sect > 0 but do not have Ric > 0, for
example 5" x S'. The standard product metric g on S"~' x S has sec; > 0,
since it has secg > 0 and the only 2-planes with secg(0) = 0 are mixed planes, i.e.,

those of the form o = v A 2

2., where v is tangent to S"~! and Z is tangent to S'. In

particular, if one of the two sectional curvatures in the average (5.15)) vanishes, then
the other is positive, since it is the sectional curvature of a plane orthogonal to %,
hence tangent to S®!. On the other hand, S® ! x S* does not satisfy Ric > 0 by
the Bonnet-Myers Theorem (see Petersen [75 p. 171]), since its fundamental group
m(S"! x S') & Z is infinite.

In Proposition , we prove that connected sums of manifolds with sect > 0 also
satisfy sect > 0. In particular, it follows that M, = #*(S"~! x S1), k € N, satisfy
sect > 0. Since m(M;) is the free group in k generators, the class of manifolds

L+ > 0 is much larger than that of manifolds that satisfy Ric > 0.

that satisfy sec
Furthermore, in Chapters @ and , we prove that also #%(S? x S?), k € N, satisfy

sect > 0, see Remark [7.15]

Riemannian manifolds with sect > 0, particularly pinched biorthogonal curva-
ture, were first studied by Seaman [84H86]. The biorthogonal curvature of (M, g) is

said to be weakly }l—pz’nched if there is a nonnegative function §: M — R, such that
8 <secg(0) <6, forall o € Gr,TM, (5.17)

and strictly }L—pmched if at least one of the above inequalities is strict. The following
common feature with manifolds whose sectional curvature is %—pinched was observed

by Seaman [84H86], using the Berger inequalities for the curvature tensor.
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Proposition 5.14. Let (M,g) be a Riemannian manifold. If (M,g) has weakly

i—pz’nched biorthogonal curvature, then it has nonnegative isotropic curvature. More-

over, if (M,g) has strictly Z—i—pz’nched biorthogonal curvature, then it has positive

1sotropic curvature.

Proof. Suppose (M,g) has weakly i—pinched biorthogonal curvature, i.e., satisfies
(5.17). Let o € Gry(T,M)€ be an isotropic 2-plane, and X,Y,Z, W € T,M be
orthonormal vectors such that o = (X +iY)A(Z+iW). From the Berger inequalities

for Rg, see Seaman [84, Prop. 2.7], [85, Prop. 1.1] or Karcher [56], it follows that
(Rg(X,Y)Z,W)| < 2(6—9) =12 (5.18)

Thus, from (2.12)) and ([5.18)), we have that

Secg(a) =2 secgl;(X NZ)+2 sech(X ANW) —=2(Rg(X,Y)Z, W)
> 06— 2(Ry(X,Y)Z,W) (5.19)

> 0,

hence (M, g) has nonnegative isotropic curvature. Similarly, if (M, g) has strictly
1-pinched biorthogonal curvature, then (5.19) is strict and hence (M, g) has positive

isotropic curvature. ]

The following is a direct consequence of Proposition[5.14] and the recent extensions
of the classical work of Micallef and Moore [67] by Brendle and Schoen [20], using
the results of Bohm and Wilking [17].

Corollary 5.15. Let (M, g) be a simply-connected Riemannian manifold with strictly

i-pz’nch@d biorthogonal curvature. Then M 1is diffeomorphic to a sphere.

Proposition was also used by Seaman [84] [85] to study manifolds with weakly

i-pinched biorthogonal curvature. Finally, the following was proved by Seaman [80],
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Thm. A], and independently by Micallef and Wang [68].

Theorem 5.16. Let M be an even-dimensional closed orientable manifold such that

bo(M) # 0. Suppose M admits a Riemannian metric g with nonnegative isotropic

1

: >0ata point.> Then M is simply-connected, by(M) = 1 and

curvature and sec

(M, g) is Kdihler.

5.5 The condition sect > 0 in dimension 4

The condition sect > 0 is particularly interesting in the lowest possible dimension
where it is meaningful, dim M = 4. In this case, the orthogonal complement of any

2-plane o € Gry(T,M) is another 2-plane o+ € Gry(T,M). Thus, (5.15)) is simply:
secé(a) = 1 (secg(0) + secg(ah)). (5.20)

A classification (up to homeomorphism) of closed simply-connected 4-manifolds with
sect > 0 is given in Chapter @, see Theorem . In what follows, we recall previous
results in the literature related to 4-manifolds with sect > 0 and prove a new defor-
mation result for 4-manifolds with sec > 0 and sect > 0 at a point (Proposition.

We begin by observing that, from Proposition if a 4-manifold M satisfies
sect > 0, then M satisfies scal > 0 and hence its Seiberg-Witten invariants vanish,
see Moore [70] for details. Let (M,g) be a Riemannian 4-manifold and denote by
x: N2TM — A2TM the Hodge star operator. Then ot = xo and, since * is self-

1 coincides with the quadratic form

adjoint, the biorthogonal curvature sec

sech: GroTM — R, SeCé'(O) = 3((Rg + *Rgx)(0), 0), (5.21)

cf. (2.7). Consider the decomposition A*TM = AZTM @& A2TM into self-dual and

5That is, secé-(a) > 0 for all 2-planes o C T),, M tangent to M at a point py € M.
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anti-self-dual parts, i.e., into the eigenspaces of *: A2TM — A?TM with eigenvalues
+1 and —1, respectively. The curvature operator Ry: A2 TM — A*T'M decomposes

as

W)+ 22 1d Ric
Ry=| °© 12t & , (5.22)
(Ric2)" W, + %% 1d

where ng are self-dual and anti-self-dual parts of the Weyl tensor W, and Ricg =

Ricg —*2g is the trace-free Ricci tensor, identified as Ric): A2 TM — AATM, see

Besse [12], p. 51] for details. We recall the following result that follows from the above
decomposition ([5.22)), due to Singer and Thorpe [91, Thm. 1.3, 1.4].

Proposition 5.17. Let (M*,g) be a 4-manifold. The following are equivalent:

(i) (M*,g) is Einstein, that is, Ricg = A g;
(ii) The curvature operator of (M*,g) commutes with , that is, * Ry = Rg*;

(ili) secg(0) = secg (o) for all o € GryTM.

Proof (Sketch). In order to prove that (i) and (ii) are equivalent, note that Ric, = A g
if and only if Ricg = 0, which is equivalent to R, and * commuting by (5.22). If
(ii) holds, then Ry 4+ *Rgx = 2R, and hence (iii) follows from (5.21]). Conversely,
if (iii) holds, then R, — xRy * has identically zero sectional curvature and satisfies

b(Rg — #Rgx) = 0, from which Ry — *Rg# = 0 (see Lemma [8.1)), hence (ii) holds. [

In particular, Proposition [5.17] shows that the problem of classifying Einstein 4-
manifolds with sec > 0 is precisely the same as classifying Einstein 4-manifolds with

sect > 0. We recall that both the Hopf Problem [[| and the Local Hopf Problem

regarding S? x S? are open even when restricted to Einstein metrics.5

6Partial results in this direction have been obtained by Gursky and LeBrun [48] and Yang [109].
The former implies that a closed oriented Einstein 4-manifold with sec > 0 (or sect > 0) and definite
intersection form (see Section for details) is isometric to CP? with a multiple of its standard
metric. The latter implies that an Einstein 4-manifold with secg > 0 (or secg- > 0), Ricg = g, and
sufficiently large sectional curvature (secg > g9 £ 0.1) is isometric to either S*, RP*, or CP? with
a multiple of its standard metric.
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Note that, in terms of the decomposition A*TM = A2 TM & A2TM, the operator

+(Rg + *Rgx) whose quadratic form restricted to GroTM is sec, , see (5.21)), reads

scal
W+ e 1d 0

L(Rg + *Ryx) = (5.23)

_ scal
0 Wy + %2 1q

Since b(Rg) = 0, we have 0 = (Rg, %) = tr(Rg*) = tr(xRg * *) = (¥Rg*,*), so
also b(*Rg*) = 0, and hence %(Rg + *Rgx) is an algebraic curvature operator, see
Sections [2.3| and for details. Furthermore, it is an Finstein algebraic curvature
operator, since it clearly commutes with .

Recently, 4-manifolds with sect > 0 have been studied by Bettiol [13], Costa [25],
Costa, Didgenes and Ribeiro [26], and Costa and Ribeiro [27]. A few remarks related
to the Hopf Problem [I| are made in Costa [25], where it is asked whether S? x S?

satisfies sect > 0. This question was answered affirmatively in Bettiol [I3], see also

Theorem and Remark [6.3] Costa and Ribeiro [27, Thm. 1] proved the following:

Theorem 5.18. Let (M,g) be a closed simply-connected 4-manifold such that

scalg
24

sech > > 0. (5.24)

Then (M, g) has nonnegative isotropic curvature, and is diffeomorphic to S* or CP2.

Proof (Sketch). Decomposing o € GroTM as 0 = oy +0_ € NATM &N TM, where
|ox||? = 3, cf. (6.5), we have from (5.21)) and (5.23)) that”

sect (o) = S‘f;lg + (WS (04),04) + (W (0.),0.). (5.25)

Thus, from (5.24) and (5.25) it follows that % Id =W, is positive-semidefinite.

This is well-known to imply that (M, g) has nonnegative isotropic curvature, see

"In particular, note that sect — scals is a conformally invariant quantity.

g 12
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Micallef and Moore [67, p. 201]. If (M, g) has positive isotropic curvature, then M
is diffeomorphic to S* by [67]. Else, by the work of Seshadri [88], either (M, g) is
locally symmetric or Kéhler. Using ([5.24) and results of Derdzinski [29] and Micallef

and Wang [68], the conclusion that M is diffeomorphic to S* or CP? follows. O

We conclude this section with a new deformation result for closed 4-manifolds
with sec > 0 and sect > 0 at a point, illustrating some of the techniques discussed

in Chapter 3]

Proposition 5.19. If (M*,g) is a closed 4-manifold with secg > 0 and sec; > 0 at

a point py € M, then M satisfies sect > 0.

Proof. In order to prove that M admits Riemannian metrics with sect > 0, we
exhibit a first-order conformal deformation g, of g such that Sngi > 0 for all s >0
sufficiently small. In particular, the metrics with sect > 0 (on all of M) can be
chosen arbitrarily close to g, and in the same conformal class.

Denote by 7: GroT'M — M the projection of the Grassmannian bundle of 2-
planes tangent to M, so that 7—!(p) = Gro(T,M) for all p € M. By continuity
of sech: GroTM — R and compactness of 77!(pg), there exist ¢ > 0 and an open
neighborhood U of py € M, such that secg (o) > e forallo € 7' (U). Let ¢: M — R
be a smooth function such that ¢ () = 1 for allz € M\U and [, ¢ = 0. By standard
elliptic PDE results, see, e.g., Aubin [4, Thm. 4.7], there exists a smooth function
¢: M — R such that A¢p = . Consider the first-order conformal deformation
gs =g+ sh, with h := ¢ g, and set f: [0, 5] x GryTM — R, f(s,0) := secg (o).

Since sec; > 0, we have that f(0,0) > 0 for all 0 € Gro7’M. Furthermore, if
o € Gry(T,M) is such that f(0,0) =0, then o € Gro(T,M) for some p € M\ U. Let

{e;} be a g-orthonormal basis of T,M, so that 0 = e; A e3 and 0 = e3 A e4. From
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(5.20) and Corollary , we have that

af

d1
g(o, 0') = 55(860& (61 VAN 62) + S€Cg, (63 VAN 64))

s=0
4

1
- Z Hess ¢(e;, €;)
i=1

_ 1 a0)) (526)

Therefore, by Lemma , there exists s, > 0 such that f(s, o) = sec,. () > 0 for all

o € GryT'M and 0 < s < s,, concluding the proof. n

Remark 5.20. The above technique can also be used to prove that a closed manifold
M (of any dimension) satisfies sec > 0 if it has a Riemannian metric g with quasi-
positive curvature (that is, sec, > 0 and secg > 0 at a point py € M), and all flat
planes sec; ' (0) C GroT'M are contained in a fixed nonholonomic rank 2 distribution®
D on M. Similarly to Proposition [5.19] there exist € > 0 and an open neighborhood
U of pg € M, such that secg(c) > ¢ for all 0 € #7'(U). Let ¢y: M — R be a
smooth function with ¢(z) = 1 for all # € M \ U and [,,¢» = 0. Since D is
nonholonomic, there exists a smooth function ¢: M — R such that App = 1,
where Ap is the sub-Laplacian associated with the distribution D, see Khesin and
Lee [59, Prop. 2.7]. Setting gs := g + sh, with h := ¢ g, we have by Corollary
that isecgs(a)lszo = 2(Ap¢)(p) = L4(p) = 5 whenever 0 € Gryo(T,M) satisfies
secg(0) = 0, since we are assuming this implies ¢ = D,. Thus, by Corollary [3.6]

there exists s, > 0 such that secg, > 0 for all 0 < s < s,.

8 A rank 2 distribution D on M is a rank 2 subbundle of TM, and it is said to be nonholonomic,
or bracket-generating, if local vector fields tangent to D and their iterated Lie brackets span T'M.
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CHAPTER 6

IMPROVING THE CURVATURE OF 5% x 52

The goal of this chapter is to prove the following result, from Bettiol [13].
Theorem 6.1. The manifold S? x S? satisfies sec’+ > 0.

There are two main sources of motivation for the above result. The first is that it
plays a crucial role in the classification of closed simply-connected 4-manifolds that
satisfy sect > 0, discussed in Chapter . The second is its connection with the Hopf
Problem [[ since, by Proposition[5.10] it implies that S? x S? satisfies an intermediate
curvature condition between sec > 0 and sec > 0, as well as between sec > 0 and
Ric > 0. It is also related to the Local Hopf Problem [, since the metrics g’ with
secgg > 0 that imply the sec®* > 0 condition can be constructed arbitrarily close to
the standard product metric gy as 6 \ 0.

Let us give a brief outline of how Theorem is proved, which also informs the

organization of this chapter. After recalling basic properties of gy in Section we

0

o0 > 0, which is done in two

proceed to the construction of the metrics g? with sec
steps. First, in Section we perform a Cheeger deformation of gy with respect to
the diagonal SO(3)-action . This produces a 1-parameter family g; of metrics
with secg, > 0 and Secglt > (0 on an open and dense subset (given by the complement
of two submanifolds), for any # > 0 and ¢t > 0, see Proposition . Second, in
Section [6.3], we perform a first-order local conformal deformation of g; supported
near these submanifolds, which yields the desired metrics g; s that have secgt’s > 0 if

s > 0 is sufficiently small and ¢ > 0, see Proposition [6.5] Finally, a few comments

regarding this construction are made in Section
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6.1 Standard product metric

Let us briefly recall some properties of the standard product metric gg on S? x S2.
The manifold (5% x 52, gy) can be isometrically embedded into R*@®R? as the product
of unit spheres, hence this is a homogeneous space (actually, a symmetric space) and
the identity connected component of its isometry group is SO(3) xSO(3). As described
in Section 2.5 given p = (p1,p2) € S*x 5%, we have that T,,(5% x S?) = T, S*®T,, 5%,
and for each X € T,(5?%5?), we write X = (X3, X3), where X; € T,,,5%. The product
metric g is given by

go(X.Y) = (X1, Y7) + (X», Y2), (6.1)

where X;,Y; € T,,,5* = {p;}* C R?® and (,-) is the standard metric in R3. Routine
computations, see (2.18), show that the curvature operator of gy is the positive-

semidefinite operator Ry: A? T'(S? x S%) — A?T(S? x S?) given by
go(Ro(X AY ), ZANW) = (X1 AY,Z1 A\Wh) + (Xo A Ys, Zo A W), (6.2)
In particular, the sectional curvature of (S? x S? gg) is given by, see ,
secg, (X AY) = [ X1 AYI[” + [[ X2 A Y2 (6.3)

Thus, sec; > 0 and secg(X AY') = 0 if and only if X AY is a mixed plane, i.e., X; =0
and Y5 = 0, or X5 = 0 and Y; = 0. Therefore, for each p € S? x S2, the 2-torus given

by the product of the unit spheres in 7,52,
T := {(v,0) A (0,w) € Gra(T,(S* x §%)) 1 v € 5, 5% w € 5,,5%}, (6.4)

consists of flat planes, i.e., secg, : Gra(T,(S? X 5?)) — R vanishes on the submanifold

T and is positive everywhere else.
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In order to give another description of the above, see Viaclovsky [T01], §11], recall
that as dim T,,(S? x S?) = 4, we have Gry(T,(S? x 5?)) = Grp(R*) = 5? x S2. Indeed,
consider the decomposition A’R* = AZR* & A2 R* into self-dual and anti-self-dual
parts, i.e., into the eigenspaces of the Hodge star operator *: A? R* — A?2R* with
eigenvalues +1 and —1, respectively. Since o € A?R? is decomposable if and only if

aNa=0,writing a = a; +a_ € /\%F]R4 ® A2 R4,
0=ana=(aa)vol = (as +a_,ay —a_) = (s | = [la_|%) vol

and o/ = ||ay]|® + ||a_||?>. Thus, the Grassmannian of 2-planes in R* is given by

CGry(RY) = {a e N"R*:aAa =0l =1}
(6.5)
— {(ar.a0) € LRI @ AZRY oy 2 = a2 = 2},
which is clearly diffeomorphic to S? x S2, since dim AZR* = 3. Under this identifi-

cation, the sectional curvature function secg,: Gra(7,(S? x S?)) — R is, see (6.3)),

secg, () = go(R"(a), a) = g{as, wi)® + jla,w_)?,
for o = (a,a_) € Gry(T,(S5? x S?)), where wy := vol; £voly € A%(T,,S*®T,,S?) =
AZR?* and vol; are the volume forms of each sphere factor.! In particular, its zero
locus T', see , is the subset of 2-planes o = (ay, «_) such that (o, ,w;) =0 and
(a_,w_) = 0. In other words, "= S x S! is the 2-torus given by the product of the
equators in Gry(7},(5? x S%)) = 52 x 52, see (6.5).
From the above, for all @ > 0, p € S x S? and ¢ € Gry(T,(5? x 5?%)), we have

0 . 0 _ . . . .
that secg (o) > 0 and the equality secg (o) = 0 holds if and only if o is a mixed

"Moreover, the curvature operator Rg: A% T(S? x S?) — A2T(S? x S?) given by (6.2)) is the
identity on span{wy,w_} = span{voly, voly} and vanishes identically on its orthogonal complement.
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plane, i.e., 0 € T. In fact, if o € T, then any neighborhood of ¢ in Gry(7,(S? x 5?))
contains other mixed planes o’ € T'. Furthermore, also secy, () > 0 and sec,, (o) = 0
if and only if 0 € T, since o € T if and only if o+ € T.

Finally, note that taking a trace of , we have Ricg, = go, that is, gy is an

Einstein metric; and, in particular, it has Ricg, > 0.

6.2 First step

The first step to produce the desired metrics on S? x S? is to perform a Cheeger

deformation with respect to the diagonal SO(3)-action, given by

A-(p1,p2) = (Ap1, Aps), A€ SO(3). (6.6)

By , this is clearly an isometric action. The isotropy group of p = (p1,p2) is
trivial if p; # 4ps, since there are no linear isometries A € SO(3) of R? that fix
two linearly independent directions. Otherwise, if p; = #£p,, then the isotropy group
of p consists of linear isometries A € SO(3) of R? that fix the line spanned by p;
and pe, which is hence isomorphic to SO(2). Thus, the principal orbits of are
hypersurfaces in S? x S? diffeomorphic to RP? and the only nonprincipal orbits are

the singular orbits given by the diagonal and anti-diagonal submanifolds

+AS? = {(pl,:i:pl) €5?x8%:p € 52},

which are diffeomorphic to S2. Consider the geodesic segment given by

v: [0,2] = 5% x S, 4(r) = ((cosr)e; + (sinr)es, (cosr)e; — (sinr)es),

where {e;} is the standard basis in R®. Clearly, v(0) € AS? and 7(§) € —AS?, and
7(r) intersects all orbits of (6.6). Thus, is a cohomogeneity one action, whose
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orbit space is isometric to [O, g} The geodesic y(r) is horizontal, i.e., intersects all
orbits perpendicularly, and is hence a section for this polar action.

The evolution of sec? on S? x S? along the Cheeger deformation of g, with respect
to this action is described in the following result, which follows from Miiter [72]

Satz 4.26], see also Ziller [I11], p. 5] and Kerin [58, Rem. 4.3].

Proposition 6.2. Let g, be the Cheeger deformation of gy with respect to .
Then, secy, (o) > 0 for all § > 0, t > 0 and o € Gry(T(S* x S?)). Moreover,
for t >0, the equality sec) (0) = 0 holds only if o € Gry(T,(S* x 5?)) for some
p = (p1,£p1) € £AS?, and, in this case, o is not tangent to the submanifold +AS?.

In particular, secgt > 0 on an open and dense subset for any 6 > 0 and t > 0.

Proof. From Proposition , for all £ > 0, we have that secy, > 0 and hence secgt >0
for all & > 0 by definition .

In order to analyze secg_tl(()), we use the results and notation from Chapter .
Identify the Lie algebra of SO(3) with (R?, A), where A: R? x R® — R? is the cross

product, via

0 —z3 2 21
s03)2Z=| 23 0 -z |+ [xn]|=2eR (6.7)
—Z9 Z1 0 Z3

Considering (s0(3), Q) endowed with the standard bi-invariant metric, the above is
an isometric identification with Euclidean space (R?, (-,-)). Since the Lie exponential
in SO(3) is given by matrix exponentiation, the action field induced by Z € so0(3) is:

Zr = (Z: Z;Q) = (Zp1,Zps) = (2 Ap1, 2 Apg) € T,(S* x S?), (6.8)

P’

see (.4). Recall that the vertical space is V, = {(X X;Q) : X € m,}, and the

p1?’

horizontal space H,, is its orthogonal complement, see (4.5)). From (6.1)) and (6.8)), if
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z,y € R? satisfy (z,p1) = (y, p2) = 0, then for all z € R?,

g0 (X5, Y2),2%) = (x Ap1, 2 Ap1) + (Y Ap2, 2 A pa)
= MA@ Ap1),2) + (P2 A (Y Ap2), 2)
(6.9)
= <<p1,p1>x - <$,p1>p1,2> + <(p2,p2>y - (y,p2>p2,z>

=(r+uy,2).

Therefore, (X7 ,—X7) € T,(5* x $?) is horizontal if z € {p1,po}* = {z € R?:

p1’

(x,p1) = (x,pa) = 0}. By dimensional reasons, it follows that the horizontal space is

Hy = {(X;,,—X;,) € T,(5? x $%) ra € {pr,m} }.

p1?

Notice that dim H, = dim{p;, p2}* is either equal to 1 or 2, according respectively

top & +£AS? or p e £AS? For any x,y € R3, analogously to (6.9), we have:

g0(X;.Y,)) = go((X;,. X},), (Y. Ysn))
= (T Ap1,y Ap1) + (T A pa,y A p2)
= (P A (@ Ap1),y) + (P2 A (2 Ap2),y)

= <(2$ — (z,p1)p1 — <$7P2>p2),y>-

By the definition (4.6)) of Fy: m, — m,, we have that the above is (P, X,Y"), hence
Py X =2X — (X, p1)p1 — (X, p2)pa.

In particular, it follows that the subspace {p;,pa}* C m,, is invariant under P, and
hence under P;, see Proposition [4.2]
Let m: {p1,p2}= — {p1,p2}*/ ~ be the projection onto the corresponding real

projective space. Note that m({p1,p2}") is diffeomorphic to either RP° = {1} or
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RP! = S according respectively to p ¢ £AS? or p € £AS?. For each x € {p1,p2},
define 0,(;) € Gra(T,(5? x S?)) as the mixed plane

On(z) = (Xpl’ 0) (0’ X;Q) (X;NX;Q) A (X;:N _X;;Q)‘ (610)
Clearly, this is the unique mixed plane at p that contains the horizontal vector
(X * —X;Z). Furthermore, since {p;,p»}* is invariant under P, these planes are

p1?

fixed under the Cheeger reparametrization, i.e.,
Ci N (Orn(w) = On(w), forall t >0. (6.11)

Thus, by Proposition , we have that secg, (0(z)) = 0 for all t > 0, since 0 (), such
as any other mixed plane in (S? x S?, gg), is tangent to a totally geodesic flat torus.
Furthermore, by Corollary these are the only go-flat planes that remain g;-flat
for t > 0, since all the other mixed planes have 2-dimensional vertical projection.
Therefore, for any ¢ > 0, we have that o € Gra(7,(S5? x S?)) satisfies secg, (0) =0

if and only if 0 = 0y(,) for some z € {p1, po}+. The set of flat planes in T},(5? x S?),

= {0y € Gra(T(5* x %)) s 2 € {p1,p2}" }, (6.12)

is parametrized by 7({pi,p2}*) and hence consists of a unique plane if p ¢ +AS?,
and of a circle’s worth of planes if p € £AS?. Thus, by definition ((5.13)), for all § > 0
and ¢ > 0, a plane o € Gry(T,(S* x S?)) can only have sec? (¢) = 0 if p € £AS?, in

which case o is not tangent to £AS?, as it contains a horizontal vector, see (6.10). O

Remark 6.3. By the above Proposition , the manifolds (S? x S?, g;) have secht >0
and sec;, > 0 on the open and dense subset S? x S?\ {+AS?}. Furthermore, if
p € £AS? the set of flat planes ((6.12) at p contains pairs of orthogonal planes, hence

g: does not have secy, > 0 globally. However, in order to prove that S* x S satisfies
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sect > 0, one can use Proposition to deform g, into metrics with sect > 0.
In the next section, we perform an analogous but slightly more careful first-order

deformation to obtain the stronger conclusion that S? x S? satisfies sec’+ > 0.

Remark 6.4. For n > 3, there exists a diagonal SO(n + 1)-action on S™ x S™ of
cohomogeneity one, analogous to (6.6). Nevertheless, since SO(n + 1) has secg > 0
but does not have secg > 0 when n > 3, the Cheeger deformation of the standard
product metric on S™ x S™ fails to destroy so many flat planes, cf. Remark [£.9] As

a result, this step in the construction of metrics with sec? > 0 only works if n = 2.

6.3 Second step

The second step in the construction of the desired metrics on S? x S? is to perform

a first-order local conformal deformation on a Cheeger deformed metric g; with ¢ > 0.

Proposition 6.5. Let g; be the Cheeger deformation of gy with respect to , and
fixt > 0. There exists a smooth function ¢: S?x S? — R supported in a neighborhood
of £AS?, such that for each 6 > 0, there exists s, > 0, such that g, :== (1 + s¢) g

satisfies secg, >0 4f 0 <'s < s,

Proof. Denote by distg, the distance function on (S%x S, g;), and define the functions
Yr: S?x S? 5 R, i(x) = distg (z, £AS?)? (6.13)

In a sufficiently small tubular neighborhood D(£+AS?) of £AS?, the function ¢ is
smooth. Let y4: S% x S? — R be smooth cutoff functions that vanish outside the

corresponding D(+AS?) and are equal to 1 on a smaller tubular neighborhood of
+AS?. Set

$: S?xS? 5 R, ¢:=—xip — x_U_. (6.14)
By construction, 1 is a smooth function supported in a neighborhood of £AS?%. At
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a point p € AS?, the Hessian of ¢ coincides with the Hessian of 1,

Hess p(X, X) = Hess 1 (X, X) = —2g(X 5, X ) = =2 || X2, (6.15)

where X+ € T,,(AS?)* is the normal component of X € T),(5? x S?). A completely
analogous formula holds for points p € —AS?. Thus, setting h := ¢ g;, Corollary

and (6.10) imply that the first-order variation g; s = g + sh = (1 + s ¢) g; satisfies

— s€Cq, (Or(a))

= Hesso( (X5, X5,). (X, X))

ds s=0
— %HGSS ¢<(X;17 _X;Q)’ (Xl;kl’ _X;2)> (616)
* * 2
=G =)0,
> 0,

for all g-flat planes oy (;) € Gro(T,(S? x S?)) with p € £AS2.
For any 6 > 0, consider the subset of M x Gry(T(S? x S?)) x Gry(T(5% x 5?))
given by Ky := {(p,0,0") : 0,0’ € Gry(T,(5* x 5%)), dist(0,0’) > 6}, and define

f:00,8] x Kg =R, f(s,(p,0,0")) := 3(secg, (o) + secg, (o). (6.17)

From Proposition , we have that f(O, (p, o, a’)) > 0 for all (p,o,0") € Ky, and
f(O, (p, o, a’)) = 0 if only if p € £AS? and 0,0’ are of the form ([6.10). In partic-
ular, by (6.16]), we have that %(0, (p, o, a’)) > 0 if f(O, (p, o, a’)) = 0. Thus, by
Lemma there exists s, > 0 such that f(s, (p, o, 0’)) > 0 for all (p,0,0") € Ky

and 0 < s < s,, which by definition (5.13]) means that secgw >0if 0 < s < s.. [

The above concludes the proof of Theorem [6.1], see Definition [5.8, Note that, in
Proposition [6.5] as 6 \, 0, also s, \, 0 (see Remark [6.10)) and hence the metrics g;

0

with secy,

. > 0 converge to g;. In particular, the metrics g? with secgg > 0 may be

selected among g; , in such way that g — gg as 0\, 0.
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6.4 Comments

We conclude this chapter with some comments on the above construction.
Corollary 6.6. The manifold RP? x RP? satisfies sec’+ > 0.

Proof. Consider the free isometric Zsy @ Zs-action on (S? x 5% gg) given by

(£1,£1) - (p1,p2) = (E£p1, £p2), (6.18)

whose orbit space is RP? x RP?2. Since the actions and commute, this
action remains isometric under the Cheeger deformation g; of go. Furthermore, the
cutoff functions .+ in the proof of Proposition [6.5(can be chosen to be invariant under
(6.18)), and hence this action is also isometric on (S* x S? g; ) for t > 0 and s > 0.
In particular, the metrics g’ that verify sec’+ > 0 on S? x S? descend to metrics on

RP? x RP?, proving that it also satisfies sec’+ > 0. O

Recall that RP? x RP? does not have sec > 0 by Synge’s Theorem, see Section

Remark 6.7. An argument totally analogous to the proof of Corollary shows that
the metrics g with sec? > 0 on S? x S? can be chosen to be invariant under the circle

action given by the subaction of by the maximal torus of SO(3).
Corollary 6.8. The manifolds S* x S? and RP? x RP? satisfy sect > 0.
Proof. Follows directly from Theorem Corollary [6.6| and Definition [5.11] O

Remark 6.9. The first-order deformation in Proposition [6.5] produces metrics with
sec? > 0 globally because the only points p € S? x S? that have pairs of planes o, 0’ €
Gra(T,(S? x 5?)) with f(0, (p,0,0’)) = 0 are along the submanifolds £AS?. These
submanifolds admit a neighborhood with compact closure where g—J; (0, (p,o,0’ )) > 0.
Clearly, analogous techniques cannot be used to obtain sec > 0 globally because at

every point in S? x S? there is at least one plane o with secg, (o) = 0. Furthermore,
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by Corollary , see also Strake [95] Prop. 4.3], the presence of totally geodesic flat
tori in (S? x S% g;) prevents first-order deformations from developing sec > 0, and
the same can be inferred in this case using that, by Corollary , the metrics g; s

descend to RP? x RP?, which does not have sec > 0.

Remark 6.10. The metrics g s on S x 52 do not have secy, , > 0if ¢ > 0 and s > 0.
In fact, the existence of planes with negative curvature can be proved using the above

mentioned totally geodesic flat tori in (S? x S?, g;), such as
i T — S%x 8% i(ry,r2) := ((cosri)er + (sinry)ez, (cosra)e; — (sinra)es),

where {e;} is the standard basis in R?, with an argument analogous to the proof of
Proposition . Namely, let e, e5 be a global orthonormal frame on (7',i*g,; ;) and
define vector fields X and Y along i: T — 5% x S? by setting X (ry,72) := di(r1,r2)ey
and Y (ry,72) := di(ry,m2)eq for all (rq,ry) € T. By the Gauss-Bonnet Theorem, for

all s > 0,

/ S€Cix(g,.,) (€1 A €2) VOl (g, ) = 2x(T") = 0.
T

Thus, from Lemma differentiating the above at s = 0 we have:

0= e Tseci*(gtls)(el A eg) VOli*(gt’S)Lzo
d d
= /T I SeCir (e (€1 A 62)(8:0 vOlix(g) + /T seCin(g) (€1 A\ €2) Tovolin(g)|
d
= /T P SeCix(g, ) (€1 A €2) Y VOl (g)
d
= /Tgsecgm(X ANY) s:O VOl (g,)-

By the construction of g;,, the above integrand is positive on the intersection of
T and £AS?, see (6.16). Since the above integral vanishes, this integrand is also

negative somewhere, which (by an argument analogous to Lemma implies that
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there exists planes o € Gra(T),(S* x 5?)) with secg, (o) < 0if ¢ > 0 and s > 0.

With regard to extending the construction in this chapter to other 4-manifolds,
we remark that similar techniques to those used for S? x S? yield the following, see

Bettiol [13, Prop. 5.1] and Miiter [72, Satz 4.29].
Proposition 6.11. The manifold CP?#CP" satisfies sect > 0.

Proof. The starting point is a metric gy on (DPQ#@2 with secg, > 0, obtained as
follows. Consider the round spheres S® = {(z1,22) € C? : |z1]*> + |22/ = 1} and
S? = {(z3,h) € C® R : |z3]* + h? = 1}, and define the diagonal circle action on

S3 x S? via the Hopf action on S® and a rotation action on S?, i.e., given by
e ((21,22), (23,h)) = ((€“21,€"2), (e""23,h)), €’ € S', keN. (6.19)

This is a free isometric action, whose orbit space is diffeomorphic to (DPQ#W2 if k
is an odd number.?2 Choosing, e.g., k = 1, we have that there exists a Riemannian
metric gy on (DPZ#(D_P2 such that the quotient map 7: S% x S? — CP2#(D_P2 is a
Riemannian submersion, where S3 x S? is endowed with the standard product metric.
In particular, from and the Gray-O’Neill formula , we have that secg, > 0.
Furthermore, the flat planes o € secgo1 (0) on (CPQ#@z, go) are precisely the images
under d7 of mixed planes & on S® x S? that are orthogonal to the action field induced
by (6.19). Note that at all points p = ((21, 22), (23, h)) € S* x S? with |h| < 1, these
mixed planes & contain a vector of the form (0, X) € T5(S?® x S?) where X € T5,5?
is orthogonal to the rotation action field, i.e., X is tangent to a great circle on S?
that passes through the North and South poles. Thus, all flat planes o € sec;ol(O) C

Gra (Tp (CPZ#@Q)), where p = 7(p), must intersect along a line, and hence cannot

2The manifold (DPQ#G'Jil-j2 can also be thought of as two copies of the normal disk bundle of the
equatorial CP' C CP? glued together along the boundary. This decomposition lifts to S3 x Di U
S3 x D2, where D3 C 52 are disks of radius 7/2 around the North and South poles.
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be orthogonal. Thus, S.ecé0 > 0 on an open and dense subset of CP2#C_P2, cf.

Proposition [6.2] The conclusion now follows from Proposition [5.19] O

Remark 6.12. It is not known whether CPQ#C_P2 satisfies sec’t > 0 (or sec > 0).
Note that, at all points on (CPQ#C_PQ, go), there are pairs of flat planes at arbitrarily

small distance, hence the methods from Section do not apply in this case.

Remark 6.13. The transitive SU(2)-action on S® given by left translation induces
an isometric action on S® x S? that commutes with , and hence descends to
an isometric SU(2)-action on CP2#(D_P2. This is a cohomogeneity one action whose
principal orbits are hypersurfaces diffeomorphic to S? and singular orbits have codi-
mension 2 and are diffeomorphic to S?, analogously to the SO(3)-action . The
points p = (p) € CP*#CP” where p = ((21,22), (23, h)) € S® x S* with |h| < 1 are

1

precisely those that do not belong to singular orbits. Since secy,

is already positive
at such points, we do not need to use a Cheeger deformation with respect to this
SU(2)-action. In fact, none of these flat planes on (CPQ#(D_PZ, go) gain positive cur-
vature under this Cheeger deformation, see Miiter [72, Satz 4.29]. We also observe

that there are pairs of orthogonal flat planes at all points on (DPQ#(D_P2 that lie on

singular orbits, hence sec;) attains zero along these submanifolds.

Remark 6.14. If k is an even number, the orbit space of the free circle action
is diffeomorphic to S? x S%. Furthermore, if & = 0, the above mentioned isometric
SU(2)-action on S® x S? descends to the SO(3)-action on S? x S?, after also
taking the quotient by the ineffective kernel Zy C SU(2). Analogous cohomogeneity
one actions on S? x S? and CP2#C_P2 are obtained for all even and odd values of &,

respectively, with principal orbits S®/Z;, covered by the above principal orbits.

Remark 6.15. By Theorem 5.16, metrics with sect > 0 on S? x S? and CPZ#W2
do not have nonnegative isotropic curvature. Thus, by Proposition and Theo-

rem , they do not have }l—pinched biorthogonal curvature or sect > %‘1‘1 > 0.
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CHAPTER 7

SIMPLY-CONNECTED 4-MANIFOLDS WITH sect > 0

The goal of this chapter is to prove the following classification result.

Theorem 7.1. Let M* be a smoothable closed simply-connected topological 4-mani-

fold. Up to endowing M with different smooth structures, the following are equivalent:

(i) M* satisfies sect > 0;
(ii) M* satisfies Ric > 0;
(ili) M* satisfies scal > 0.

The equivalence between (ii) and (iii) above was established by Sha and Yang [90].
Furthermore, the fact that (i) implies (iii) follows from Proposition [5.12] Thus, in
order to prove Theorem (7.1, we must show that (iii) implies (i), for which we use a
strategy similar to that of Sha and Yang [90]. The starting point is the classifica-
tion of closed simply-connected 4-manifolds that satisfy scal > 0, which is described
in Section (see Theorem [7.8)), after recalling the foundational work of Donald-
son and Freedman in Section [7.I] Knowing the homeomorphism types of closed
simply-connected 4-manifolds on which metrics with sect > 0 need to be constructed,
we combine results from Chapters [5] and [6] with a recent surgery stability result of
Hoelzel [51] to verify that these constructions can be carried out, in Section
Finally, a few comments are made in Section 7.4

Although a recent paper of Costa and Ribeiro [27] claims to contain a classification
of closed 4-manifolds with sect > 0 (a result that would extend Theorem , no
classification statements are provided. In fact, all results of [27] concern 4-manifolds

satisfying curvature conditions more restrictive than sect > 0, see e.g. Theorem m
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7.1 Donaldson-Freedman classification

In this section, we state the classification of (smooth) closed simply-connected 4-
manifolds, that follows from the classical works of Donaldson [30] and Freedman [3§],
following Donaldson and Kronheimer [31], see also Mandelbaum [66] and Scorpan [83].

If M is a closed simply-connected topological 4-manifold, by the Hurewicz Theo-
rem and Poincaré duality, both H;(M,Z) and H3(M,Z.) are trivial, so all the homo-
logical information of M is contained in Hy(M, 7). Furthermore, by the Universal
Coefficient Theorem, H?(M,7Z) = Hom(Hy(M,Z),7Z) is a free abelian group. The
isomorphism H?(M, 7)) = Hy(M,Z) given by Poincaré duality can hence be expressed

as a unimodular symmetric bilinear form, called intersection form,

Qu: HA(M,Z) x H*(M,Z) = 7, Qula,p) = (aUpB)[M], (7.1)

where [M] € Hy(M,Z) = Z is the fundamental class of M. If S, and Sz are
embedded surfaces in general position that represent the homology classes Poincaré
dual to a, 8 € H*(M,Z), then Qu(c, B) is the intersection number of S, and Sg.
Since H*(M,Z) = 7", where r = by(M), the intersection form @, is represented
by a symmetric matrix @, € GL(r, Z) with det Qy; = +1. We call r the rank of Q.
Denoting by b (M) and b, (M) the dimensions of the largest subspaces where Q) is

positive-definite and negative-definite, the signature of (), is the difference

sign Qpr := by (M) — by (M). (7.2)

Clearly, by (M) + by (M) = by(M) = r. We say that Qs is positive or negative if
the corresponding matrix is positive-definite or negative-definite, and we say that
Qs is indefinite if it is not positive nor negative. Finally, we say that Qs is even if

Qr(a,a) =0 mod 2 for all «, otherwise @y is called odd.
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Denoting by M the manifold M with opposite orientation, routine arguments
show that Q)37 = —Qy. Furthermore, if M; and M, are closed simply-connected
topological 4-manifolds, then the intersection form of their connected sum M;# My
is Qanpmv = Qur, © Q- In addition, we say that @y, and Qs are isomorphic if
there is an isomorphism ¢: H?(M,,Z) — H?(M,,Z) that commutes with Qy;, and

Q- Elementary examples of intersection forms are the following:

(i) The intersection form of S* has rank zero;

(ii) The intersection form of CP? is Q¢p2 = (1), which has rank 1, signature 1, and
is positive and odd;

(iii) The intersection form of CP is (gp = (—1), which has rank 1, signature —1,
and is negative and odd;

(iv) The intersection form of S? x S? is Qg2xg2 = (1 0

0 1), which has rank 2, signa-

ture 0, and is indefinite and even.

Remark 7.2. By the above, the intersection form of CP2#(D_P2 is (1) @ ( —1), which
is conjugate to the intersection form of S? x S? over a ring of coefficients that admits

an inverse of 2, such as @ or R. Furthermore, the cohomology rings of CP2#C_P2
and S? x S? over Q or R are isomorphic, but not over Z, cf. Theorem [7.3]

Another important example is the intersection form @Qg,, whose matrix is deter-
mined by the Dynkin diagram Fjg, by labeling the vertices from 1 through 8 in the
standard way and defining the (i,7)th entry as 2 if i = j, and as the number of
edges connecting the vertices ¢ and j if ¢ # j. The form Qg has rank 8, signature 8,
and is positive and even. Furthermore, there is a topological 4-manifold Mg, whose
intersection form is Qp,, cf. Theorem [7.4 However, Mg, does not admit any smooth
structures, by a result of Rokhlin [79], which states that if the intersection form of a
smooth 4-manifold M is even, then sign )p; =0 mod 16.

By a result of Serre [87], two indefinite symmetric bilinear unimodular forms are

isomorphic if and only if they have the same rank, signature and parity. However,
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there is no classification of definite symmetric bilinear unimodular forms, and the
number of different examples grows astonishingly fast with the rank.
The following classical homotopy type classification was proved by Milnor [69], as

a consequence of the work of Whitehead [105].

Theorem 7.3. Two closed simply-connected topological 4-manifolds are homotopy
equivalent if and only if their intersection forms are isomorphic. In particular, the
cohomology ring of such topological 4-manifolds s completely determined by the in-

tersection form.
A major breakthrough came from Freedman [38], who proved the following:

Theorem 7.4. For any integral symmetric unimodular form @, there is a closed
simply-connected topological 4-manifold whose intersection form is Q). Furthermore,
if Q is even, then there is exactly one such manifold, and if Q) is odd there are exactly

two such manifolds (at least one of which does not admit any smooth structures).*

In particular, from Theorem two closed simply-connected smooth 4-manifolds
are homeomorphic if and only if their intersection forms are isomorphic.? Although
all the candidates to intersection forms are realized by topological 4-manifolds by
Theorem [7.4] including the vast number of definite forms, this is not the case among
smooth 4-manifolds due to the next major breakthrough obtained by Donaldson [30],

who proved the following:

Theorem 7.5. The only definite symmetric bilinear unimodular forms that can be

realized as intersection forms of a smooth 4-manifold are ®&™(1) and ®&™(—1).

!The Kirby-Siebenmann obstruction ks(M) € H*(M, Z) = Z is an obstruction to the existence
of a smooth structure on M, which vanishes if QQy; is even. More generally, Freedman’s theorem
states that if ks € Zy and @ is an integral symmetric unimodular form such that ks = %signQ
mod 2, then there exists a closed simply-connected 4-manifold M, with Q@ = @ and ks(M) = ks.
Moreover, two closed simply-connected 4-manifolds are homeomorphic if and only if their intersec-

tion forms are isomorphic and their Kirby-Siebenmann invariants are equal.

2Furthermore, these manifolds become diffeomorphic after taking a sufficiently large number of
connected sums with S? x S?, by the sum stabilization results of Wall, see Scorpan [83, p. 155].

79



Combining the above results, we arrive to the following classification:

Theorem 7.6. Let M* be a smoothable closed simply-connected topological 4-mani-

fold. Then M* is homeomorphic to S*, #™ CP? #" (D_P2, or #EM My, #7(5?% x §?).3

It is important to stress that, in the above result, not all of #X™ My, #"(S5? x S?)

admit smooth structures. Furthermore, for later purposes, note that:

(i) The intersection form of #™ CP? #" CP” has rank m + n, signature m —n and
is odd;

(ii) The intersection form of #X™ Mg, #"(S5? x S?) has rank 8m +n, signature +8m
and is even.

Finally, we remark that the parity of the intersection form @), is related to the exis-
tence of a spin structure on M. Namely, if M is simply-connected, then M admits a
spin structure if and only if Q) is even. Thus, in Theorem|[7.6] the spin manifolds are
St and #m Mp, #"(S? x §2), while the nonspin manifolds are #™ CP? #" CP’. Fur-
thermore, the sentence following Theorem can be rephrase as two closed simply-
connected smooth 4-manifolds are homeomorphic if and only if they have the same
Euler characteristic, their intersection forms have the same signature, and they are

both spin or nonspin.

7.2 Positive scalar curvature

The question of which closed manifolds satisfy scal > 0 is also a central problem
in Riemannian geometry, similarly to the question of which closed manifolds satisfy
sec > 0 mentioned in the Introduction, see the surveys [80, 03] for details. There
are, however, remarkable differences between what is known regarding each of these
problems, and also in the nature of the techniques used in their study. In this section,

we very briefly state well-known obstructions to scal > 0 that, in conjunction with the

3Here, the connected sum of —m copies of Mg, means the connected sum of m copies of M g,.
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Donaldson-Freedman classification discussed in Section [7.1] yield the classification of
closed simply-connected 4-manifolds that satisfy scal > 0, see Theorem [7.§]

As an instance of the so-called Bochner technique, Lichnerowicz [65] proved that
spin manifolds with scal > 0 do not admit nontrivial harmonic spinors.* By the cel-
ebrated Atiyah-Singer Index Theorem, in dimensions multiple of 4, this corresponds

to the vanishing of an invariant called the A\—genus, yielding the following:

Theorem 7.7. If M is a closed spin manifold of dimension 4k that satisfies scal > 0,
then E(M) =0.

By the Hirzebruch Signature Theorem, the A\—genus of a 4-manifold is given by:
A\(M) = —3sign Q.

In particular, a closed spin 4-manifold whose intersection form has nonzero signature

does not satisfy scal > 0 by Theorem [7.7, Thus, from Theorem [7.6] we conclude:

Theorem 7.8. A closed simply-connected 4-manifold that satisfies scal > 0 is home-

omorphic to either S*, #™ CP? #" C_PQ, or #"(S? x S?).

Conversely, all the above topological 4-manifolds are known to admit smooth
structures with metrics with scal > 0, since the connected sum of 4-manifolds that
satisfy scal > 0 also satisfies scal > 0 (see Section and the standard metrics on
54 CP2%, and S? x S? have scal > 0. Nevertheless, some of the above topological
4-manifolds also admit exotic smooth structures without any metrics of scal > 0. For
example, the Barlow surface is a complex surface homeomorphic (but not diffeomor-
phic) to CP*#8 (D_PQ, with nonvanishing Seiberg-Witten invariant, which hence does

not carry metrics with scal > 0, see [22], [74], 80)] for details and further examples.

4A harmonic spinor is a section of the spinor bundle whose Laplacian vanishes, see [64, §2.8].
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Remark 7.9. Any 4-manifold M* = S44#™ CP? # C_Pz#p(S2 x S?) is homeomorphic
to one of the 4-manifolds in Theorem This follows easily from Theorem [7.4] and

the fact that there are orientation preserving diffeomorphisms between S2? x S? and

S? x 52, and between CP?#(S5? x S?) and #2 CP? #WQ, see Scorpan [83] p. 151].

7.3 Surgery stability of sect > 0

In this section, we discuss the surgery results that allow to construct metrics with
sect > 0 on all the manifolds listed in Theorem , which yields the proof of Theo-
rem Gromov and Lawson [42], and independently Schoen and Yau [81], pioneered
surgery techniques that imply stability of scal > 0 under surgery of codimension > 3.
This means that if M satisfies scal > 0, then any manifold M’ obtained from M by
surgery of codimension > 3 also satisfies scal > 0. This result was recently extended

to more general pointwise curvature conditions by Hoelzel [51, Thm. B], as follows.

Theorem 7.10. Let C C Sy(A*R™) be a curvature condition given by open O(n)-
invariant convex cone, such that the curvature operator of the standard product metric
on S"FL 5 REFL belongs to C' for some k € {0,...,n — 3}. Suppose (My,g1) and
(Ms, g2) are n-dimensional Riemannian manifolds that satisfy C, and let Ny C M,
and Ny C My be closed l-dimensional submanifolds, with 0 < [ < k. If there is an

isomorphism ®: TN+ — TN between the normal bundles of Ny and Na, then
Ml#q)MQ = (M1 \ D(Nl)) |_|q> (MQ \ D(NQ)) (73)

admits a Riemannian metric that satisfies C', where D(N;) are tubular neighborhoods

of N; and the gluing is given by the diffeomorphism D(Ny) = D(Ny) induced by ®.

We use this result with & = 0, in which case N; and N, are points, and (7.3)) is

the connected sum M;#Ms,, to prove that sect > 0 is stable under connected sums:
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Proposition 7.11. If M, and M, are n-dimensional manifolds that satisfy sect > 0,

then also My# M, satisfies sect > 0.

Proof. Recall that sect > 0 is a pointwise curvature condition that corresponds to the
open O(n)-invariant convex cone Cy. 1+ given by (5.16)). Furthermore, the curvature
operator R of the standard product metric on S"~! x R satisfies, see (2.18)),

(RIXAY), X AY) = | X1 AYA|2, (7.4)

where X = (X1, X5) € 7,,S" ' @ R. Thus, (R(c),0) > 0 for all 0 € Gry(R") and
(R(0),0) = 0if and only if o is a mixed plane on T,,(S" ' xR), i.e., o = (X1,0)A(0, 1)
for some unit vector X; € 7, 5" *. In particular, whenever (R(c),0) = 0, we have
(R(0"),0") = ||o’]|* = 1 for all ¢’ C o+, cf. Remark [5.13] Therefore, R € Cyeei5g and

hence the conclusion follows from Theorem [7.10L O

This concludes the proof of Theorem since it follows that (iii) implies (i).
Indeed, if M is a closed simply-connected 4-manifold that satisfies scal > 0, then it is
homeomorphic to S%, #™ CP2#" CP, or #m(S5? x S§?), by Theorem . Clearly, S*
and CP? satisfy sect > 0, since they satisfy sec > 0. Furthermore, by Theorem
(see also Remark, 52 x S? satisfies sect > 0. Thus, by Proposition , connected
sums of S*, CP?, CP’ and S? x S2 satisfy sect > 0; in particular, all closed simply-

connected 4-manifolds that satisfy scal > 0 also satisfy sect > 0.

Remark 7.12. The surgery stability result in Theorem [7.10|can be used more generally
to show that sec’ > 0 is stable under connected sums if 6 > 5 and the distance is
induced via by the symmetric space distance distgg given by . Recall that
the corresponding cone Cy.o~( is an open O(n)-invariant convex cone. Furthermore,
if (R(0),0) = 0 and distgg(o,0’) > 7, then 6; > 0 and hence, by (5-10), the plane o’
does not contain the direction spanned by (0,1) € T,,,S" ! ® R, so (R(d"),0’) > 0.

Thus, R € Cyeo-o and Theorem applies. Note, however, that the same does not
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hold if the distance is induced via (5.12)) by any of the other distances ([5.1]) or (5.3),

since, in this case, there are pairs of mixed planes for S~ ! x R at all distances, cf.

Remarks [5.1] and [5.3]

Remark 7.13. Theorem [7.10|cannot be used to generalize Proposition to surgeries
along submanifolds of lower codimension. Indeed, for any £ > 1, the curvature
operator of S"7*~1 x R**! does not belong to Cy.eL~, since, when k > 1, there are

pairs of mixed planes for S"~*~1 x R¥*! that are orthogonal.’

7.4 Comments

We conclude this chapter with some remarks on 4-manifolds with sect > 0, com-
plementing Section [5.5] after the proof of Theorem [7.1]

Remark 7.14. Since the above classification of closed simply-connected 4-manifolds

with sect

> (0 was only obtained up to homeomorphisms, it is natural to wonder
if this can be improved to diffeomorphisms. The first difficulties in achieving this
originate from the (rather serious) difficulties in strengthening Theorem to a
result that detects not only homeomorphism type but also diffeomorphism type. The
only currently known invariants that distinguish 4-manifolds that are homeomorphic
but not diffeomorphic are the Donaldson invariants (see [31]) and Seiberg-Witten
invariants (see [70]). These invariants vanish on smooth 4-manifolds that satisfy
scal > 0, preventing the distinction of diffeomorphism types. Further difficulties
arise from the fact that the surgery construction via Proposition only yields
metrics with sect > 0 on the manifolds listed in Theorem [7.8] with their standard

smooth structure, and new constructions would be necessary to produce metrics with

sect > 0 on such manifolds endowed with exotic smooth structures.

5The main result of Hoelzel [51, Thm. B] actually has slightly weaker hypotheses than Theo-
rem Namely, instead of requiring that the curvature operator of S %=1 x RF*+1 belongs to C,
it suffices to have that C' satisfies an inner cone condition with respect to the curvature operator
of Sn~k=1 x R*+L1. However, it is not clear whether C,.. satisfies this hypothesis when k > 1.
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Remark 7.15. It follows from Theorem [6.1] (see also Remark[6.3)) and Proposition[7.11]
that, for all n € IN, the manifold #"(S? x S?) satisfies sect > 0. In particular, there
is no upper bound on the total Betti number for closed 4-manifolds with sect > 0.
Furthermore, the above provide examples of closed simply-connected 4-manifolds that

satisfy sect > 0 but do not satisfy sec > 0, by the a priori bounds on Betti numbers

of Gromov [41], see also Petersen [75, Thm. 86, p. 357].

Remark 7.16. Although Theorem only deals with simply-connected 4-manifolds,
many of the above techniques can be used in the non-simply-connected case. Recall
from Corollary 6.6 that RP? x RP? satisfies sect > 0, and from Remark that
also S x S* and (53 x R)/T satisfy sect > 0, where I is a discrete cocompact group.
By Proposition , connected sums of such manifolds satisfy sect > 0 , providing
many examples of non-simply-connected 4-manifolds with sect > 0. In particular,

we can e.g. construct 4-manifolds M with sect > 0 whose fundamental group is

T (M) =2« LA™ (L, L) - - ™ (L, ® L) +" (Lo ® Zs),

where * denotes the free product and pq,..., py are prime, by taking the connected

sum M = #™(8% x SH#(S3 )7y, x SY) ... #™(S3 )7y, x S#T(RP? x RP?).

L+ > 0 is stable under connected sums, it is

As observed above, although sec
not clear whether sect > 0 is stable under surgeries of lower codimension (see Re-
mark [7.13). However, note that if sect > 0 on 4-manifolds were also invariant under
surgeries of codimension 3, then it would follow that all finitely presented groups
could be realized as the fundamental group of a 4-manifold with sect > 0. Namely, a
finitely presented group with n generators and r relations is the fundamental group of
the 4-manifold obtained from #"(S% x S') after r surgeries of codimension 3, where

tubular neighborhoods S* x D3 of r loops representing the relations are replaced by

S2? x D?. This is the exact same construction that yields that any finitely presented
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group is realized as the fundamental group of a 4-manifold with scal > 0.

Remark 7.17. Although the proof of Theorem [7.10]is constructive, and yields metrics
with sect > 0 on the connected sums of S*, CP?, CP” and S? x S2, the only ezplicit
metrics known (besides the trivial cases on S* and CP?) are those constructed in
Chapter @ on S% x S? and CP?#CP". Furthermore, analogously to Remark [6.15
none of these 4-manifolds with sec* > 0 (except for S* and CP?) can have nonnegative

isotropic curvature, }L—pinched biorthogonal curvature, or sect > %Zl > 0.

Remark 7.18. The surgery stability criterion (Theorem has an equivariant ver-
sion [51l §5] that, under the same conditions, allows to endow M;#4¢M, with a
G-invariant metric satisfying C', provided M; have G-invariant metrics satisfying C
such that N; are fixed by the G-action and ® is G-equivariant. This result may be
used to endow the manifolds #™ CP2 #"CP~ and #"(S? x S2) with metrics that
are invariant under a circle action and satisfy either scal > 0 or sect > 0. Namely,
consider the circle action on CP? given as a subaction of the transitive SU(3)-action
by the maximal torus of SU(2) C SU(3), and the circle action on S? x 52 given as
a subaction of the SO(3)-action by the maximal torus of SO(3). These actions
have respectively 3 and 4 fixed points.® The standard metrics on CP? and S? x S?
are invariant under these actions, and so are the metrics with sect > 0 on the latter,
constructed in Chapter [6] see Remark [6.7 Performing surgeries (connected sums)
using these fixed points as N;, the above equivariant version of the surgery stability
criterion implies that #™ CP% #" CP” and #"(S5% x S?) carry invariant metrics with
scal > 0 or sect > 0. Although it does not follow from the original construction of
Sha and Yang [90] that these manifolds carry invariant metrics with Ric > 0, this

was recently proved” by Bazaikin and Matvienko [6]. Clearly, also the round metric

6Recall that the Euler characteristic of the fixed point set of a torus action on a closed manifold
is the same as the Euler characteristic of the manifold. Thus, the above number of fixed points
agrees with the fact that y(CP?) = 3 and x(S? x §?) = 4.

"In fact, it is shown in [6] that these manifolds carry metrics with Ric > 0 invariant under a
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on S* satisfies all of these curvature conditions and is invariant under a circle action.
Thus, in all items in Theorem the metric satisfying that curvature condition may

be chosen invariant under a circle action.

2-torus action.
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PART III

STRONGLY POSITIVE CURVATURE
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CHAPTER 8

STRONGLY POSITIVE CURVATURE

In this chapter, we study a curvature positivity condition called strongly posi-
tive curvature, which stems from the work of Thorpe [96], 97] on algebraic properties
of curvature operators. This condition has been implicitly studied by other au-
thors, including Zoltek [I13], Puttmann [77], Dearricott [28], and Grove, Verdiani
and Ziller [44], who coined the term. However, a systematic study of this condition
was only recently initiated by Bettiol and Mendes [14] [I5]. Although this chapter
is based on the latter references, it contains several examples, auxiliary results, and

proofs that were omitted in these papers.

8.1 Modified curvature operators

Let V' be an n-dimensional real vector space, endowed with an inner product.
Recall from Section that the space of symmetric linear operators on A2V splits

as the orthogonal direct sum
S(A2V) = Sp(A2V) @ AV,

where Sy(A?V) = kerb is the space of algebraic curvature operators, given by the

kernel of the Bianchi map b: S(A?V) — A'V. Consider the Grassmannian of 2-planes

Gry(V) ={o CV :dimo =2} 51)

={oceNV:oAo=0and |o]? =1},
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which (as before) we identify with its double covering, the Grassmannian of oriented
2-planes. Note that o € Gro(V) if and only if there exist orthonormal vectors X,Y €
V such that 0 = X AY. The sectional curvature function of an operator R € S(A?V)

is defined as the quadratic form associated to R restricted to Gry(V),

secg: Gra(V) = R, secg(o) := (R(0),0), (8.2)

cf. (2.7). The observation that secg only depends on the component of R in Sy(A%V)

is at the foundations of the theory of strongly positive curvature.

Lemma 8.1. Let Ry, Ry € S(A?V). Then secg, = secg, if and only if Ri— Ry € NV,

Proof. Since secg, — Secr, = SeCp, _r,, see (8.2)), it suffices to show that R € S(A?V)

satisfies secy = 0 if and only if R € A*V. Suppose secg = 0, i.e., for all X, Y €V,
(RIXAY),XANY)=0. (8.3)

Replacing X by X 4+ Z in (8.3)), we have

0=(R((X+2Z)AY),(X+Z)AY)
=(RIXAY), XAYY+2(R(XAY),ZAY)+(R(ZANY),ZAY)

=2(R(XNY),ZNY).
Furthermore, since the above vanishes, replacing Y with Y 4+ W, we have

0=(R(XAY +W)),ZAY +W))
=(RIXANY),ZANY)+(R(XANY),ZANW) 54)
+(RXAW),ZANY)+ (R(XAW),ZANW) |

=(R(XAY),ZAW)+ (R(XAW),ZAY).
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Since R: AV — A%V is symmetric, it follows from (8.4]) that
(RXAY),ZAW)Y=(R(YNZ),X NW).

Thus, (R(XAY), Z AW) is invariant under cyclic permutations of X, Y, Z, and hence
R=0b(R) € \'V.
Conversely, if R € A'V, then (2.13) and (8.1]) imply that, for all o € Gry(V),

secg(0) = (R(0),0) = (R,0 ANo) =0,

concluding the proof. O
By Lemma if R € Sp(A?V) is an algebraic curvature operator, then for all
w € ATV the sectional curvature functions secp and secg,,, coincide, since

seCriw(0) = (R4 w)(0),0) = (R(0),0) + (w(o),0) = secg(0). (8.5)

The operator R + w is called a modified curvature operator.

Definition 8.2. An operator R € S(A?V) has strongly positive curvature if there
exists w € A1V such that (R + w): A2V — A%V is positive-definite. Similarly,
R € S(A%*V) has strongly nonnegative curvature if there exists w € A'V such that

R + w is positive-semidefinite.

Definition 8.3. A Riemannian manifold (M, g) has strongly positive curvature if,
for all p € M, the curvature operator Rg: A* T,M — A*T,M has strongly positive

curvature; and similarly for strongly nonnegative curvature.

In other words, strongly positive curvature is a pointwise curvature condition in
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the sense of Section , corresponding to the open O(n)-invariant convex cone

) there exists w € A*V, such that
C’str. pos. +— R e Sb(/\ V) : , (86)
(R+w)(a),a) >0 for all « € AV, # 0

and analogously for strongly nonnegative curvature.

Proposition 8.4. If (M,g) has positive-definite curvature operator, then it has
strongly positive curvature. If (M,g) has strongly positive curvature, then it has

secg > 0.

Proof. If the curvature operator R, is positive-definite, then it has strongly positive
curvature, using, e.g., w = 0. From (8.5)), if R, has strongly positive curvature, then

secg > 0. Alternatively, note that Crso C Cstr. pos. C Csec0- O

By Proposition [8.4] strongly positive curvature is an intermediate curvature con-
dition between R > 0 and sec > 0, and, analogously, strongly nonnegative curvature
is an intermediate curvature condition between R > 0 and sec > 0. In dimensions
< 3, these conditions are clearly equivalent.! Remarkably, strongly positive curvature
and sec > 0 remain equivalent in dimension 4, see Proposition [8.9] and analogously

for nonnegative curvature.

Remark 8.5. From the above definition, if (M,g) has strongly positive curvature,
then the assignment M 2 p — w, € A*T, M such that R+ w is positive-definite may,
in principle, fail to be smooth. However, since is open, a standard perturbation
argument shows that there exists a smooth 4-form @ € A*TM such that R + @
is positive-definite, see also Remark [8.7 The same argument does not work for
strongly nonnegative curvature, as the corresponding cone is not open in Sy(A?V),

see Remark and Bettiol and Mendes [15, §6.4] for details.

'Recall that in dimensions < 3, sec, > 0 if and only if R, > 0, see Besse [12, 1.119].
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Regarding the set of 4-forms that can be used to modify a given algebraic curva-

ture operator to make it positive-definite, we have the following elementary result.

Proposition 8.6. Given an operator R € S(A*V') with strongly positive curvature,

the set Qg == {w € A*V : R+w > 0} is open, bounded and conver.

Proof. Openness of Q5 is evident from the definition. For any w € A*V, the induced
operator w: A2V — A%V via clearly satisfies trw = 0, and hence has eigenval-
ues of both signs. Thus, if w € Qg, then Aw ¢ Qp if |A| is sufficiently large, proving
that Qg is bounded. Finally, convexity of 2 follows from the convexity of the subset

of positive-definite operators. O

Remark 8.7. Since Qi is bounded and convex, it has a center of mass wr € Q. If
(M, g) has strongly positive curvature, then the center of mass wg of Qr C A*T,M
can be used to construct a smooth 4-form wr € A*TM such that R + wp is positive-

definite.

We conclude this section proving that algebraic curvature operators can be real-

ized as the curvature operator of a Riemannian manifold at one given point.

Proposition 8.8. Let R € Sy(A*V) be an algebraic curvature operator on V', with
dimV = n. Then there exists a smooth n-dimensional submanifold M C V x RF,

k< %n(n — 1), whose curvature operator at (0,0) € M is given by R.

Proof. Since b(R) = 0, it follows from [53 p. 102], see also [92, p. 422], that there
exist symmetric linear operators H;: V= V, 1 < j < k < %n(n — 1), such that

R=— Z?=1(HJ A Hj), where (H; N H;)(X ANY) := H;X AN H;Y. In particular,
k
(RIXAY),ZAW) = (H;X,W)(H,Y, Z) = (H;X, Z)(H;Y,W). (87

j=1

For each 1 < j < k, consider the quadratic functions f;: V x R — R, given by

93



fi(w,y;) =y + %(va,w, and set
f: V x Rk — Rk’ f(v,yl, ... 7yk) = (fl(U,yl), c. ,fk(’l},yk)),

Then f(0,0) = 0 and 0 € R” is a regular value of f, hence M := f~1(0) C V x R*
is a smooth submanifold of codimension k. We have T{opyM = V, and the second

fundamental form I: V x V — R* of M at this point is

k

k
I(v,w) =— Z (Vo(grad f;),w)grad f; = — Z (Hjv,w)grad f;.
j=1 j=1
Thus, (8.7) is the Gauss equation of M C V xR, cf. (2.21]), proving that its curvature

operator at (0,0), with the induced metric, is exactly R. ]

8.2 Modified curvature operators in dimension 4

Modified curvature operators are particularly interesting in the lowest meaningful
dimension, dimV = 4. In this case, there is an isometry A*V = R given by the
Hodge star operator, since any w € A*V is a multiple of the volume form of V. In
particular, any w € AV determines an operator w: A?V — A%V via which is
a multiple of x: A2V — A2V. Furthermore, strongly positive curvature and sec > 0
are equivalent in dimension 4. This was originally proved by Thorpe [97]; however, a

much simpler proof was communicated to us by Piittmann (see also [77]), as follows.

Proposition 8.9. An operator R € S(A*V) with dimV < 4 has strongly positive

curvature if and only if secg > 0.

Proof. The only nontrivial implication is that if dim V' = 4 and secg > 0, then R has

strongly positive curvature. For each modified curvature operator (R+w) € S(A?V),
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denote by A1(R + w) := min Spec(R + w) its smallest eigenvalue. Consider

A= sup A\ (R+w). (8.8)

wENLV

Since the endomorphisms w: A%V — A2V are traceless by (2.13)), the above supre-
mum )\ is achieved at some wmax € A*V. Denote by E) the subspace of A2V formed
by the eigenvectors of R + wpax with eigenvalue A. If there exists o € Ey\ N Gry(V),

then A = secg(c) > 0 and hence R + wpx is positive-definite. Otherwise, the map
¢: N2V = ATV ER, ¢la) =aAa,

satisfies g(a) # 0 for all nonzero a € E,. We claim that the image ¢(E) \ {0}) C
R \ {0} is contained in a half-line, say R, := {z > 0}. Indeed, this is clear if
dim £, = 1, and if dim £ > 2, then E) \ {0} is connected and hence so is g(Ey \ {0}).
Therefore, for any nonzero a € FE), we can construct a new modified curvature

operator R + wmax + a A « that satisfies

(R + wmax + a A a)(B), B) = (R + wmax) (8), B) + a() || B]I* > MBI,

for all 3 € A2V, contradicting the maximality (8.8]) of . m

A completely analogous statement to Proposition holds for nonnegative cur-

vature, following the same proof. In addition, by Definition [8.3] we have:

Corollary 8.10. A Riemannian manifold (M, g) with dim M < 4 has strongly posi-

twe curvature if and only if secg > 0, and analogously for nonnegative curvature.

Remark 8.11. In the case dim V' = 4, it follows from Proposition and Thorpe [96],
Thm. 2.1] that if R € Sy(A?V) has strongly nonnegative curvature and there ex-

ists 0 € Gry(V) such that secgp(c) = 0, then there exists a unique w € AV such
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that R + w is positive-semidefinite, which is given by wyay. In particular, if (M, g)
is a 4-manifold with strongly nonnegative curvature, then any w such that R + w
is positive-semidefinite is completely determined on the subset Z := W(Sngl(O)),
where m: GryT'M — M is the bundle projection. In connection to Remark
this implies that smoothness of a 4-form w = fvoly, € A*TM such that R + w is
positive-semidefinite is the same as smoothness of f: Z — R. On the other hand, if
dimV > 5 and R € Sy(A?V) has strong nonnegative curvature (but does not have
strongly positive curvature), then the uniqueness of w € AV such that R + w is
positive-semidefinite may fail. For instance, the curvature operator of S* x S' can
be modified with any sufficiently small multiple of the volume form of S$*, remaining

positive-semidefinite.

Recall that curvature operators of 4-manifolds decompose as (5.22)). In terms of

this decomposition, Proposition yields the following statement regarding sec > 0.

Corollary 8.12. Let (M,g) be a Riemannian manifold with dim M = 4. Then

secg > 0 if and only if there exists a function f: M — R such that Rg+ f* >0, i.e.,

W+ (e f) 1 Ric!

(Ric?)* Wy + (% - f)1a o

is a positive-definite operator on N°TM = NATM & N2TM.

Analogously to Corollary [8.12] a similar characterization of sect > 0 also follows

from Proposition 8.9( and ([5.23)).

Corollary 8.13. Let (M,g) be a Riemannian manifold with dim M = 4. Then
secg > 0 if and only if there exists a function f: M — R such that %(Rg + *Rgx) +
fx>0, ie.,

W+ (e + 1) 1d 0

0 Wy + (%5 - )1

g

(8.10)
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is a positive-definite operator on N°TM = NATM & N2TM.

We remark that the existence of f such that is positive-definite forces a cer-
tain constraint on Wy, scaly and Ricg, which, in the Einstein case? , is precisely
the inequality described in Gursky and LeBrun [48, Lemma 1], c¢f. Theorem |5.18|

We conclude this section by describing the known examples of 4-manifolds with
sec > 0 and sec > 0 endowed with standard metrics, under the light of strongly
positive and nonnegative curvature. The corresponding modified curvature operators
are written according to the decomposition A>T M = A2TM®A2TM, i.e., asin (8.9).

The curvature operator of the round sphere S* is the identity, hence

RS4+f*:((1+Of> 1d (1—Of) Id). (8.11)

This modified curvature operator is positive-definite if and only if —1 < f < 1.
In particular, at each p € S*, the set Qr C A*T,S* = R of Proposition is
Qp = (—1,1).

The modified curvature operator of CP? is given by

Rope + [ = (diag(6 b /) o _(}) Id) . (8.12)

This operator is positive-definite if and only if 0 < f < 2. In particular, at each p €
CP?, the set Qr C A*T,CP? 2 R of Proposition 8.6 is Qz = (0,2), see Remark [8.21]
The curvature operator of the standard product metric on S? x S? is described

in Section [6.1] from which it follows that

Bon oo+ fr = (diag(l 46 £ 1. 1) g1 ? o _f)) _ (8.13)

2Recall Proposition [5.17]
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This operator is positive-semidefinite if and only if f = 0, ¢f. Remark [8.11]

Note that Rgs, Repe and Rg2y g2 are Einstein, i.e., have Ric? = 0, and are homo-
geneous, i.e., do not depend on the point p € M.

Finally, we describe the curvature operator of CPQ#(D_PQ, with the metric gy in-
duced by the standard product metric under the submersion 7: §3x 5% — CPQ#C_P2,
see Proposition [6.11] Differently from the previous examples, this metric gg is not ho-
mogeneous, hence the curvature operator is not constant. However, (CP2#W2, gg)
admits an SU(2)-action of cohomogeneity one (see Remark [6.13)), so its curvature
operator depends on only one parameter h € [—1, 1], that corresponds to the height
on the second factor of 5% x S%. More precisely, if p = ((21, 22), (23, ho)) € S* x 52
and p = 7(p) € CP*CP", then h(p) = ho € [—1,1]. With this notation,

R+ f1Id R
RCPQ#@Q +f* - N 5 (814)
(Ri2) Ry — f 1d

where the blocks Ry;, R and Rgs are given by:

T (1-h?)V2—h2—-2h (1-h*)vV2—hZ—2h 2r*—7h2+124-4h\V/2—h2
Ry, = diag )

2(2—h2)3/2 ) 2(2—h2)3/2 ) 2(2—h2)2
1—-h?
0 0 2(2—h?)
_ 1—h?
Ry = 0 20-h7) 0 )
7h?—8 0 0
2(2—h?)?

Roo — di 2Rt —7h2412—4hv2—h2 (1—-h%)vV2—h24+2h (1—-h?)V2—h2+2h
22 = dlag 2(2—h2)2 ) 2(2—h?2)3/2 ) 2(2—h2)3/2 :

It is not difficult to check that this operator is positive-semidefinite if and only if

f(h) = h(2 — h?)73/2 cf. Remark .
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8.3 Constructions regarding strongly positive curvature

In this section, we discuss the relation between strongly positive curvature and
group actions, immersions, submersions and Cheeger deformations, following Bettiol
and Mendes [15], §2]. We remark that Propositions and were also observed
by Plittmann [77]. Although the results in this section are only stated for manifolds
with strongly positive curvature, the analogous statements for strongly nonnegative
curvature hold, and their proof is straightforward from the positive curvature case.

As the set of 4-forms that modify a curvature operator to become positive-definite

is bounded and convex (see Proposition , a routine averaging technique yields:

Proposition 8.14. Let (M, g) be a Riemannian manifold with strongly positive cur-
vature, on which a compact Lie group G acts isometrically. Then there exists a

G-invariant 4-form @ € AN*TM such that Ry + w is positive-definite.

Proof. Let w € A*T'M be such that Ry +w is positive-definite and let @ := fG g wdg
be the result of averaging it with the G-action. Since the G-action is isometric, R,
is G-invariant and hence Ry + @ = Ry + [ g*wdg = [ g*(Rg + w)dg, which is

positive-definite by convexity of the set of positive-definite operators. n

We now study the behavior of modified curvature operators under immersions and

submersions, extending well-known results for sec > 0 to strongly positive curvature.

Proposition 8.15. Leti: (M,g) — (M,g) be a totally geodesic immersion. If (M,g)

has strongly positive curvature, then also (M,g) has strongly positive curvature.

Proof. Given p € M, set V. = T,M and V = T,-(p)M. For any X € V., we write
X = di(p)X € V. Since i: M — M is totally geodesic, from the Gauss formula
([2:21), we have that (R(X AY), ZAW) = (R(X AY),Z AW). Thus, if there exists
@ € A*V such that R+ is positive-definite, then its restriction w = (di(p))*w € A*V

is such that R + w is positive-definite. O
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Theorem 8.16. Let 7: (M,g) — (M,g) be a Riemannian submersion. If (M,g)

has strongly positive curvature, then also (M,g) has strongly positive curvature.

Proof. Given that strongly positive curvature is a pointwise condition, choose p € M
and p € M such that 7(p) = p, and set V = T,M and V = T,M. For any X € V,
we denote by X € V its horizontal lift and consider the inclusion map i: V — V,
i(X) = X, through which we identify V with a subspace of V, that we call horizontal.
We denote by VY the orthogonal complement of this subspace, that we call vertical.

The tensor A of the submersion satisfies AxyY = %[7, Y]V for all X, Y € V, where
X,Y are horizontal lifts of local extensions of X,Y, see . Thus, A induces a
skew-symmetric map A: V x V — VY, which can be interpreted as A: A2V — VY.

Set a:= A*A € S(A*V), i.e., forall X,Y,Z, W €V,

(X AY),ZAW) = (AxY, AWV, (8.15)

Clearly, a: A2V — A2V is a positive-semidefinite operator, whose rank is < dim V.

From the Gray-O’Neill formula (2.27)),

(RIXAY),ZAW) =(R(XNY),ZAW) +2(A5Y, AzW)

Thus, if there exists @ € A*V such that R + @ is positive-definite, it follows that

R + w becomes positive-definite by setting w = i*w + 3b(a) € A1V O
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Remark 8.17. The above way of rewriting the Gray-O’Neill formula for curvature

operators as

(8.16)

where « is given by , seems more natural than its conventional presentation
. Notice that formula (8.16) can also be deduced from Lemma and the
standard Gray-O’Neill formula , since these imply that R and i*R + 3 o must
differ by an element of A*V, namely b(R — "R — 304) = —3b(a).

Recall from that the curvature operator of a compact Lie group (G, Q) is
positive-semidefinite, hence (G, @) has strongly nonnegative curvature. It follows eas-
ily from that products of manifolds with strongly nonnegative curvature also
have strongly nonnegative curvature. Thus, if (M, g) has strongly nonnegative cur-
vature and an isometric action of a compact Lie group G, then the product manifold
(M x G,g® 1Q) and hence the Cheeger deformation (M, g;) have strongly nonnega-
tive curvature for all £ > 0, by (the nonnegative curvature version of) Theorem
cf. Proposition [£.5] Furthermore, just like Cheeger deformations preserve sec > 0,

they also preserve strongly positive curvature, as follows.

Proposition 8.18. If (M, g) has strongly positive curvature and an isometric action
of a compact Lie group G, then also the corresponding Cheeger deformation (M, g;)

has strongly positive curvature for all t > 0.

Proof. In this proof, we use the same notation as in Chapter[d Applying (8.16)) to the
Riemannian submersion p: (M X G, g® %Q) — (M, g;), we have that the curvature

operator Ry: A2 T,M — N*T,M of (M,g;) is given by

(R(CyH X AY)),CTHZAW)), = (RIXAY), ZAW)
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3

t
+ ZQ([POXma POYm]7 [POZma POWm])

+ 3 <a ((J;IX A O;W) LCTYZ A O;1W>

— 3b(a) (c;lx, CY, 07, O;lw) ,

where @ = A*A is the positive-semidefinite operator given by . Similarly, the
second term is a multiple of the quadratic form associated to the positive-semidefinite
operator L*L, where L(X AY) = [PyXuw, PoYn]. Notice that the above formula
recovers the formula for sectional curvatures in Proposition 4.6|

If there exists w such that R 4 w is positive-definite, then setting w; so that

W (C;lx, Cry, C;lz,c*;lW) — (XY, Z, W)

+3b(a) (c;lx, CY, 07, Ct‘lW) ,

it follows that R; + w; is positive-definite for all ¢ > 0, concluding the proof. n

Via the above formula for the curvature operator of (M, g;), other results from
Chapter [4 regarding evolution of sectional curvatures along Cheeger deformations

can be transplanted to the realm of strongly positive (and nonnegative) curvature.

8.4 Homogeneous spaces

Let (G, Q) be a compact Lie group endowed with a bi-invariant metric. Let H be a
closed subgroup, and denote by b the corresponding Lie subalgebra of g. Define m as
the subspace such that g = hém is a Q-orthogonal direct sum. Recall that the tangent
space to the homogeneous space G/H at the identity class (eH) € G/H is identified
with m, and the isotropy representation of H on T(cy)G/H = m corresponds to the
adjoint representation Ad: H — SO(m). In particular, G-invariant metrics on G/H
are in 1-to-1 correspondence with Ad(H)-invariant inner products on m. Any such

inner product (-,-) is determined by the @-symmetric H-equivariant automorphism
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P:m — m such that (X,Y) = Q(PX,Y).

The G-invariant metric on G/H induced by the inner product @|, i.e., correspond-
ing to P = 1d, is called a normal homogeneous metric. Consider the Riemannian
submersion 7: (G, Q) — (G/H, Q) given by the quotient map. As the horizontal lift
of X € m is simply its inclusion X € g and the vertical projection XV is given by its

component Xy in b, the corresponding operator agu € S(A*m) defined in (8.17) can
be computed using ([2.25]) as:

(aem(X AY),ZAW) = 5Q([X, Y]y, [2,W]y). (8.17)
Thus, the curvature operator of the normal homogeneous space (G/H, Q|y) is

(Rem(X AY),ZAW) = 1Q([X,Y],[Z,W]) + 3Q([X, Y]y, [Z, W]s) (818

— 3b(ag/H>(X, Y, Z, W)

As observed above, (G, @) has strongly nonnegative curvature, and hence (G/H, Q|n)
also has strongly nonnegative curvature. Furthermore, it is clear from that the
operator Rgu: A*m — A’m can be modified with the 4-form 3b(agm) € A'm to
become positive-semidefinite.

More generally, if P: m — m is not the identity map, the curvature operator
of the corresponding G-invariant metric on G/H can be computed in terms of the

bilinear forms B4 given by
Bi(X,)Y):= %([X, PY]F[PX, Y]),

using a formalism due to Piittmann [77, Lemma 3.6]. Similarly to (8.15)), define the

positive-semidefinite operator 8 € S(A?m), by

(BXAY),ZAW) :=1Q([X,Y]m, [Z, W), (8.19)
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where X, denotes the component of X € g in m. Rearranging the formula for the
curvature operator R of G/H in terms of the Bianchi map (analogously to the proof

of Theorem [8.16), one obtains the following expression:

(RIXAY),Z AW) = 5(QB(X,Y), [2,W]) + Q(X, Y], B(Z,W)))

+Q(B+(X7 W)7P7 B+<Y7 Z)) (820)
- Q<B+(X, Z)7P_1B+(Y7 W))

C3(B(XAY), ZAW) +36(8)(X,Y, Z,W).

Note that in the normal homogeneous case discussed above, B, (X,Y) = 0 and
B_(X,Y) = [X,Y], so formula simplifies to Rg/n = 4Rg — 36 + 3b(3), where
Rg is the curvature operator of (G,Q). As Rg = a+ [ by and , it
follows that this agrees with Rg/n = Rg + 3a — 3b(«), which is the formula in .
Finally, we remark that the curvature operator of a general G-invariant metric
on G/H might fail to have strongly nonnegative curvature.

We conclude this section with the observation that the moduli space of G-invariant
metrics with strongly nonnegative curvature on a homogeneous space G/H is path-
connected (actually, in some sense, star-shaped). The corresponding statement re-
garding sec > 0 was proved by Schwachhofer and Tapp [82), Prop 1.1], as an applica-

tion of Cheeger deformations, and our proof is based on the same method.

Theorem 8.19. The moduli space of G-invariant metrics on a compact homogeneous

space G/H with strongly nonnegative curvature is path-connected.

Proof. Let g, := Q|n be a normal homogeneous metric. Given an invariant metric
g on G/H with strongly nonnegative curvature, let g; be the corresponding Cheeger

deformation with respect to the left-translation G-action on G/H. Consider the path
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of metrics (1 + t) g; obtained by rescaling g;. From (4.6 and (4.8)), we have

(1 + t) gt(X7 Y) = Q((l + t)Pt(Xm)a Ym)

= Q((1+ )Py (1A +tPy) " Xy, Yan)

-1
e (Po(ﬁtld +1LHP0> Xm,Ym) .

As t / 400, the above clearly converges to Q(Xu, Yn). Thus, (1 +t)g; converges
to g« as t ' +o00. Evidently, (1 4+ t)g; converges to g as t N\, 0. By the nonnegative
curvature version of Proposition , each metric (1 +t) g; has strongly nonnegative
curvature. Therefore, any two G-invariant metrics on G/H with strongly nonnegative
curvature can be joined by a path of G-invariant metrics with the same property,

passing through a normal homogeneous metric. O]

8.5 Compact Rank One Symmetric Spaces

In this section, we discuss metrics with strongly positive (and nonnegative) cur-
vature on the Compact Rank One Symmetric Spaces (CROSS). Recall that these are

the homogeneous spaces G/K, where (G, K) is a symmetric pair of rank one, i.e.:

(i) Spheres S™ = SO(n + 1)/SO(n);

(ii) Complex projective spaces CP" = SU(n + 1)/S(U(n)U(1));
(iii) Quaternionic projective spaces HP™ = Sp(n + 1)/Sp(n);
)

(iv) Cayley plane CaP? = F,/Spin(9).

The standard metrics on the above manifolds are normal homogeneous metrics,® and
hence have strongly nonnegative curvature (see Section [8.4). We now analyze in

which cases the curvature operator of the above spaces can be further modified to

3Furthermore, the normal homogeneous metric in each of the above is the unique G-invariant
metric, since the corresponding isotropy representation Ad(K) is irreducible.
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become positive-definite. Throughout this section, S™, CP", HP" and CaP? are

always assumed to be endowed with their standard metric.
Theorem 8.20. The spaces S™, CP™ and HP™ have strongly positive curvature.

Proof. The curvature operator of S™ is the identity map Id: A2 T'S™ — A?TS™,
which is clearly positive-definite, hence S™ has strongly positive curvature. The
curvature operators of CP™ and HP"™ are positive-semidefinite, but have nontrivial

kernel. However, since the Hopf bundles

Sty g2ntl s cpP*  and 8% — S 5 HP

are Riemannian submersions, Theorem [8.16| implies that CP™ and HP"™ also have

strongly positive curvature. ]

Remark 8.21. In the case of CP", the operator a defined in can be computed
to be wpg ® wrs, where wpg is the standard Kahler form. In particular, the 4-form
3b(a) = fwrs A wps modifies the curvature operator of CP™ to become positive-
definite. In the case n = 2 computed explicitly in , this 4-form corresponds
precisely to the volume form of CP?, which is the center of mass 1 € Q.

An analogous statement holds for HP", in terms of its hyper-Kahler structure.

Notice that the above argument does not apply to CaP?, given that there are no
submersions from round spheres to the Cayley plane.* The following result (combined

with Theorem [8.16)) provides an alternative proof of this fact.
Theorem 8.22. The space CaP? does not have strongly positive curvature.

Proof. Assume by contradiction that CaP? has strongly positive curvature. Then,

by Proposition [8.14] there exists an Fy-invariant w € A*T'CaP? such that R + w is

4Even more, for topological reasons, there are no fiber bundles 7: S™ — CaP?, see Browder [21].
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positive-definite. Notice that w # 0, since R is positive-semidefinite but has nontrivial
kernel. Since CaP? = F;/Spin(9) is a compact symmetric space, w is Fy-invariant if
and only if it is harmonic, see e.g. Helgason [50, p. 227]. By Hodge theory, this
implies that [w] € H*(CaP? R) is a nontrivial cohomology class, contradicting the

fact that by(CaP? R) = 0. O

The first examples of algebraic curvature operators R € Sy(A?V) with dim V' > 5,
that have secg > 0 but do not have strongly positive curvature were found by
Zoltek [I13]. As proved in Proposition , every algebraic curvature operator can
be realized as the curvature operator of a Riemannian manifold at one point. Never-
theless, to our knowledge, no closed manifolds with sec > 0 were known not to have
strongly positive curvature, and, by Theorem , the Cayley plane CaP? is one such

example. Other examples can be found on homogeneous spaces such as W?2*, B3,

S4n+3 and S1°, see Theorems 9.8 and [9.11], and Remarks [9.12] [10.12] and [10.15} the

two latter remarkably have sec > 0 and do not have strongly nonnegative curvature.
We stress that the above does not imply that the manifold CaP? does not carry
any metrics with strongly positive curvature. In fact, this is a topic of current

investigation by the author.
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CHAPTER 9

HOMOGENEOUS CLASSIFICATION

The goal of this chapter is to provide the classification of simply-connected ho-
mogeneous spaces with strongly positive curvature, which follows from Bettiol and

Mendes [14] 15]. More precisely, we prove the following result:

Theorem 9.1. All simply-connected homogeneous spaces with sec > 0 admit a ho-

mogeneous metric with strongly positive curvature, except for the Cayley plane CaP?.

The simply-connected homogeneous spaces that admit an invariant metric with
sec > 0 were classified in even dimensions by Wallach [I02] and in odd dimensions
by Bérard-Bergery [7], see also Aloff and Wallach [3], Berger [§], and Wilking and
Ziller [T07]. Apart from the CROSS described in Section , other examples appear in
dimensions 6, 7, 12, 13 and 24. More explicitly, the complete list of simply-connected

closed manifolds to admit a homogeneous metric with sec > 0 is the following:

(i) Compact Rank One Symmetric Spaces: S”, CP", HP" and CaP?

(i) Wallach flag manifolds: W° = SU(3)/T?, W' = Sp(3)/Sp(1)Sp(1)Sp(1) and
W2 = F,/Spin(8);

(iii) Aloff-Wallach spaces: Wy, = SU(3)/S;. ,, ged(k, £) = 1, kl(k + £) # O;
(iv) Aloff-Wallach space: WY, = SU(3)SO(3)/U(2);
(v) Berger spaces: BT = SO(5)/SO(3) and B = SU(5)/Sp(2) - S'.

For details on the construction of these spaces, see Sections[9.3] [9.4] [0.5] [0.6], 0.7,
and [10.1], as well as Ziller [I12]. In order to prove Theorem[9.1] we show that all the

above homogeneous spaces, except for CaP?, have strongly positive curvature.
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The case of CROSS follows from the results in Section [8.5] Namely, by The-
orem [8.20, S™, CP™ and HP™ endowed with their standard homogeneous metrics
have strongly positive curvature. Furthermore, up to rescaling, CaP? = F,/Spin(9)
admits a unique Fy-invariant metric (the normal homogeneous metric) because the
corresponding isotropy representation is irreducible. Thus, by Theorem [8.22] there
are no homogeneous metrics with strongly positive curvature on CaP?.

Regarding the remaining spaces, with two exceptions, the construction of homo-
geneous metrics with strongly positive curvature uses the fact that they are the total
space of a homogeneous fibration. In other words, the above spaces G/H are such

that there exists an intermediate Lie group H C K C G and a homogeneous bundle

K/H — G/H 5 G/K, m(gH) = gK. (9.1)

A unified approach to construct homogeneous metrics with sec > 0 on G/H as above
was discovered by Wallach [L102, §7], see also Eschenburg [37] and Ziller [112] Prop.
4.3]. This approach, that we call Wallach’s Theorem (see Theorem , gives suffi-
cient conditions on to imply that G/H has homogeneous metrics with sec > 0.
Along Sections and [9.2] we strengthen it to handle strongly positive curvature.
Denote by h C ¢ C g the Lie algebras of H C K C G. With respect to the

bi-invariant metric () on G, consider the (Q-orthogonal splittings

g=tom, [Emjcm, and t=hap, [hp Cp, (9.2)

so that there are natural identifications of the tangent spaces

m%’T(eK)G/K, pgT(eH)K/H, and m@p%’T(eH)G/H.

With the above, we also identify Ad-invariant inner products on m with the induced G-
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invariant metrics on G/K, Ad-invariant elements of A*m with the induced G-invariant
forms in A*T(G/K), and analogously for the homogeneous spaces K/H and G/H.

Consider the homogeneous metrics on G/H given by

g =tQl, ®Qln, t>0, (9.3)

so that g; is a normal homogeneous metric, and g; is obtained by rescaling it by ¢ in

the vertical direction for (9.1). With this setup, Wallach’s Theorem reads as follows:

Theorem 9.2. Suppose that the homogeneous fibration (9.1) satisfies:

(i) the base (G/K,Q|w) is a CROSS and (g, ) is a symmetric pair;*
(ii) the fiber (K/H,Q|,) has sec > 0;

(iii) the bundle is fat.?
Then (G/H,g:) has sec >0 for all 0 <t < 1.

In order to strengthen the hypotheses above to yield that (G/H, g;) has strongly
positive curvature for all 0 < ¢t < 1, we introduce the notion of strongly fat ho-
mogeneous bundles in Section [0.1] The strengthened version of Wallach’s Theorem
(Theorem is established in Section Along Sections , , and we
verify that the above listed homogeneous spaces with sec > 0 satisfy its hypotheses,
with two exceptions: the Berger space B” and the Wallach flag manifold W?24.

The Berger space B” does not have the structure of a homogeneous bundle,
and it is verified to have strongly positive curvature in Section[9.7]by direct inspection.

The Wallach flag manifold W?* admits the structure of a homogeneous
bundle, with base space given by the Cayley plane CaP? with its standard metric.
Endowing W?* with any of the metrics g, defined in , the bundle projection

'Recall that (g, €) is a symmetric pair if and only if [m, m] C €.

2See Definition [9.3
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m: (W' g,) — CaP? is a Riemannian submersion. Thus, by Theorems and
3.22| the manifold (W21, g;) does not have strongly positive curvature. A direct
construction of homogeneous metrics with strongly positive curvature on W?2* is car-

ried out in Section [9.5| using different methods, which were developed in Bettiol and

Mendes [14].

9.1 Strong fatness

As introduced by Weinstein [104], a bundle is fat if all planes spanned by a vertical
and a horizontal vector have positive curvature, see also Ziller [I10]. In the above

setup of homogeneous bundles, this property can be stated as follows, cf. (8.18]).

Definition 9.3. The homogeneous bundle (9.1)) is called fat if, for all X € m and
Y € p, we have that ||[X,Y]]|> = 0 implies X =0 or Y = 0.

In order to establish the appropriate generalization to strong fatness, recall that

ANPm@p) =N mO AP S (mep),

(9.4)
ANmap) =A'moAp & (N’mep) @ (NmeA%p) @ (me A’p).
Consider the linear map L given on decomposable elements of m ® p by
L:m@p—-m, LXAY):=[XY] (9.5)

and extended by linearity to the entire m ® p. This linear map induces the operator

Fmep—-omp, F:=LL, (9.6)

which is clearly positive-semidefinite and has nontrivial kernel® equal to ker L. Given

3Unless dimp = 1, in which case F can have trivial kernel, and hence be positive-definite.
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that F' is a self-adjoint linear operator on a subspace of A?(m @ p), we can to add to
it a 4-form 7 € A’m ® A?p C A*(m @ p), by using (2.13). This allows to state the

appropriate strengthening of fatness to study strongly positive curvature as follows:

Definition 9.4. The homogeneous bundle (9.1)) is called strongly fat if there exists
7 € N’'m® A%p C AY(m @ p), such that the operator (F+7): m®@p — m® p is

positive-definite.

Since decomposable elements of m ® p are of the form X AY, where X € m and
Yep, and (F+7)(XAY),XAY) = |[L(XAY)|? = ||[X,Y]]|, strong fatness

clearly implies fatness.

9.2 Strong Wallach Theorem

The goal of this section is to prove the following strengthening of Wallach’s The-
orem (Theorem [9.2), from Bettiol and Mendes [15, Thm. 4.2].

Theorem 9.5. Suppose that the homogeneous fibration (9.1) satisfies:

(i) the base (G/K,Q|w) is a CROSS different from CaP? and (g, %) is a symmetric
pair;

(ii) the fiber (K/H,Qly) has constant positive curvature, and either (&) is a sym-
metric pair or dimK/H < 3;

(iii) the bundle is strongly fat.
Then (G/H, g;) has strongly positive curvature for all 0 <t < 1.

In the proof of this result, as well as in the remainder of this chapter, we make

repeated use of the following fact that follows easily from Lemma [3.5]

Lemma 9.6. Let V' be a finite-dimensional real vector space, endowed with an in-
ner product. Let A and B be symmetric operators on V, such that A is positive-
semidefinite and B: ker A — ker A is positive-definite. Then there exists s, > 0 such

that A + sB s positive-definite for all 0 < s < s,.
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Proof. Let Sy = {x € V : ||z|| = 1} be the unit sphere in V', and set
f:00,1] xSy =R, f(s,z) :=((A+ sB)x,x).

Since A is positive-semidefinite, f(0,z) > 0. Furthermore, since B: ker A — ker A
is positive-definite, %(O,x)‘szo = (Bx,x) > 0 for all « such that f(0,z) = 0. The

result now follows from Lemma [3.5] O
We are now ready to prove the main result of this section.

Proof of Theorem[9.5. The starting point to show that (G/H, g;) has strongly positive
curvature is to compute its curvature operator. This is done with the Riemannian

submersions

(Gx K, Q@ 1Ql) ™ (G,Q) ™ (G/H, g), (9.7)

where 75 is the quotient map and 7 is of the form , corresponding to the fact
that Q; ==t Qe ® Q|m, t < 1, is the result of a Cheeger deformation of (G, Q) with
respect to the K-action by left multiplication. From (4.8)), it is easy to see that
t = 1%5, where s is the parameter of the Cheeger deformation. In particular, large
values of s = % > () correspond to small values of 0 <t < 1.

It follows from that the horizontal lift of X € g with respect to the Rieman-
nian submersion 7 is X = (Xm + 1+rstv —I%FSXE) = (Xm +t X, (1 — 1)Xg) cEgde,

where X, and X; respectively denote the components of X € g in m and ¢. Thus,

by (2.18]) and (2.16)), the curvature operator Rgxk of (G x K, Q& %ng) satisfies

(Rexk(X AY),Z AW) = 1Q([Xun + tXe, Yo + tY2, [Zon + t Ze, Win + tWe])
+ 5Q([(t = DX, (t = W [(t = 1) Ze, (t = 1)WA])
= 1Q([Xn + tXe, Yoo + V4], [Zin + tZe, Wi + tW3])

+ 2 Q([Xe, Vi, [ 22, WA)).
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Denote by a; and ay the positive-semidefinite operators on A*(m @ p) induced
as in (8.15)) by the tensors A of the Riemannian submersions 7; and 7 respectively.
The tensor A; of m; can be computed using ([2.25) and (9.2) as follows:

(A)xY = 5[X. V]

N[

([Xm X Yo + ], [(1 = £)Xe, (1 — t)}@})v

DO [—

%((1 — 1) [ X + £Xe, Yoo + Y], + £[(1 = )Xo, (1 - 1)Yi],
(1= 1) [ X + tXe, Y + V3], + ¢[(1 = £) X, (1 — t)Yd)
= (1= X, Yo+ #(1 = O Xe, Y], (1= ) [ X, Ya] + £(1 = 1)[Xe, Yi])

2

— O30 ([ X, Yol + €[Xe, Vi, [ X, Yol + €[, 1)),

Thus, the operator « is given by the following expression, where X, Y, Z W € m®p,

<Oé1 (X VAN Y),7 N W> = <Ayv, A7W>
= (1+ 1) G2 Q(Xom, Yal + X, Vi), [ Zm, Wan] + 125, W)

= LQ([Xm, Y] + (X, Y], [Zon, W] + [ Z,, W3)).

4

The tensor A, of 7y can also be computed using (2.25)), resulting

where Xy denotes the component of X in . Thus, the operator as is given by the

following expression, where X, Y, Z, W € m @ p, cf. (8.17)),
<a2<X N Y)a Z N W> = EQ([X7 Y]h? [Za W]h)
Thus, applying twice formula (8.16) with the setup , we obtain that the
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curvature operator R;: A? (m @ p) — A*(m @ p) of (G/H, g;) is given by

(R(XANY),ZAW), = (Rexx(X ANY), Z ANW)

+3a(XAY),ZAW) +3(ax(X AY), Z AW)

—3b(a))(X,Y,Z, W) —3b(a2)(X,Y, Z, W)

1

= 1Q([Xum + tXp, Yo + 1Y), [Zn + t Zy, Wi + tW])

+ 501Xy, Y3, [ 2, W)

(9.8)

+ 20 Q([Xom, Yool + X, Y], [Zin, W] + (2, W)
+ %Q(PQ Y]h? [27 W]h)

—3b()(X,Y, Z, W) — 3b(a)(X,Y, Z,W).
Note that in the limit ¢ — 1, the above coincides with the formula (8.18]) for the

curvature operator of the normal homogeneous space (G/H,g;). Fix 0 <t < 1 and

consider the positive-semidefinite operator given by

R:= Ry +3b(ay) +3b(crz): A2 (m @ p) — A2(m @ p).

Then (G/H, g;) has strongly positive curvature if and only if there exists w € A*(m®p)
such that R + w is positive-definite.

Using the natural decomposition (9.4), we can write R in blocks as follows:

A’m A2p maep

/\2m Eu ﬁlg 0
A2p R, Ros 0 (9.9)
mp 0 0 ﬁgg

The zeros above are obtained directly from (9.2]) and , using that [m, m] C ¢,
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since G/K is a CROSS. Moreover, the symmetric positive-semidefinite operators
ﬁlli /\2m—>/\2m, ﬁggi /\2p—>/\2p, §33:m®p—>m®p
can be explicitly computed from as follows:

(Ru(X AY),ZAW), = (1 - )Q(IX,Y],[Z,W)) + LQ([X, Y]y, [Z, W),
<§22(X A Y)> Z N W>t = %Q([Xv Y]’ [Zv W]) + %Q([X’ Y]hv [Z> W]h)’ (9'1())

(Rey(X AY), Z AW), = 2Q([X, Y], [Z,W]).

We now use the hypotheses on G/K and K/H to relate the their curvature operators,

given by (8.17) and (8.18)), with the above. Since [m, m] C £, we have that agk is a

multiple of Rg/k and hence b(ag/k) = 0. Analogously, if K/H is locally isometric to a
symmetric space, then [p,p| C h and hence ak,n is a multiple of Rk, so b(ak/n) = 0.
Else, dim K/H < 3 and hence b(ak/u) € A*p = {0}.

In either case, b(ag/k) = 0 and b(ak/m) = 0. Consequently, we get the following:

<§11<X A Y)7Z A W>t = (1 - %)<RG/K(X /\Y)7Z/\ W> + %Q([Xa Y]b? [Z> W]b)a
(Rop(X AY), Z AW, =t (Rem(X AY), Z AW, (9.11)

Rys(XAY),ZAW) =L2(F(XAY),ZAW),
t 4

where F' is related to strong fatness, and given by .
Let us first analyze the restriction of R to A?m & A2p, i.e., the upper 2 x 2 block
of . Since K/H has constant positive curvature, we have that }A%QQ = Rk/n 1s

positive-definite. Thus, the kernel of the positive-semidefinite operator

R: Ama AZp = A2ma@ A%p (9.12)
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must be contained in A*m. It follows from Theorem that, since G/K is a CROSS
different from CaP?, there exists n € A*m such that Rg/k + 7, and hence ]/%11 +n, is

positive-definite. In particular, we have that

A’m n 0 0
A2p 0 0 0
m®p 0 0 0

is positive-definite on the kernel of (9.12). Thus, Lemma[9.6 implies that there exists
an 1 > 0 such that R + e, is positive-definite on A?m & A2p.

Finally, we analyze the positive-semidefinite operator
(R+em): A2(m@p) — AX(map). (9.13)

Since its restriction to A?m@ A%p is positive-definite, its kernel must lie in m®p. The
restriction of ((9.13) to this subspace coincides with ]?233 = %F . By strong fatness,

there exists 7 € A’m® A?p such that F 47 is positive-definite on m®p. In particular,

ANPm AZp mep

A’m 0 T 0
A2p T 0 0
mep 0 0 T

is positive-definite on the kernel of (9.13]). Thus, Lemma implies that there exists
an €9 > 0 such that R + 1M + o7 is positive-definite on /\2(m @ p). In other words,
w = e+ e € A*(m & p) is such that the modified curvature operator R+ w is

positive-definite, hence (G/H, g;) has strongly positive curvature. ]

117



9.3 Wallach flag manifold W°

Let the Lie groups H C K C G be given by T? C U(2) C SU(3), where:

U(2) = {diag (4,det A) € SU(3) : A € U(2)}

T2 = {diag(zl,zg,zlzg) L2 S Sl}
The corresponding homogeneous bundle (9.1]) is
CP' — W°® — CcP2

The base CP? is a CROSS, the fiber CP' = $%(3) has constant positive curvature
and dimension < 3, and both (g, £) and (¢, ) are symmetric pairs.
The only other condition needed to apply Theorem is strong fatness. Up to

rescaling, the bi-invariant metric on g = su(3) is given by
Q(X,Y) = —5Retr(XY). (9.14)

The @Q-orthogonal complements defined in (9.2) are m = C? and p = C, and can
be identified as the subspaces m = span{1;,1;, 1o, 1o} and p = span{1s, I3} of su(3),

where 1,,1,, 1 <r < 3, are the Q-orthonormal matrices given by:

0 0 0 00 —1 0 10
I,=[(0 0 1 I,=(0 0 o0 Is=|(-1 0 0
0 —1 0 10 0 0 00
(9.15)
00 0 0 0 i 0 i 0
L=(0o0 i L=[000 IL=[i 00
0 i 0 i 00 000
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The Lie bracket operator L: m ® p — m defined in (9.5)) is determined by:

[.7 ] 15 I3
1, 1, -—-I
I, | -, —1,
L | -1, L
Ip I 1,

Thus, by , ker F' = ker L is spanned by the following 4 vectors of m ® p:

]ll/\]l3+11/\13, —]11/\13+11/\]13, ]12/\]13+12/\13, —]12/\13+12/\]13.

Consider the symmetric operator induced by the H-invariant 4-form 7 € A?m ® A2p,

T = —<]ll/\11 —f-]lg/\lg)@(]lg/\lg)

The restriction 7: ker F — ker F' is the identity operator,* hence positive-definite.
From Lemma there exists € > 0 such that (F +e7): m®p — m @ p is positive-
definite, proving strong fatness. Therefore, by Theorem [9.5], the homogeneous space

(WS, g;) has strongly positive curvature for all 0 < ¢ < 1.

4This fact follows from representation theoretic arguments, since 7 € A?m®A2p being H-invariant
is equivalent to 7: m ® p — m ® p being H-equivariant, see . This can also be easily verified
using the above list of vectors that span ker F. Note that such vectors are orthogonal, but have
square length 2, e.g., [|[11 A 13+ I; AL3]|% = ||1; A 132 + ||T; AL3|? = 2. Thus, we have:

(T AL+ T AL), Iy A3 + Ty AT =2(r, Iy A3 AT AT =2 = |[1; A3 +1; AT))?,
(T A3+ 1 ALg), -1 Als+1; Als) = (7,0) =0,

(T A3+ T ATR), Ip AT + b AL = (1,1 A3 AT AT + 1) Al ATy Al3) =0,
(T AT+ AL, =TI A3+ I, Als) = (1, - 11 ATlg AT AT — I} A3 Al AT3) =0,

where the last two inner products can be easily seen to vanish since 7 is the sum of decomposable
elements with only 2 distinct indices each, while the decomposable elements on the other slot have
3 distinct indices each. Therefore, 7(11 A 13+ 13 Alz) = 11 Al3 4+ I3 A I3, and analogously for the
other vectors listed above that span ker F'.
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9.4 Wallach flag manifold W2

Let H C K C G be given by Sp(1)Sp(1)Sp(1) C Sp(2)Sp(1) C Sp(3), where:

Sp(2)Sp(1) = {diag(A,q) : A € Sp(2),q € Sp(1)}

Sp(1)Sp(1)Sp(1) = {diag(q1, 42, ¢3) : ¢; € Sp(1)}
The corresponding homogeneous bundle (9.1]) is
HP' — W' — HP%

The base HP? is a CROSS, the fiber HP' 22 $*(3) has constant positive curvature,
and both (g, ) and (&, b) are symmetric pairs.

The only other condition needed to apply Theorem is strong fatness. Up
to rescaling, the bi-invariant metric on g = sp(3) is given by the same formula as
. The @-orthogonal complements defined in are m = H? and p = H,
and can be identified as the subspaces m = span{l,1;,J;, Ky, 1o,15,Jo, Ko} and
p = span{1s, I3, J5, K3} of sp(3), where the matrices 1,,1,, 1 <r < 3, are defined in
and the remaining matrices J,, K,, 1 < r < 3, are defined analogously using

the other imaginary quaternion units j and k, that is:

00 0 00 j 07 0

04 0 i 00 00 0
(9.16)

00 0 0 0 k& 0 k 0

Ki=10 0 & Ko=10 0 0 Ks= |k 0 O

0k O E 0 0 0 00
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The Lie bracket operator L: m ® p — m defined in (9.5)) is determined by:

] s L Js o Ks

1, 1, - —J» —K,
I; -, -1, Ky —Jo
Ji | =Jy —Ks —1, I,
K; | =K, Jo =l -1y
1, | -1, L J K
I, I; 1, Ky —-J
Ja J Ky 1 I
Ky K4 Ji —L 1,

Thus, by , ker F' = ker L is spanned by the following 24 vectors of m ® p:

1, ATy 4+ Ky AKs, —1, ATs + Ky A Js, 1A Js + Ky AT,
—1, AKs 4+ Ky Alg, 1, ATy +J; AKs, 1ALy +Jy A Js,
—1, AKs+ Jy AT, —1y AJs+ J1 AL, —13, AJs+1; AKs,

1 AKs + 1 A Js, 1AL+ 1 A, —1 AL+ 1 AL,

1o ATy 4+ Ko A K, Ty Ay + Ky A Js, —1y A Js+ Ky AL,
—15 AKs 4+ Ky Alls, 1y Alg+ J5 A K, Ty Alg 4 Jy A Js,

1o AKs + Jo AT, —Ty A Js+ Jy A, Ty AJs+ 1y AKs,
—1y AKs + 15 A Js, Ty Alg+ 15 AT, —Ay ATz 4T A s,

Consider the symmetric operator induced by the H-invariant 4-form 7 € A?m ® A2p,

T:(]11/\11+J1/\K1)®(J3/\K3—13/\13)

+(LAK =11 AJ) @ (I3 A T3+ 15 AKs)
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+ (L AK + L AT @ (I3A T3 — 13 AKs)
— (IaA L —Ja AKs) @ (I3 ALz + J3 A Ksy)
—(IaN T+ L AKy) @ (I3 A J3 — 13 AKsy)

— (Lo AKo = AJ) @ (I3 AKs + 15 A J3).

The restriction 7: ker I' — ker F' is the identity operator, hence positive-definite.
From Lemma there exists € > 0 such that (F +e7): m®p — m ® p is positive-
definite, proving strong fatness. Therefore, by Theorem [9.5], the homogeneous space

(W12 g;) has strongly positive curvature for all 0 < ¢ < 1.

9.5 Wallach flag manifold W?2*

Let the Lie groups H C K C G be given by Spin(8) C Spin(9) C F4. In order to
explain these inclusions, recall that the exceptional Lie group F, can be realized as

the automorphism group of the exceptional Jordan algebra

[]3(@&) = {H € Matgxg((Da) HY = H},

of Hermitian 3 x 3 octonionic matrices. As described in Baez [5], §3.4], this algebra
can also be constructed using the scalar, vector and spinor representations of Spin(9),
which is hence a subgroup of F4, see also Harvey [49, Thm. 14.99]. The Lie algebra f,4
is the algebra of derivations of h3(Ca); in particular, f; contains a copy of the algebra
g2 of derivations of Ca, which is a subalgebra of s0(7) = so(Im(Ca)), and hence also a

subalgebra of the Lie algebra so(8) = so(Ca) of H. More precisely, there is a splitting

fa = sa3(Ca) & g2, (9.17)
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where sa3(Ca) := {A € Matzy3(Ca) : A* = —A, tr(4) = 0}. Up to rescaling, the

bi-invariant metric on f, is given by
Q(X,Y) = 5 Re(tr(X1Y7)) + g tr(X2Y5),

where X; € sa3(Ca) and X, € go C s0(7) denote the components of X € f4, according
to (9.17). For more details on the above, including formulas for the Lie bracket on
f1, see Baez [0, §4.2].

The homogeneous bundle determined by the above Lie groups H C K C G is

CaP' — W' — CaP? (9.18)

The base CaP? is a CROSS, the fiber CaP' = $¥(1) has constant positive curvature,
and (g, €) is a symmetric pair.® However, since the base is CaP?, Theorem cannot
be applied. In fact, the above projection becomes a Riemannian submersion if W24
is endowed with a metric of the form g; defined in (9.3). From Theorems and
it follows that (W24, g;) does not have strongly positive curvature.

Nevertheless, since is a Riemannian submersion and (G x K, Q& %Q’g) is
the product of Riemannian manifolds with strongly nonnegative curvature, it follows
that (W24, g;) has strongly nonnegative curvature for all 0 < ¢ < 1. In what follows,
we prove that arbitrarily small perturbations of g; in the space of F4-invariant metrics
(with normalized volume) have strongly positive curvature. Furthermore, we actually
compute the moduli spaces of Fy-invariant metrics on W?* with strongly positive and
nonnegative curvature in Theorems [9.9) and [9.11], see also Section [10.1]

Let g = h@m be a Q-orthogonal splitting. The isotropy representation of Spin(8)

on m has 3 irreducible factors m = m; @ my @ mg3, each isomorphic to Ca as a real

®We remark that (£, ) is not a symmetric pair in this case, although K/H = 58(3).
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vector space. More precisely, m = Ca® can be identified as the subspace of sas(Ca)

spanned by the 24 matrices

Lo, Loy vy Koy Ly My, NGy O, 1< <03,

where 1,, I, J,., K, are as in (9.15)) and (9.16)), and the remaining matrices L, M,., N,,

O,, 1 <r < 3, are defined analogously, using the other imaginary octonion units [,
m, n, and o. Since m,., 1 < r < 3, are irreducible and nonisomorphic, Schur’s Lemma
implies that G-invariant metrics on G/H are parametrized by 3 positive numbers. We

denote these by § = (s1, 9, $3), so that the corresponding metric is given by

gs = S% Q|m1 D S%Q‘mQ D $§Q|m3, at T(eH)G/H =m; O my O ms.

Remark 9.7. The Lie algebra of the intermediate subgroup K is given by £ = h & ms.
As gz is Ad(K)-invariant if and only s; = s9, the projection (9.18) is a Riemannian
submersion if and only if® s; = s,. Note that the metrics defined in ([9.3)) are given

by gz with §= (1, 1,t), hence clearly satisfy the latter.

A modified curvature operator of (W2, g5) is an H-equivariant operator on A*m.
Thus, by Schur’s Lemma, it decomposes as a block diagonal operator, whose blocks
correspond to the isotypic components” of A?m. Let ™V be one such isotypic compo-
nent, where V' is an irreducible H-representation of dimension d that appears n times
in the decomposition of A?m into irreducible factors. In a suitable basis, the block of

a modified curvature operator corresponding to @™V is of the form A ® Id, where A

6More generally, for each 1 < r < 3, there exists a copy of K in G whose Lie algebra is h & m,..
Each such choice for K determines a bundle map (9.18)) which is a Riemannian submersion onto the
corresponding Cayley plane if and only if 5,41 = $,42, where indices are taken modulo 3.

"Recall that an H-representation can be decomposed as the sum of irreducible factors, and some of
these factors may be isomorphic (i.e., appear with multiplicity larger than 1). An isotypic component
of such a representation is the sum of all copies of an irreducible factor. For irreducible factors that
have multiplicity 1, the isotypic component is just the irreducible factor itself.
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is an n X n symmetric matrix and Id is the d x d identity matrix. In particular, such
a block is positive-definite if and only if A is positive-definite, and analogously for
positive-semidefiniteness. In order to compute each of the symmetric matrices A, we
choose a representative vector v; # 0 in one copy of V', and then produce additional
representatives vo, v3, ... in the remaining copies of V' by taking images of v; under
isomorphisms of representations. Proceeding in this way through all isotypic compo-
nents, we obtain a complete list of representatives {v;}, such that the restriction of
R+ w to the space of representatives span{v;} is positive-definite if and only if R+ w
is positive-definite, and analogously for positive-semidefiniteness.

A computation with weights shows that the representation of Spin(8) on A%*m
decomposes as the sum of 3 copies of an irreducible representation of dimension
28, 3 distinct irreducible representations of dimension 56, and 3 distinct irreducible
representations of dimension 8. The following 9 representative vectors form a complete
list, as described above (in what follows, subindices r are always taken modulo 3):

s(Jr AL+ K AM,), 1<r<3

gl

5 (L A Lo =Lt ALy = Tt Adrge — Kon AKpp

S

2

- Lr+1 A Lr+2 - Mr—i—l A Mr+2 - N’r—i—l A Nr+2 - Or+1 A O'f‘-‘r2>7 1 S r S 37

(ﬂr—i—l A ]lr+2 + Or+1 A Or+2)> 1 S r < 3.

-

2

Furthermore, the following determine a basis of the H-invariant elements of A*m:

wr = (L ALy — gt AKp) A (Lo Ao + Jrpo AKigo)
+(Lrpa A Jrr F L AK ) A (Lo A dpgs — Lo AKGg)
+( L AKpr = Lpan AJp ) A (Lo AKqo + Lo A Jpa)
+(Lrpa ALy + Lgn AMpya) A (L2 ALpgo — Lijo A Myga)

H(Lpr AMyr —Lg AL) A (Lo AMyyo + 1o A L)

125



+(Lr 1 ANt — Lyt AOpia) A (Lg2 ANppo + 1po A Opy)

+<]lr+l A O’/‘-I—l + IT+1 A NT+1) A (]lr+2 A Or+2 - Ir+2 A NT+2)

+(La AL + Jrin AKpp1) A (Lo A Mo — Nojo A O,42)
H(Lpa Adeir —Lpgn AKo1) A (Lpp2 A Nppo + Mo A Orp0)
+(L 1 AK 1+ Lia Adrir) A (L2 A Opgg — Mo AN 0)
—(L i ALy —Lign AMg1) A (Jrp2 ANppa + Koo A Oy40)
(L AMp + Lopg ALpa) A (Jr2 A Oy — Kig AN )
+(L 1 AN + Lt AOrir) A (Jig2 ALpys — Kipo A Mgo)

+<]lr+1 A Or—i—l - Ir+1 A Nr+1) A (Jr+2 A Mr+2 + Kr+2 A Lr+2)

—(Jri AL — Kot AMp1) A (Lri2 AN — Lo A Opp9)
—(Jrpr AMrp1 + Kot ALpgt) A (Lo A Opgg + Lo ANGyo)
+(Jrp1 ANt + Kot AOpgn) A (Lo A Lo + Lo A M, y0)
+(Jr41 AOpp1 = Kojt AN) A (Lo AMyyo — Lijo A L)
—(Lops AMy1 = Nops AOpyn) A(Lpga ALs — Jra AK o)
(L1 ANt + Mgt AOpp) A (Lo AJrgo + Lga AN Kip)

_<Lr+1 A Or—i—l - Mr+1 A Nr+1) A (]lr+2 A KT+2 - Ir+2 A JT‘+2)

(et AL + Kot AMg1) A (Jrg2 A Lo + Ko A M, 0)
—(Jrr1 AMrp1 = Kt ALpia) A (Jrpa AMygo — Kpo ALto)
—(Jr 1 AN — Kot AOpgn) A (Jrgp2 ANppo — Ko A O 0)
—(Jrp 1 AOpp1 + Kot ANG1) A (2 A O + Ko AN o)
—(Lypg1 AMyg1 + Nogg AOpgr) A (Lygg AMygo + Nojo A Opyg)
— (L1 ANp1 = Mypg A Oppr) A (L2 ANjjg — Mo A Ory0)

—(Lirt1 AOrgr + Myt ANGy1) A (L2 A Opg + M2 ANpyp), 1< < 3.
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Thus, a general invariant 4-form w € A*m has coordinates @ = (a1, as, as), such that
W= a; wy + ag Wy + asws. (9.19)

The restriction §(§, @) of a modified curvature operator (R + w): A?m — A’m
to the subspace spanned by the above representative vectors can be computed using
formula (8.20). The result is the block diagonal matrix R= diag (ﬁl, EQ, ]3%), where

the blocks, listed in the same order as the representatives, are given by:

45, =~ 203 o —2a
Rl(_’, a) = P 2@3 452 L 2&1 , (920)
si — 2&2 i — 2&1 483
}A%Q(E’, a) = diag (ST_H + Sy — Sp + 2% +7a,, 1 <r< 3), (9.21)
R4(3,@) := diag (% —a, 1<r< 3), (9.22)
where
s := 2(s159 + 5183 + 5983) — (57 + 53 + 53). (9.23)

Therefore, (W?* gz) has strongly positive curvature if and only if there exists @
such that the above block diagonal matrix }Az(é’, @) is positive-definite. Our strategy
to prove that for certain s there exists @ such that §(§, @) is positive-definite has
two steps, employing the usual first-order argument (Lemma . First, we find a
very special @y = @y(5) such that fi(§, EL’O) is positive-semidefinite;® second, we prove
that (in some cases) there exists @; = d@;(§) such that the corresponding w’ given by

(19.19)) has positive-definite restriction to the kernel of }A%(E', dp). In this way, §(§, a)is

positive-definite by setting @ = @y + € @; for € > 0 sufficiently small. As a byproduct

83y is very special in the sense that if 5 is such that there exists @ for which E(H, @) is positive-

semidefinite, then R(3,dy) is positive-semidefinite (see Theorem .
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of this method, we determine both the moduli spaces of Fs-invariant metrics gz with
strongly nonnegative and positive curvature. The corresponding moduli spaces of

metrics gz with sec > 0 and sec > 0 can be written in terms of the polynomials
2:(8) = (8r41 — Sr42)> + 25,(5,41 + Spy2) — 352, (9.24)
which satisfy p;(5) + p(S) + p3(5) = s, see (9.23). More precisely, the following result

was proved by Valiev [08, Thm. 2], see also Piittmann [78, Thm. 3.1].

Theorem 9.8. The homogeneous space (W?*4, gz) has sec > 0 if and only if p,(5) > 0,
r =1,2,3; and has sec > 0 if and only if p.(5) > 0, r = 1,2,3, and s, are not all

equal.
We use this to prove the following result, which establishes the above first step.

Theorem 9.9. The following are equivalent for the homogeneous space (W4, gz):

_ 2 2
a, = (5741 ;T“) S’”, 1<r<3. (9.25)
Sr

Proof. The implications (i) = (ii) and (iv) = (i) are trivial (see Section [8.1]), and
the equivalence (ii) < (iii) follows from Theorem [9.8]
We now prove the crucial implication (iii) = (iv). It is a direct verification that

Rs(5,d@y) = 0, cf. (0.22) and (0.25). Furthermore, a simple calculation shows

Ro(5,d,) = diag <%pr(§), 1<r< 3), (9.26)
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which is hence positive-semidefinite by condition (iii), see and (9.24). If all s,
are equal, direct inspection shows that the first block §1(§ , o) is positive-semidefinite.
Otherwise, it follows from and that the 2x 2 principal minors of §1(§, dp)
are equal to 4s(s,41 —8,12)2, 1 <r < 3, hence nonnegative. Moreover, §1(§, dp)v =0

where

vim (— =5 —> (9.27)

51 S9 S3

Since its diagonal entries are positive, Sylvester’s criterion implies that E1(§7 do) is
positive-semidefinite. Thus, since all its blocks are positive-semidefinite, the block
diagonal matrix §(§, dp) is positive-semidefinite. As noted above, this is equivalent to
the entire modified curvature operator R+ wy being positive-semidefinite, concluding

the proof that (iv) holds. O

Remark 9.10. Note that the positive-semidefiniteness of the second block §2(§, do) is
equivalent to the conditions p.(s) > 0 for the homogeneous metric gz to have sec > 0.
This can be easily verified through computations analogous to . In fact,
was originally discovered through the observation that positive-semidefiniteness of
the second and third blocks }A%Q(é’, a) and §3(§, a) is equivalent to a, € I, z, for certain
intervals [,z that are nonempty if and only if p.(5) > 0. The choice corre-
sponds to setting a, equal to the left endpoint of I, z, which conveniently implies that

R3(5,dp) = 0. Finally, note that this observation yields a proof that (i) = (iii) which
is independent of Theorem [0.8|

We are now ready to establish the second step in the strategy discussed above:

Theorem 9.11. The homogeneous space (W?*, gz) has strongly positive curvature if

and only if s, are pairwise distinct and p.(8) >0, r=1,2,3.

Proof. Suppose (W?*, gz) has strongly positive curvature, hence also secg. > 0. From

Theorem , it follows? that s, are not all equal and p,.(5) > 0, r = 1,2, 3. Further-

9 Alternatively, positive-definiteness of the second and third blocks §2(§’, @) and §3(§’, @) directly

129



more, if any two s, coincided, then (9.18) would be a Riemannian submersion, (see
Remark [0.7)), contradicting Theorems and [8.22]

Conversely, assume that s, are pairwise distinct and p.(5) > 0, r = 1,2, 3. Recall
that the third block Rs(,d,) vanishes identically, and the second block Ry(3,dy)
is positive-definite by (9.26]). The first block §1(§, dp) is positive-semidefinite, with
kernel spanned by the vector v in (9.27). The restriction of W' = a} wy + @y wo + a ws,
see , to the corresponding subspace of representatives reduces to multiplication

by the scalar

/ /
0 —2a3 —2a,
vt =24, 0 —2d) |v=
51525
—2dy, —2a} 0 17278

(sr(8r = sr1)(87 — 8142)) ay.

If s, are pairwise different, the product of the coefficients of a/. in the above sum is

3
H (37‘(87" — Spy1)(Sr — 8r+2)) = —515253(51 — 82)2(81 - 83)2(82 - 33)2 <0,

r=1

hence at least one coefficient is negative. Setting the corresponding a. to be suffi-
ciently negative and a;_ ,a;,, < 0 small, the 4-form w’ becomes positive-definite on
the subspace of representatives associated to ker E(E', dp). Thus, the first-order per-
turbation R(3,d, + ed.), where @ = (a}, d), ay), is positive-definite for sufficiently

small € > 0. Therefore, (W?!, gz) has strongly positive curvature. O

The above result not only proves that W?* admits Fs-invariant (homogeneous)
metrics with strongly positive curvature, but also characterizes the moduli space of
such metrics, as claimed. The intersection of the subset {5 € R : p,(5) > 0} with the

affine plane {5 € R? : s; + s + s3 = 1}, that corresponds to a volume normalization,

implies that p.(5) > 0, » = 1,2,3, cf. Remark [9.10; and simultaneous positive-definiteness of the
first block R;(8,d@) is impossible if the s, are all equal, since its determinant is negative.
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is the following shaded region:

where dotted segments indicate where s, = 0 (i.e., the boundary of the positive
octant), and continuous segments indicate where two of the s, are equal.!’ Taking
into account the permutations of the entries of §, the above shaded region consists of
6 isometric copies of this moduli space.

Notice that an Fs-invariant metric has strongly positive curvature if and only if
it has sec > 0 and is not a Riemannian submersion (see Remark [9.7). In other
words, the only Fs-invariant metrics with sec > 0 that fail to have strongly positive

curvature are the metrics of the form (9.3)) considered in Wallach’s Theorem, which

10The continuous segments intersect at the point 5= (%, %, %), which corresponds to the normal
homogeneous metric %Q|m on W2,
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correspond to the 3 continuous segments in the above picture.

9.6 Aloff-Wallach spaces Wy,

Let the Lie groups H C K C G be given by S; , € U(2) C SU(3), where:

U(2) = {diag (A,det A) € SU(3) : A € U(2)}

Ske = {diag (2", 2", Z*"") : 2 € S'}
For convenience of notation, set r € (0, 1] and s € (1, 3] to be the numbers
ri=k/{ and s:=1+7r+717%

Up to the appropriate equivalences, the nontrivial cases are given by 0 < k < ¢ and

ged(k, €) = 1. The corresponding homogeneous bundle (9.1)) is
S? /Lo — Wy, —> CP?

The base CP? is a CROSS, the fiber S%/Zy, has constant positive curvature and
dimension < 3, and (g, £) is a symmetric pair.!!

The only other condition needed to apply Theorem is strong fatness. Up to
rescaling, the bi-invariant metric on g = su(3) is given by (9.14). The Q-orthogonal
complements defined in are m = C? and p = R @ C, and can be identified as
the subspaces m = span{1l,I;,1s,Is} and p = span{V,, 13,13} of su(3), where in
addition to the matrices , we define:

NENST (2+r)i  (2r+1)i (r—1)i
VT.—dlag(\/@,— = @)

11'We remark that (£ ) is not a symmetric pair in this case.
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The Lie bracket operator L: m ® p — m defined in (9.5)) is determined by:

[ ] Vi 13 Iy

(R Y A P
Lo|-n/in L -1,
(Y O
L | -/ Lo

Thus, by , ker F' = ker L is spanned by the following 8 vectors of m ® p:

SR AVi AL AL, i AV AL, o P AL+ AT,
\/g]lg/\‘/r—i—]ll/\lg \/glg/\v;—l—]ll/\ﬂg, —T\/gﬂg/\h‘l']ll/\‘/;,
To Aly+ Iy ATs, Iy ATs + I ALy,

Consider the symmetric operator induced by the H-invariant 4-form 7,;, € A*m® A?p,

Tab = ((1]11/\114-6]12/\12)(8(]13/\13)
FV3M AL+ 13 A L)@ (V, Als)

+V3(I AT, =T AL)® (Vo ALy,

where a,b € R are parameters. The restriction 7,;: ker I’ — ker F' is block diagonal

V/3br
V5
—2b

with 2 identical 4 x 4 blocks given by

s (55 )

<< o
252
§

S
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In particular, it follows that 7,;: ker F' — ker F' is positive-definite if and only if

—4y/s<a<0 and —4£<b<0.
T

Since » > 0 and s > 0, there exist a,b € R that satisfy the above, so that
Tap: ker F' — ker I is positive-definite. From Lemma 9.6 there exists ¢ > 0 such

that (F+e7,p): m®@p — m®p is positive-definite, proving strong fatness. Therefore,
by Theorem , all the homogeneous spaces (W,Z 0 8t), kl(k+ ) # 0, have strongly

positive curvature for all 0 < ¢ < 1.

9.7 Berger space B’

Differently from the previous examples, the Berger space B” = SO(5)/SO(3)
does not admit a homogeneous fibration. The inclusion SO(3) C SO(5) comes from
the conjugation action of SO(3) on the space of symmetric traceless 3 x 3 matrices,
which is identified with R?. Alternatively, we can use the double covering maps
Sp(2) — SO(5) and SU(2) — SO(3) to write B” = Sp(2)/SU(2). The inclusion
SU(2) C Sp(2) is such that the corresponding Lie subalgebra b = su(2) of g = sp(2)

is spanned by the following three vectors:

L= ((Z) ??z) Ja= <\2/J§ _oﬁ) Ke= (%z \/052)

Up to rescaling, the bi-invariant metric on g = sp(3) is given by
QX,Y) = —% Retr(XY)

Consider the Q-orthogonal splitting sp(2) = su(2) @m. The complement m = R C?

can be identified as the subspace m = span{V, 1,1y, 15,15, 13,13}, where we set:
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V = diag (3i, —1)

— 3 (ﬁj 1) 1,=+5 (3 ‘g)) 13 = V10 <8 2) (9.28)

-1 0

11:\/5(‘/_32,’€ _OZ> 12:\/5<2 g) 132\/E(8 2)
The isotropy representation of SU(2) on m is irreducible, hence there is a unique
Sp(2)-invariant metric, up to homotheties, which is known to have sec > 0. We
denote by g this normal homogeneous metric corresponding to Q|n.

A computation with weights shows that the representation of SU(2) on A’m de-
composes as the sum of 3 irreducible representations with dimensions 3, 7, and 11.

The following is a complete list'? of representative vectors from each of the 3 irre-

ducible factors:

1
\/ﬁ(]ll/\11+2]12/\12+3]13/\13),
1
V3
1
42(—5]11/\Il+4]12/\12—]13/\13).

(LiAL + 1AL — 15 A15),

QV

Furthermore, up to rescaling, the following is the unique invariant element of A%m:

w:—]11/\Il/\]12/\12—|—]11/\Il/\]lg/\Ig—F]lg/\IQ/\]lg/\Ig

+VALAILAL=VALLALAL;=VALALAL; =V AL AL Als.

Let R € S?*(A*m) be the curvature operator of the normal homogeneous space (B7, g),

and o € S?(A*m) the operator defined in (8.17). From (8.18), it follows that R +

12Gee the discussion in page Section
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3b(«) is a positive-semidefinite operator. The restriction R of the modified curvature

operator R+ 3b(a)+aw to the subspace of A?m spanned by the above representative

vectors can be computed using formulas (8.18]), (2.13]), and the table of Lie brackets:

1 Vv 1, I 1, I 1
1, | -1 — V6K,

L | Li+Vel, -V-1L

1o —1Iy 13— Y03, I+ YK,

I 1, Iy — YIOK, —1,—v105, -V -2,

1, Iy —1, I 1, — %83, —I + K,

I —1; ~1 ~1, L - YK, 1,-%J, V-3L

The result of this computation is the following, where the blocks are listed in the

same order as the representatives:

R = diag (56 + a, 3 —

2a, a), (9.29)

so the modified curvature operator R + 3b(a)) + aw is positive-definite if 0 < a < %

Therefore, the homogeneous space (B, g) has strongly positive curvature.

9.8 Berger space B

Let the Lie groups H C K C G be given by Sp(2) - S' € U(4) C SU(5), where:!3

U(4) = {diag(A,det A) € SU(5) : A € U(4)}

Sp(2) - S' = {diag (2 A,z*) : A € Sp(2) C SU(4), z € S'}

13Note that the Lie group H = Sp(2)-S! is isomorphic to (Sp(2) x S')/Zs, where Zy = {(+1d,1)}.
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The corresponding homogeneous bundle (9.1)) is

RP°> — B3 — CP*.

The base CP* is a CROSS, the fiber RP? has constant positive curvature, and both
(g,%) and (¢,b) are symmetric pairs.

The only other condition needed to apply Theorem is strong fatness. Up
to rescaling, the bi-invariant metric on g = su(5) is given by the same formula as
(9.14). The Q-orthogonal complements defined in arem = C*and p =2 R C?,
and can be identified as the subspaces m = span{1;,1;, 1o, 15, 13,15, 14,1,} and p =

span{V, 15,15, 14, I} of su(5), where we set:

0 0001 0000 2
0 0 00O 00 00O
=10 0000 L, =10 00 0 O
0 0 00O 00 0O0O
-1 0 0 0 O ¢ 00 0 O
0 0 000 000O0O
0 0 001 0000 ¢
I,={0 0 0 0 O LL,=]10 0 0 0 O
0 0 000 000O0O
0 -1 0 00 02 000
00 0 00 000O0O
00 0 00 00 0O0O
Is;=10 0 0 0 1 I3=10 0 0 0 =
00 0 00 00 00O
00 -1 00 00« 00
000 0 O 00 00O
000 0 O 00 00O
1,=10 00 0 O L,=]1]0 0000
000 0 1 0000 2
000 —-10 000 ¢« O
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0 01 0 O 00«00
1 0 00 —-120 1 000 2 0
Is=—1]-1 0 0 0 O Iy=—1¢ 0 0 0 O
V2 0 1.0 0 O V2 02 000
0O 00 0 O 000O0O0
0 0 010 0O 0 0 2 0
1 0 0 100 1 0 0 —2 00
Il¢e=—=| 0 -1 0 0 O Ig=—10 —2 0 0 O
V2 -1 0 0 0 O V2 ¢ 0 0 00
0O 0 000 0O 0 0 00
¢ 00 0 O
1 0 0 0 O
V=—100 — 0 0
V2 00 0 —2 0
00 0 0 O

The Lie bracket operator L: m ® p — m defined in (9.5)) is determined by:

V2[00 Vo1, I 1 g
1, -, 13 I3 1y -l
I 1, I 13 I, 1y
1, I, -1, -1, 13 I3
I 1, -1, 14 Iy —13
1, b -1, - -1, I,
I5 -1 - 1, -I, -1,
1, L 1, -, -1, -L
Iy -1, L 1, -Ii 1

Thus, by , ker F' = ker L is spanned by the following 32 vectors of m ® p:

—11/\V—|—I4/\16, —]11/\V+I4/\]16, —12/\V+I4/\I5, ]12/\V+I4/\]l5,
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LATg+ 1AV,
“I, AV 414 AT,
“LAV +13 A1,
I, AV + 15 AT,
1y ATy + I AT,
1y ATs 4 1y AL,

—]11 /\]16+Il /\167

—1 AV + 14 AT,
LA+ 1AV,
—1, AV +I3A 15,
—1 AV +13AT5,
1y ATy + I A g,
1y ALy + 1y A,

]11/\16+Il/\]167

LAV +14 AN,
LAV +13 NI,
LiAnT;+I3A YV,
LAV +13A 15,
—1; AT+ 1 A5,
=1 AN I+ 15 A5,

—]11 /\]154—11/\15,

—Iy AV + 14 A5,
—Iy AV + 15 A 1,
Lo AV 4+ 1501,
L AL +15AV,
—1y Alg+ 1o AT,
1y Al +15 AT,

]11/\I5+Il/\]15.

Consider the symmetric operator induced by the H-invariant 4-form 7 € A?’m ® A2p,

T:—(]12/\12—]11/\11)®(]15/\I5+]16/\16)

+ (T AT+ AL)® (15 Alg—I5 A Tg)

—(I1 AL =T ATy) @ (15 AL+ 15 A 1g)

— (TgAI3 =14 A1) @ (15 A L5 — 16 Alg)

+ (IsA T+ I3AL) @ (15 Alg+ 15 Alg)

— (s ATy —I3A1y) @ (15 Alg —I5 A dg)

+ (I A3 =L AT =T AL+ ATy @ (V Als)

+ (T A3+ AL+ I AT + 1A L) @ (VAT

+ (I AL =L AT+ 1 AT3 =T Al3) @ (V Alg)

+ (T AT+ AL =T AT3 =L AL @ (V AT).

The restriction 7: ker F' — ker F' is the identity operator, hence positive-definite.
From Lemma there exists € > 0 such that (F +e7): m®p — m ® p is positive-
definite, proving strong fatness. Therefore, by Theorem [9.5], the homogeneous space

(B'3,g;) has strongly positive curvature for all 0 < ¢ < 1.
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Remark 9.12. The normal homogeneous metric (corresponding to t = 1) on the
Berger space B' is known to have sec > 0, by the work of Berger [8]. A direct
computation of its modified curvature operator shows that this metric does not have

strongly positive curvature.

This concludes the proof of Theorem since all simply-connected homogeneous
spaces that admit an invariant metric with sec > 0 were verified to also admit an

invariant metric with strongly positive curvature, except for the Cayley plane CaP?.

9.9 Comments and perspectives beyond homogeneous spaces

We conclude this chapter with a few comments regarding the above classification
of homogeneous spaces with strongly positive curvature, and a brief account on future

perspectives to understand more general manifolds with strongly positive curvature.

Remark 9.13. Many homogeneous spaces occurring in Theorem [0.1], apart from the
CROSS, are related via Riemannian submersions or totally geodesic immersions,
which allows for alternative proofs that these spaces have strongly positive curvature.
For instance, there is an embedding W% — W'? whose image is the fixed point
set of an isometry, hence totally geodesic, see for details. In particular, it
follows from Proposition that W5 has strongly positive curvature, since W12
does. Analogously, by the Taimanov embedding W, — B', the Aloff-Wallach space
Wf | has strongly positive curvature since B'? does. Finally, there are Riemannian
submersions Wy, — W?®, so Theorem provides yet another proof that W9 has

strongly positive curvature.

Remark 9.14. In Wallach’s Theorem [9.2 under the extra hypothesis that (¢, b) is a

symmetric pair, i.e., [p,p] C b, the conclusion is that (G/H,g;) has sec > 0 for all
O<t<lorl<tc< %, see Wallach [102, p. 291]. However, even under this extra

hypothesis, the second and third terms in are negative-semidefinite if 1 < t < %,
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which prevents the proof of Theorem from extending to 1 <t < %. In fact, there
are examples of homogeneous spaces (G/H, g;) that satisfy all of the above hypotheses
(and hence have sec > 0 for all 1 <t < %) but do not have strongly positive curvature

(or even strongly nonnegative curvature) for all 1 <t < %, see Remark [10.15|

After concluding the classification of simply-connected homogeneous spaces that
admit an invariant metric with strongly positive curvature, a natural question is to
determine the moduli spaces of all such invariant metrics. This was done in Section (9.5
for W24, and is done for the other Wallach flag manifolds in Section , following
Bettiol and Mendes [I4]. Furthermore, in the remainder of Chapter , the moduli
spaces of Berger spheres with strongly positive curvature are studied.

Apart from homogeneous spaces, other examples of closed manifolds with sec > 0
are given by biquotients. A biquotient G//H is the orbit space of a free isometric action
of a Lie group H C G x G on a compact Lie group G, given by (hy,hy) - g = highy '
The quotient map G — G//H is a Riemannian submersion, and hence formula

can be applied to compute the modified curvature operator of biquotients. In par-

ticular, it follows from ([2.16]) and (8.16) that biquotients have strongly nonnegative

curvature, cf. Section [8.4. Furthermore, there are infinite families of biquotients with
sec > 0, namely the Eschenburg spaces E° and E}Z,e» and the Bazaikin spaces B;?’,
which are respectively generalizations of W°, W/, and B'?, see Ziller [112] for de-
tails. An infinite subfamily of Eschenburg spaces E,ZI can be shown to have strongly
positive curvature, with a limiting argument analogous to the original argument of
Eschenburg [36]. In particular, since there are Riemannian submersions E,Zj — ES,
this implies that also E® has strongly positive curvature. However, a complete verifi-
cation that all known examples of biquotients with sec > 0 also have strongly positive
curvature is still under way.

Homogeneous spaces and biquotients aside, the only other known examples of

closed manifolds with sec > 0 are cohomogeneity one manifolds, as well as a pro-
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posed positively curved exotic sphere [76]. Grove, Wilking and Ziller [46] performed
a systematic study of simply-connected closed cohomogeneity one manifolds with
sec > 0, which lead to a classification result with an infinite family of candidate
manifolds. More precisely, they found two infinite families P}, Qf, k > 2, and an
exceptional case R”, of 7-dimensional manifolds which are the only manifolds dif-
ferent from homogeneous spaces and biquotients that could carry a cohomogeneity
one metric with sec > 0. Shortly after, Grove, Verdiani and Ziller [44] constructed
an invariant metric with strongly positive curvature on the candidate PJ, which was
also identified as an exotic 7T75*. Dearricott [28] has independently found a metric
with sec > 0 on this manifold, using modified curvature operators in an indirect way.
Recently, Verdiani and Ziller [I00] showed that the manifold R” does not admit an
invariant metric with sec > 0. A better understanding of cohomogeneity one man-
ifolds with strongly positive curvature would certainly contribute to advancing this
theory.

The search for topological obstructions for closed manifolds to admit strongly
positive curvature is another major component in advancing this theory, and com-
plements the search for non-homogeneous examples. An important tool to find topo-
logical obstructions to curvature conditions is Hamilton’s Ricci flow. In particular,
the Ricci flow was used by Bohm and Wilking [I7] in the classification of manifolds
with positive-definite curvature operator, proving that this condition is preserved
under the flow. In earlier work, Bohm and Wilking [16] provided the first example
of a closed manifold with sec > 0 that develops mixed Ricci curvature under the
Ricci flow. This example is the Wallach flag manifold (W'? gz) with a homogeneous
metric gz that can be chosen arbitrarily close to a metric of the form g; discussed
in Section [9.4] see Section for details. In particular, gz can be chosen to have
strongly positive curvature, since this is an open condition. Therefore, similarly to

sec > 0, strongly positive curvature is not preserved under the Ricci flow.
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Another natural attempt to find topological obstructions to strongly positive cur-
vature is related to the Gauss-Bonnet integrand of a curvature operator, and the
so-called algebraic Hopf conjecture, related to the Hopf Problem [[Il Given an op-

erator R € S(A*V), where dim V' = 2n, its Gauss-Bonnet integrand x(R) is given

by:
2n—1
X(R) = Z sgn(o) sgn(7) H <R(ea(i) A €a(it1)), Er(s) N\ 6T(’i+l)>7
0,7€EG2, =1

where &, is the group of permutations of 2n symbols, sgn(c) denotes the sign of the
permutation o and {e;} is an orthonormal basis of V. It has been long known that if
R is positive-definite, then x(R) > 0, see Kulkarni [61], p. 191]. By the Chern-Gauss-
Bonnet Theorem, the integral over a closed manifold (M?*", g) of the Gauss-Bonnet
integrand x(R) of its curvature operator is equal to the Euler characteristic x (M),
multiplied by a (positive) dimensional constant.

While the Hopf Problem [[I] remains open in general, its algebraic variant, that
asks if an algebraic curvature operator R in even dimensions with secg > 0 (recall
(8.2))) has x(R) > 0, is completely settled. Milnor proved in unpublished work that
the algebraic Hopf conjecture holds in dimensions < 4, see Chern [24]. In partic-
ular, in light of Proposition [8.9] this shows that curvature operators in dimensions
< 4 that have strongly positive curvature also have yx(R) > 0. Geroch [39], and
later Klembeck [60], provided counter-examples to the algebraic Hopf conjecture in
dimensions > 6, which are algebraic curvature operators in even dimensions > 6 that
have secg > 0 but x(R) < 0. It is not hard to verify that these examples have
strongly positive curvature, hence are also counter-examples to the strong version of
the algebraic Hopf conjecture. Nevertheless, it is not known whether closed manifolds

with strongly positive curvature and even dimension > 6 have y(M) > 0.

143



CHAPTER 10

MODULI SPACES

In this chapter, we analyze the moduli spaces of homogeneous metrics with
strongly positive curvature and strongly nonnegative curvature on Wallach flag mani-
folds (following Bettiol and Mendes [14]) and on Berger spheres. These results provide
concrete applications of several techniques developed in Chapters [§ and [9]

The Wallach flag manifolds W, W12 and W?* are total spaces of sphere bundles
S*(3) - wl =P, SYE) - WP s HP?, S%(3) - W = CaP?, (10.1)

and were studied in Sections[9.3] [0.4] and[0.5] where they were proved to have strongly
positive curvature. The latter contains a complete description of the above mentioned
moduli spaces for W?2*, see Theorems and . In Section , we apply similar
techniques to determine these moduli spaces also for W% and W', following [14].
The Berger spheres are odd-dimensional spheres obtained by rescaling the round

metric by A in the vertical direction of one of the Hopf bundles
St — P epr, 8P o S HPY, ST 8P S8(L). (10.2)

More precisely, a Berger metric on the total space of one of the above bundles is of the
form A gy B gy, where gy, &gy is the round metric, and gy and gy respectively denote

its vertical and horizontal parts. These metrics are homogeneous and have sec > 0 if

and only if 0 < A < 3, see Verdiani and Ziller [99]. In Sections [10.2} [10.3] and [10.4]

we prove that the above Hopf bundles are strongly fat (recall Definition [9.4)), and use
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Theorem [9.5|to conclude that certain Berger metrics have strongly positive curvature,
analogously to what was previously done for other homogeneous spaces in Chapter [0
However, the range of Berger metrics for which this method works is somewhat
unsatisfactory, since it does not include the round metric, A = 1. This is due to

the fact that the normal homogeneous metric on these spheres is a Berger metric

with shrunk Hopf fibers, see (10.10)), (10.14) and (10.21)). For the first two bundles

in (10.2), an argument with Cheeger deformations using Proposition gives a

more satisfactory range (see Propositions [10.7] and [10.11)). For the third bundle in

(10.2)), a direct computation provides a complete description of the moduli spaces
(see Proposition [10.14). In particular, this yields examples of homogeneous spaces

with sec > 0 that do not have strongly nonnegative curvature, see Remark [10.15]

10.1 Wallach flag manifolds

The Wallach flag manifolds W°, W2 and W?! have appeared in Sections
, and respectively. These are the manifolds of complete flags in K3, where K is
one of the real normed division algebras: C, H, and Ca, respectively. An analogous
construction can be carried out with IK = R, giving rise to the real flag manifold
W3, which can also be considered here (but on which the notion of strongly positive
curvature coincides with sec > 0 by dimensional reasons, see Corollary .

Recall that a complete flag F in K3 is a sequence of linear subspaces
F={{0} c F' c F* c K’},
where dimy F* = i. The natural projection map

o W3mK L Kp? o n(F)=F,
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is a submersion, whose fiber 771 (F!) over a K-line F' consists of all K-planes F*
that contain F'. Such K-planes are in one-to-one correspondence with the K-lines
in the orthogonal complement (F'), hence 7~!(F!) can be identified with KP*.
This makes W34mK the total space of a sphere bundle over KP?, see ([10.1)). The
isometry group G of each projective plane IKP? above acts transitively on J/3dimK,
Furthermore, the induced subaction of the isotropy subgroup K of a K-line F! is

transitive on the corresponding fiber 7=1(F1). Altogether, each sphere bundle ([10.1)

is a homogeneous bundle of the form (9.1)), with Lie groups H C K C G given by:

G/H | K H K G
w: | R L & L 0(2) 50(3)
wé | ¢ T2 U(2) SU(3)

W | H | Sp(1)Sp(1)Sp(1)  Sp(2)Sp(1)  Sp(3)

W2 | Ca Spin(8) Spin(9) Fy

Let @ be the bi-invariant metric on G described in Sections[9.3] [9.4] and [9.5)in each
of the above cases, and let m be the subspace such that g = h @ m is a Q-orthogonal
direct sum, as in Section [8.4 In all cases above, the Ad(H)-representation m has 3
irreducible factors m = my; @ my @ mg, each isomorphic to K as a real vector space.
These irreducible factors can be parametrized by the skew-Hermitian matrices with

zero diagonal entries

0 T3  —x2
KeoK®K> (z1,z9,23) — | =23 0 21 | € my & my ®ms.
) —ZL'_I 0

The standard bases of KK* correspond to Q-orthonormal bases of m via the above.
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We denote the elements of such bases by

L, L, Jp, Kp, Lo, My, NG, O, l<r<3.

Explicit formulas for the first half of the above matrices are given in (9.15]) and (9.16]).
Since m,., 1 < r < 3, are irreducible and nonisomorphic, Schur’s Lemma implies that
G-invariant metrics on G/H are parametrized by 3 positive numbers. We denote these

by §= (s1, $2,83), so that the corresponding G-invariant metric is given by

gz = S% Q|m1 D 8% Q|m2 D S% Q|m3; at T(eH)G/H =m; O my O mg,

which is the same notation used in Section [0.5] for the case IK = Ca.

For any fixed §, there are natural inclusions

(W37g§) — (W67g§> — (W127g§) — <W24=g§) (103)

whose images are the fixed point set of an isometry, and hence totally geodesic.
Thus, by Proposition [8.15] and Theorem [9.9 all the above homogeneous spaces have
strongly nonnegative curvature if' p,.(5) > 0, for r = 1,2, 3, since (W?!, gz) does.
Furthermore, by Proposition [8.15] and Theorem [9.11] these homogeneous spaces have
strongly positive curvature if s, are pairwise distinct and p.(§) > 0, for r = 1,2, 3.
However, this does not account for all homogeneous metrics with strongly positive
curvature on W3, W¢ and W1'?; e.g., the metrics gz on W% and W'? have strongly
positive curvature if §= (1,1,¢) and 0 < t < 1, see Sections and .

Using methods similar to those in the proof of Theorems and we now

provide a complete description of these other moduli spaces. The case of the real

flag manifold (W3, gz) is omitted, since it is locally isometric to S® with the Berger

'Recall that p.(5) are the polynomials defined in (9.24)), see also the figure in page M
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metric A1 gy, D A2 gy, B A3 gy, for which the moduli space of homogeneous metrics

with sec > 0 (and hence strongly positive curvature) is well-known,? see e.g. [99].

Theorem 10.1. The following are equivalent for (W gz), (W% gz) and (W?*, gz):

(i) gz has strongly nonnegative curvature,
(i) secg. >0,

(iii) p-(5) >0, forr=1,2,3.

Proof. The fact that (ii) and (iii) are equivalent was proved by Valiev [98, Thm.
2], see also Piittmann [78, Thm. 3.1] and Theorem [0.8] The equivalence of (i) and
(iii) was proved in Theorem [9.9] for the case of W24, The cases of W6 and W2 also
follow from Theorem [9.9] since their modified curvature operator is a restriction to
the corresponding subspace of the modified curvature operator of W24, due to the

totally geodesic embeddings ([10.3)), see Proposition [8.15 ]

Remark 10.2. The fact that the above moduli spaces for W6, W12 and W?* coincide
can be explained using a generalization of the embeddings ((10.3), by showing that
planes with extremal sectional curvature can be moved via isometries to become

tangent to certain totally geodesic submanifolds, see Wilking [106].

Restrictions of a positive-semidefinite modified curvature operator of W?* to sub-
spaces corresponding to W6 or W2 are clearly positive-semidefinite, but may also be

positive-definite in these subspaces. This is what happens if two of the s, coincide:

Theorem 10.3. The following are equivalent for (W° gz) and (W% gz):
(i) gz has strongly positive curvature,
(ii) secg, >0,

(iii) s, are not all equal, and p.(5) > 0, forr=1,2,3.

2These are left-invariant metrics on SU(2) 22 $% and have sec > 0 if and only if p,(X) > 0, where
A= (A1, A2, A3).
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Proof. The implication (i) = (ii) is trivial, and the fact that (ii) and (iii) are equiv-
alent was proved by Valiev [98, Thm. 2], see also Piittmann [78, Thm. 3.1] and
Theorem [0.8 In what follows, we prove the crucial implication (iii) = (i). The case
of W follows from that of W2, since modified curvature operators on the former are
restrictions of modified curvature operators on the latter.

The H-representation A?m on W2 decomposes into a total of 9 isotypic compo-
nents. More precisely, there are 2 copies each of 3 irreducible nonisomorphic repre-
sentations of dimension 3, 3 distinct irreducible representations of dimension 12, and
3 distinct irreducible representations of dimension 4. The following 12 representative

vectors form a complete list (defined in page [125)), where indices are taken modulo 3:

\/Li(]lr+1 A IT+1 - Jr+1 A JrJrl)a \/LE(]lrJrQ A Ir+2 + Jr+2 A Jr+2)7 1 S r S 37
T A Lo = Ly ALys — Jogt Adrsa — Jyg1 Ad i), 1 <r <3,
\/Li(]lr—kl ANlypo +Jrr A Jr+2)7 1<r<3.

Furthermore, the following determine a basis of the H-invariant elements of A*m:

¢r = <]lr+1 A Ir+1 - Jr+1 A Jr—l—l) A (]lr+2 A Ir+2 + Jr+2 A Jr+2)

+<]l'r+1 A\ Jr—l—l + Ir—l—l A J'r—l—l) A (]lr+2 A JT‘+2 - Ir+2 A Jr+2)

F+(La Adpr = Lan AJrg) A (Lg2 A drga + Lipo A i), 1<r <3,
V=1, AL AJ. AT, 1<r<3.
Thus, an invariant 4-form w € A*m has coordinates (EL’, 5) = (ay,as,as, by, bs,bs),

such that:
w=ay g1+ az G2 + az @3 + b1 Y1 + by Y + b3 Ps. (10.4)

The restriction §(§, a, 5) of a modified curvature operator (R+w): A?m — A’m
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to the subspace spanned by the above representative vectors can be computed using
formula (8.20)). The result is the block diagonal matrix R= diag (El, Eg, Eg), where

the blocks, listed in the same order as the representatives, are given by:

5 /(- =7 . 4Sr+1 - br—i—l —= + 2CL7«

— sy <r< .
R (5,d,b) := diag (( —5 42, dsgat b)) 1<r<3), (10.5)
Ry(5,,b) := diag (sy41 + Sri2 — 5, + 55 +3a,, 1 <1 < 3), (10.6)
Ry(5,.0) = ding (gt —q, 1 <7 <3), (10.7)

where s = 2(s189 + 5183 + $283) — (87 + 52 + s2), cf. (9.20)), (9.21), (9.22) and (9.23).

Therefore, (W2, gz) has strongly positive curvature if and only if there exist a
and b such that the above block diagonal matrix §(§, a, 5) is positive-definite. Since
we are assuming that p.(§) > 0, for r = 1,2,3, we know from Theorem that
there exist dy and I;O such that ﬁ(E’, dy, 50) is positive-semidefinite. In fact, it follows
from the totally geodesic immersions and Theorem that this holds if we set
by = (0,0,0) and @ to be as in , i.e., such that R\g (§, do, I;D) vanishes identically.
Direct inspection shows that the second block Eg (§, ao, Z;O) is positive-definite. As to

the first block ﬁl(g, do, I;O)7 note that

48,41 -2 +2a,\ 4s 9
det (_i + 2, Ao ) = 8_2(37“—4-1 — Sr42)” (10.8)

T

If, on the one hand, s, are pairwise different, then §1(§, ao, go) is positive-definite.
In this case, for any a < 0, the 4-form W' = a{¢1 + a\ps + a3 becomes positive-
definite on the subspace of representatives corresponding to ker E(é’ L o, 50). Thus, the

first-order perturbation R(S,dy + ed’, bo), where @’ = (a}, aj, aj), is positive-definite
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for sufficiently small € > 0, by Lemma If, on the other hand, s, # s,11 = S,40,
then the 2 x 2 matrix in ((10.8)) has kernel spanned by w := (1,1)*. The restriction of

w/:a/1¢1+a/2¢2+ag¢3+b/1¢1+b/22/12+bgw3

to the corresponding subspace of representatives reduces to multiplication by

o 24’
w* ( Qb(;/H b'i:) w=da, =y + b4,

Setting a, < 0, b, = b,.,; = 0 and b, > —4a;., the above w' becomes positive-
definite on the subspace of representatives corresponding to ker ]/3:(§ .o, 50). Similarly
to the previous case, the first-order perturbation §(§, ap + ed’, by + b/ ) is positive-
definite for sufficiently small € > 0, by Lemma

Thus, we conclude that (W2, g5) has strongly positive curvature, so (i) holds. [J

Remark 10.4. Even though are totally geodesic isometric embeddings between
the Wallach flag manifolds, note that the block diagonal matrix R for W2 with blocks
(10.5), (10.6), and is mot a submatrix of the block diagonal matrix R for W24
with blocks , , and . This is due to the lists of representative vectors

for W12 not3 being a sublist of the one for W2*. We also remark that the invariant
A-forms (10.4) with b = (0,0,0) coincide with the projection of the invariant 4-forms
(9.19) to A of the subspace tangent to W12,

Remark 10.5. The upshot of Theorems and is that a homogenous metric
on W¢ or W12 has strongly positive curvature if and only if it has sec > 0, while
a homogenous metric on W?2* has strongly positive curvature if and only if it has

sec > 0 and does not submerge onto CaP?.

3In fact, such a choice is not possible due to the differences in the corresponding representations.
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Note that some of the metrics with strongly positive curvature on W° and W12
that cannot be obtained by combining Proposition [8.15] and Theorem [0.11 namely
those corresponding to § = (1,1,¢), 0 < t < 1, had been found using Theorem
The only extra information given by Theorem [10.3| is that those corresponding to
s=(1,1,t), 1 <t< % also have strongly positive curvature, cf. Remark We
remark that ¢ € (0,1) U (1, %) parametrizes the entire line segments in the figure of
page excluding the central point where they intersect (which corresponds to the

normal homogeneous metric).

10.2 Berger spheres S?**!

The Hopf bundle S' — §?**1 — CP" is a homogeneous bundle as in (9.1)), where

the Lie groups H C K C G are given by
SU(n) € S(U(n)U(1)) € SU(n + 1), (10.9)

and the inclusions are the usual ones as block matrices. The base CP" is a CROSS,
and (g, ) is a symmetric pair. The fiber S! has dimension 1, and can be considered
to have constant positive curvature for the purposes of applying Theorem [9.5] since
it trivially verifies the appropriate conditions due to A’R = {0}.
Up to rescaling, the bi-invariant metric ) on g = su(n + 1) is given by formula
(9.14). The homogeneous metric g; defined in ({9.3)) is the Berger metric
g = gy @y, (10.10)
see, e.g., Grove and Ziller [47, Table 2.4]. In particular, notice that the normal

homogeneous metric g; is never the round metric, except on SU(2) = S3. Further-

more, up to rescaling, the Berger metrics A gy & gy, A > 0, parametrize the space of
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SU(n + 1)-invariant metrics on S***1 = SU(n + 1)/SU(n).
The Q-orthogonal complements defined in (9.2) are m = C" and p = R, and can

be identified as the following subspaces of su(n + 1).

0 0 21
m= : s ec, 10.11
0O ... 0 =z, ! ( )

-z —Zn 0
= span {diag(—i,...,—z’,nz’)}. (10.12)

Note that m®p = C" @ R = ¢"(C ® R), and there is a corresponding decom-
position of the Lie bracket operator L,: m ® p — m defined in (9.5 as L, = &"L,
where L = Ly. Thus, the operator F,,: m®@p — m® p defined in decomposes as
F, = ®"F, where F' = F;. Set n =1, and let 1 and I be the matrices obtained by set-
ting z; equal to 1 and ¢ on , respectively. Furthermore, let I, = \/Li diag(—1, 1),
see . The Lie bracket operator L: m ® p — m is determined by:

\/Lﬁ['? ] IP
1 I
1 —1

Thus, by , ker FF = ker L = {0}, hence F is positive-definite. Therefore, also
F, = @"F is positive-definite, hence the homogenous bundles S! — S$?"+1 — CP"
are strongly fat.*

Instead of applying Theorem directly, notice that since A?p = {0}, the modi-
fied curvature operator Rin is block diagonal, R= diag (ﬁn, EQQ). From

“Notice that A%p = {0}, so the only way in which the operator (F + 7), with 7 € A’m ® A%p,
can be positive-definite is if F' is positive-definite, since 7 = 0.
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and (9.11)), the first block ﬁn can be made positive-definite for all 0 < ¢ < %, us-

ing that the base CP™ has strongly positive curvature; and the second block ﬁm is a

multiple of F},, hence positive-definite. Thus, by (10.10)), we conclude that the Berger
2(n+1)

spheres (S*"*!, A gy @ gy) have strongly positive curvature for all 0 < A < =5

Remark 10.6. The above is not the maximal range of A for which (S?"™ A gy ® gy)
has strongly positive curvature, unless n = 1. Notice that, e.g., since the round
metric A = 1 has positive-definite curvature operator (which is an open condition),
the metrics A gy @ gy have strongly positive curvature for A in an open interval around
A =1, for all n > 1. This is not detected by the methods of Theorem because
the normal homogeneous metric g; on S***1 = SU(n + 1)/SU(n) is a Berger metric

that was already shrunk in the vertical directions of the Hopf bundle, see (|10.10]).

Although the above application of Theorem is conceptually interesting, since it

uses strong fatness of the Hopf bundle, a stronger result follows from Proposition [8.18|

Proposition 10.7. The Berger spheres (5’2”+1,/\gv P gH) have strongly positive

curvature for all 0 < X\ < 1.

Proof. Tt suffices to prove that the Berger metrics Agy @ gy, 0 < A < 1, are Cheeger
deformations of the round metric, and apply Proposition [8.18 and Theorem [8.20]
Since H = SU(n) is a normal subgroup of K = S(U(n)U(1)) in (10.9), there is an
isometric K-action on G/H = S?"! given by k- gH := gk7'H. The orbits® of this
action are the fibers of 7: G/H — G/K, i.e., the Hopf fibers. The corresponding
Cheeger deformation has the effect of shrinking the round metric in the vertical
directions of the Hopf bundle. More precisely, the Cheeger deformation of the round

metric after time s > 0 is the Berger metric 1%8 gy + gu, see (4.8). O]

Remark 10.8. We stress that this approach cannot be used in any of the examples

5The ineffective kernel of this action is H, so it descends to an isometric K/H-action on S2"+1,
which is simply the usual circle action with orbit space CP™.

154



studied in Sections [9.3] [0.4] [9.6] and [0.8] using Theorem [9.5] since H is not a normal

subgroup of K in those cases.

Remark 10.9. Although the above is not a complete description of the moduli space
of Berger spheres S?"*! with strongly positive curvature, direct computations of
modified curvature operators are feasible in low dimensions. The case n = 1 is

trivial, since strongly positive curvature is equivalent to sec > 0 in dimensions < 4,

see Corollary [8.10l The next case is n = 2, in which we have the Hopf bundle

St — 85— CP?

A direct computation shows that the Berger metric Agy @ gy on S° has positive-

definite curvature operator if and only if 0 < A < g = 1.2, and strongly positive
curvature® if and only if 0 < A < %. Recall that \ gy @ gy are known to have sec > 0

if and only if 0 < A < %.

10.3 Berger spheres S4*3

The Hopf bundle S3 — S4"*3 — HP™ is a homogeneous bundle as in (9.1]), where

the Lie groups H C K C G are given by

Sp(n) C Sp(n)Sp(1) C Sp(n + 1), (10.13)

and the inclusions are the usual ones as block matrices. The base HP" is a CROSS,
and (g, €) is a symmetric pair. The fiber S* has constant positive curvature and
dimension < 3.

Up to rescaling, the bi-invariant metric @ on g = sp(n + 1) is given by formula

5The only SU(3)-invariant 4-forms on S5 = SU(3)/SU(2) are multiples of the (pull-back of) the
volume form of the base CP?; recall Proposition
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(9.14). The homogeneous metric g; defined in (9.3)) is the Berger metric

g = 58v D e, (10.14)

see, e.g., Grove and Ziller [47, Table 2.4]. Furthermore, up to rescaling, there is a
3-parameter family of Sp(n + 1)-invariant metrics on S = Sp(n+1)/Sp(n), which
includes the Berger metrics Agy & gy, A > 0. The remaining Sp(n + 1)-invariant
metrics are of the form \; gy, & Aagy, B A38p, B gu, Ai > 0, where V=V, &V, & V3
is a Q-orthonormal decomposition of the vertical direction V 2 sp(1) = R3. In what
follows, we only consider the case A = \; = Ay = A3 corresponding to the Berger
metric A gy @ gy, since it has the largest isometry group after the round metric.”
The Q-orthogonal complements defined in arem = H" and p = sp(1) = R3,

and can be identified as the following subspaces of sp(n + 1).

0 0 21
m= : s emt 10.15
0O ... 0 2z, ! ( )

—Z1 —Zn 0
p = {diag (0,...,0,w) : w € ImH}. (10.16)

The problem of verifying strong fatness can be reduced to the case n = 1. Indeed,
mp=H"®ImH = &"(H ® ImH) and the Lie bracket operator L,,: m® p — m
defined in clearly decomposes as L, = @&"L, where L = L. Thus, the operator
F,om®p - m® p defined in decomposes as F,, = @®"F, where F' = F}.

"This ansatz considerably simplifies certain computations, through the use of Proposition |8.14
Recall that the identity component of the full isometry group of the above Sp(n + 1)-homogeneous
metrics is either Sp(n+1), Sp(n+1)U(1), Sp(n+1)Sp(1) or SO(4n+4), according respectively to the
cases in which \; are pairwise distinct, two of the A; coincide, A\ = Ay = A3, and Ay = Ay = A3 = 1.
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According to Definition , the homogeneous bundle ((10.9)) is strongly fat if there
exists 7, € A’m ® A?p such that (F, + 7,): m®p — m ® p is positive-definite. If
there exists 7 such that '+ 7 is positive definite, then 7,, = @"7 is such that F,, + 7,
is positive-definite, verifying the above claim.

Assume that n =1, and let 1, I, J, and K be the matrices obtained by setting z;
equal to 1, ¢, j, and k on (10.15]), respectively. Furthermore, let I, J,, and K, be the
matrices obtained by setting w equal to v/2i, /27, and v/2k on , respectively.
The Lie bracket operator L: m ® p — m defined in is determined by:

S L K,
1 I J K
I -1 K -J
J -K -1 I
K J -1 -1

Thus, by , ker F' = ker L is spanned by the following 8 vectors of m ® p:

Consider the operator induced by the Sp(1)-invariant® 4-form 7 € A?m ® A%p,

T=JAK-1AD)® (J, ANK,)
+(AAT+IANK)® (I, AK,) (10.17)

+(INT=1AK)® (I, AJy).

8The corresponding 4-form 7 € Q*(S7) is invariant under the full isometry group Sp(2)Sp(1) of
the Berger metrics Agy @ gy, A > 0.
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The restriction 7: ker ' — ker F' is the identity operator, hence positive-definite.
From Lemma there exists € > 0 such that (F +e7): m®p — m @ p is positive-
definite. Thus, the homogeneous bundle S? — S7 — HP! is strongly fat, and hence
so are all homogenous bundles S3 — S4 3 — HP™.

Therefore, by and Theorem , we conclude that the Berger spheres

(S4n+3, Agy & gH) have strongly positive curvature for all 0 < \ < %

Remark 10.10. Analogously to Remark [10.6, we observe that the above is not the
maximal range of A for which (34’”3, Agy @ gH) has strongly positive curvature,
since, e.g., the round metric A = 1 has positive-definite curvature operator and hence

strongly positive curvature.
Although the above application of Theorem [9.5|is conceptually interesting, since it

uses strong fatness of the Hopf bundle, a stronger result follows from Proposition [8.18

Proposition 10.11. The Berger spheres (S4n+3,)\gy ) gH) have strongly positive

curvature for all 0 < X < 1.

Proof. The proof is completely analogous to that of Proposition [10.7] using that
H = Sp(n) is a normal subgroup of K = Sp(n)Sp(1) in (10.13). O

Remark 10.12. Analogously to Remark [10.9 direct computations of modified curva-
ture operators are feasible in low dimensions to yield complete descriptions of the

appropriate moduli spaces of Berger metrics. Let us consider the case n =1,

S3 —5 87 — HP.

A direct computation shows that the Berger metric A gy @ gz has positive-definite

curvature operator if and only if % < A < \; 2 1.202, and strongly positive curvature’

9The only Sp(2)Sp(1)-invariant 4-forms on S” = Sp(2)/Sp(1) are a7+bvol, a,b € R, where vol is
the (pull-back of the) volume form of the base HP!, and 7 is given by (10.17); recall Proposition
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if and only if 0 < A < Ay = 1.304, where A\; and A\, are the real roots of the
polynomials p;(A) = 8A\% — 16A% 4+ 11X — 4 and pa(\) = 253 — 60A\? + 48\ — 16,
respectively. Recall that these metrics have sec > 0 if and only if 0 < A < % =~ 1.333.

Notice that the proper inclusions (%, A1) € (0,)) € (0, %) correspond to proper

3
inclusions of the classes of Berger metrics with, respectively, positive-definite curva-
ture operator, strongly positive curvature, and sec > 0. It is also straightforward
to verify that the closures of these intervals, namely [%, )\1] - [0, )\2} - [0, %} corre-
spond to proper inclusions of the classes of Berger metrics with, respectively, positive-
semidefinite curvature operator, strongly nonnegative curvature, and sec > 0.
Finally, recall that S admits a totally geodesic embedding into $*"*3 for alln > 1,
where both are equipped with the Berger metric A g,,@gy. Thus, by Proposition[8.15]
the Berger spheres (S Agy @ gy) with n > 1 and Ay < X < %, are examples
of homogeneous spaces with sec > 0 that do not have strongly positive curvature,
similarly to CaP?, B'®, and W?!, see Theorem Remark and Theorems
and However, we stress that, differently from the previous examples, the Berger

spheres (S4n+3, Agy @ gH), A <A< %, do not have strongly nonnegative curvature.

We conclude this section mentioning a few important consequences of the above

discussion for the bundle

CP' — cp*tt — HP™ (10.18)

This is also a homogeneous bundle as in (9.1)), where the Lie groups H C K C G are

respectively given by

Sp(n)U(1) C Sp(n)Sp(1) C Sp(n + 1), (10.19)

There are 10 linearly independent 4-forms on S7 invariant under the smaller group Sp(2), including
7 and vol. This makes the problem of determining the moduli space of strongly positive curvature
homogeneous metrics with 3 different parameters {1, A3, A3} much more complicated.
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and the inclusions are the usual ones as block matrices. Note that the smaller group
H' = Sp(n) for the Hopf bundle is a subgroup of the above H = Sp(n)U(1), see
. Since H/H" = S!, fiber and total space of the Hopf bundle are circle bundles
over the corresponding fiber and total space of , that is, the diagram

53 —— gt HP"

l | H

s? —— Ccptt —— HP

is commutative, where the horizontal lines are the homogeneous bundles correspond-
ing to and , and the vertical arrows are projections of circle bundles.
In particular, the complements p’ and p such that € =’ & p’ = b & p satisfy p C p’.
Thus, it follows that the fatness map F': m® p — m ® p for the bundle is
the restriction to m ® p of the fatness map F': m® p’ — m ® p’ for the Hopf bundle.
Since there exists 7/ such that F’ + 7’ is positive-definite, it follows that F + 7 is
also positive-definite, where 7 is the restriction of 7/ to m ® p. Therefore, is
a strongly fat bundle for all n > 1.

The other hypotheses of Theorem are also easily verified for . Thus,
we conclude that the Berger-type metrics A gy @ gy on CP?" ! satisfy the following
result, where gy, @ gy, is the standard metric, and gy, and gy respectively denote its

vertical and horizontal parts with respect to ([10.18]).

Proposition 10.13. The Berger-type metrics Agy ® gy on CP*" 1 have strongly

positive curvature for all 0 < A < 1.

The case A = 1 does not follow from Theorem but has been addressed in
Theorem [8.20] Notice that Proposition [10.13|does not follow from Proposition [10.11
Indeed, equipping S***3 with any Berger metric, the projection S43 — CpPn+!

is a Riemannian submersion, where CP*"*! is equipped with its standard metric.

Moreover, notice that the method used in the proof of Propositons [10.7] and [10.11]
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does not apply to the above bundle ([10.18]), since H = Sp(n)U(1) is not normal in
K = Sp(n)Sp(1), see (10.19).

10.4 Berger sphere S'°

The Hopf bundle S7 — S — S#(1) is a homogeneous bundle as in (9.1]), where

the Lie groups H C K C G are given by

Spin(7) C Spin(8) C Spin(9). (10.20)

The above inclusions are described in Section 9.5 and further details can be found
in Grove and Ziller [47, p. 633-634] and Verdiani and Ziller [99, p. 476]. The base
SS(%) is a CROSS, the fiber S” has constant positive curvature, and both (g, £) and
(€, h) are symmetric pairs.

Up to rescaling, the bi-invariant metric Q) on g = s0(9) is given by formula (9.14),
where Re can be omitted. The homogeneous metric g; defined in is the Berger

metric

g = 18v @ gn, (10.21)

see, e.g., Grove and Ziller [47, Table 2.4]. Furthermore, up to rescaling, the Berger
metrics Agy @ gy, A > 0, parametrize the space of Spin(9)-invariant metrics on
S15 = Spin(9)/Spin(7).

The Q-orthogonal complements defined in (9.2]) are m = R® and p = R, and can

be identified as the following subspaces of s0(9),

m = Spal {E197 Esg, B39, Eug, Es9, Eeg, Ero, E89}>
p = span {Vl = %(Em + By + E37 + Eygg), Vo i= %(En + By — Fss — Eyg),

Vs := 3(E13 — By — Es7 + Egs), Vi := 5(Eig — Eas — Ess + Euz),
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Vs =

N

(Ers — Eor + Esg — Eus), Ve := 5(Ew + Esq — Esg — Ers),

Vi i= (B + Ea — Ess — Eg7) },

where E;; € 50(9) denotes the matrix with 1 in the (7, j)th entry and —1 in the (4, ¢)th

entry. The Lie bracket operator L: m ® p — m defined in (9.5)) is determined by:

2[, ] | O O N

EIQ E59 E?Q E39 E69 E89 E29 E49
E29 E69 E89 _E49 _E59 _E79 _E19 E39

E89 _E49 _E29 _EGQ E39 _EIQ E79 E59

Thus, by , ker F' = ker L is spanned by the following 48 vectors of m ® p:

—E1g AN VI + Egg A V7, —E19 AN Vo + Egg AV, —FE29 N Vs + Egg A V5,
—E19 AN V3 + Egg A Vi, E19g N Vi + Egg A\ 'V3, E19g ANV + Egg A Va,
E19 NV + Egg A VA, —E19 AN Vy+ Erg N V7, Erg ANV + Eqg AV,
—E19 ANV + E7g AV, E19 NVz+ Eqg AV, —E19 AN Vi + Eqg A V3,
—Ea9 ANV + Erg A V3, E19 N V3 + Eqg A VA, Erg ANVa+ Egg A V7,
—E19 AN VI + Egg A Vg, Erg ANVs+ Egg A\ V5, —FE29 N Vs + Egg A Vi,
—Ey9 AN Vs + Egg A V3, —E19 N V7 + Egg A Vs, E19 AN Vs + Egg A VA,
E19 N Vs + Es9 A V7, E19 N Vy+ Es9 AV, —FE19 N V7 + Esg A V5,
—FE19 AN Vs + Es9 A Vi, Erg ANVa+ Esg A V3, —E19 AN V3 + Esg A Va,
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—FE29 A\ Vs + Es9 A V1,
E1g ANV + Eyg AN Vs,
Eyg ANVy+ Eg A Vs,

—E19 AN V7 + E39 A Vg,

—FE29 N Vs + E39 A V3,

—E19 AN V3 + Eag A V7,

Eig N V74 Eag A\ V3,

—Eo9 AN Vs + Egg N\ V7,
—E19 N Vo + Eyg NV,
—E9 N Vs + Eyg N VA,
—E19 AN Vy+ Ez9 A V5,
E1rg ANV1+ Esg AV,
Erg ANV + Egg A V5,

—FE19 N Vs 4 Eag A Vs,

E19g NV3 + Eg9 N\ Vg,
—E19 AN Vs + Egg N\ V3,
Erg ANV + Esg A V7,
E1g ANV + Esg AV,
—E19 N Va+ Ez9 A VA,
Er9g AN V1 + Egg AV,

—Fig NVy+ Ey A V7.

Consider the operator induced by the Spin(7)-invariant 4-form 7 € A?m ® A?p,

T =—(Ew A Esg — Eag N\ Egg + Esg A\ Ezg — Eg9 N\ Egg) @ (Vo A V)

— (Ehg A\ Esg + Eog N\ Egg — Esg A\ Ezg — Egg N\ Egg) @ (Vi A V)

— (Ehg A\ Esg — Egg N\ Egg — Es9 A\ Erg + Eg9 N\ Egg) @ (Vs A V)

+ (E19 A\ Erg — Eog A\ Egg — E39 N\ Esg + Eyg A Ego) @ (Vi A V3)

+ (E19 A Erg — Egg A\ Egg + E39 A\ Eg — Egg A\ Ego) @ (Vi A V7)

— (B9 A Erg + Egg N Egg + Esg A Esg + Eg9 A\ Ege) @ (Vs A V)

— (B9 A Esg + Egg N\ Egg — Esg A\ Ezg — Egg N\ Egg) @ (V1 A Vs)

+ (E19 A\ Esg + Eog A Egg + Esg A Erg + Egg A\ Egg) @ (Vi A V)

— (B9 A\ E39 — Eag A\ Eyg + Esg A\ Ezg — Egg N\ Egg) @ (Vs A V7)

+ (E19 N\ Egg — Eog A\ Esg + E39 A\ Egg — Eyg A\ Erg) @ (Vi A V)

— (B9 A Egg + Egg N\ Esg — Esg A\ Egg — Egg N\ Erg) @ (V3 A V)

+ (B A Egg + Egg A\ Erg — Esg A Egg — Egg N\ Es9) @ (V1 A V7)
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+ (B A Egg — Egg A\ Erg — E39 A\ Egg + Egg N\ Es9) @ (Vo A V)

+ (E19 N\ Egg + Eog A\ Eqg + E39 A\ Ego + Egg A\ Esg) @ (V3 A Vy)

— (Eqg A\ Egg — E39 N\ Eyg — Esg A\ Egg + E79 N\ Egg) @ (V1 A V))
— (Eyg A\ Egg — E39 N\ Eyg + Esg A\ Egg — Ez9 N\ Egg) ® (Vo A V5)

+ (B A Eog + E39 A\ Egg + Esg A\ Egg + Erg A\ Egg) @ (V3 A V7)

— (Eyg A\ Egg — Egg N\ B39 — Esg A\ Esg + Egg N\ Erg) @ (V1 A V5)
+ (B A Egg — Egg N\ E39 + Esg A Esg — Egg A\ Erg) @ (Vo A'Vy)

— (Ehg A\ Egg + Eog N\ Esg + Esg A\ Egg + Egg A Erg) @ (V3 A V).

The restriction 7: ker F' — ker F' is the identity operator, hence positive-definite.

From Lemma there exists € > 0 such that (F +e7): m®p — m ® p is positive-

definite. Thus, the homogeneous bundle S7 — S — 58(%) is strongly fat.
Therefore, by and Theorem , we conclude that the Berger sphere

1

(515,)\gv &) gH) has strongly positive curvature for all 0 < A < 7. Once more,

this is not the maximal range of A on which there is strongly positive curvature.

Proposition 10.14. The Berger sphere (815,/\gv @ gH) has positive-definite cur-
vature operator if and only zf% < A < A3 = 1.165, and strongly positive curva-
ture if and only if 0 < X\ < Ay = 1.184, where A3 is the only real root of p3(\) =

163 —32X%2+19\—4 and A4 is the largest real root of py(\) = 289N —612\2+360\—48.

Proof. Follows from a direct computation analogous to those in Remarks [10.9) and
10.12} that uses Proposition and the fact that the only Spin(9)-invariant 4-forms
on S = Spin(9)/Spin(7) are aT + bw, a,b € R, where 7 is given by (10.22)), and

w € A*m is given by

w =FE19 N\ Eag N\ Ezg \ Eyg — Esg N Egg N\ Erg N Egg
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— (Eyg A\ Egg + E39 A\ Eygg) A (Esg A\ Egg + Erg N Egg)
— (B9 A E39g — Eog A\ Eyg) A (Esg A Ezg — Egg N Egg)

— (E19 N E49 + E29 A E39) N (E59 VAN Esg + Eﬁg A E79). OJ

Remark 10.15. Analogously to Remark [10.12] we observe that the proper inclusions

(3,23) € (0,M\s) € (0,%) correspond to proper inclusions of the classes of Berger
metrics with, respectively, positive-definite curvature operator, strongly positive cur-
vature, and sec > 0. It is also straightforward to verify that the closures of these
intervals, [%, )\3] - [0, )\4} - [O, %} correspond to proper inclusions of the classes of
Berger metrics with, respectively, positive-semidefinite curvature operator, strongly
nonnegative curvature, and sec > 0. Thus, (5™, Agy ® gy), A < A < 3, is a further

example of homogeneous space with sec > 0 without strongly nonnegative curvature.

Remark 10.16. Since the Hopf bundle S” — $' — $¥(1) is such that both (g, £) and

(€, ) are symmetric pairs, see (10.20]), Remark [10.15| implies that the strong version
of Wallach’s theorem (Theorem does not extend to 1 <t < %, see Remark
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