Exercises in Classical Mechanics
CUNY GC, Prof. D. Garanin No.4 Solution

1 Hamiltonian formalism for the double pendulum

(10 points) Consider a double pendulum that consists of two massless rods of length I; and lo with masses
my and mgy attached to their ends. The first pendulum is attached to a fixed point and can freely swing
about it. The second pendulum is attached to the end of the first one and can freely swing, too. The motion
of both pendulums is confined to a plane, so that it can be described in terms of their angles with respect
to the vertical, ¢; and ¢,.

a) Write down the Lagrange function for this system.

b) Introduce generalized momenta p; and ps and change to the Hamiltonian description. Find the
transformation matrix that yields the velocities ¢; and ¢ in terms of the momenta p; and py. Write down
the Hamilton function H(p;, p1, ¢y, p2) using the transformation matrix.

c¢) Obtain the Hamilton equations.

Solution: a) Both kinetic and potential energy of the system are the sums of the contributions of the first

and second masses:
L=T-U, T =T+ Ts, U=U; +Us. (1)

For the coordinates of the masses 1 and 2 one has
z1 = lising,, Y1 =licosp (2)

and
x9 = Iy sin @y + lo sin s, Yo = 11 cos g + Iz cos @y, (3)

with the y-axis directed downwards. For the potential energies one has

Uy = —migyr = —magli cos gy, Uz = —magys = —mag (I1 cos ¢y + Iz cos @) . (4)
Kinetic energies are given by
miy 9.
Ty = 75%% (5)
and m m
2 (. . 2 2. . .
T = 5 (37% + y%) =5 {l%%’% + 155 + 201l cos (o — o) 901S02} . (6)

All together yields

my + ma
2
+ (m1 + ma) gl cos p; + magla cos . (7)

. mo o . ..
Bot+ 71580% + malilz cos (1 — o) P1P2

b) The generalized momenta are given by

oL . .
T (m1 +ma) ¢y + malila cos (o) — ¢3) ¢y
1
oL . .
P2 = 7&2) = mal3py + malila cos (1 — 3) Py (8)
2

This can be written in the matrix form as

P g %A ’ K — (m1 4+ m2) [§ malila cos (;Pl —¢2) | 9)
P2 @2 malila cos (o1 — ¢3) mal3
Note that the kinetic energy in Eq. (7) can be written as

T=%<¢1 D9 )K<:§;>:;<¢P1 ¢2)<z;>:;(¢1p1+@gp2) (10)



and that K7 = K. The inverse transformation reads
(2)-=(2)
2 2

K-l _ 1 mal3 —malila cos (p; — v9)
- 2712 o 2 . _ Il _ 12 ) (12)
malils [m1 + mg — ma cos? (p; — py)] malila cos (v — @) (m1 +ma) I3

again (K‘l)T = K. Using the transposed relation

(sbl s‘og):(m pQ)(K’l)Tz(pl pz)K*, (13)

one can write the kinetic energy, Eq. (10), in the form

TZ%(ZH p2)Kl<g;>~ (14)

Now the Hamilton function becomes,

1 _
H:T+U:§(p1 D2 )K 1 ( ]Z;; > — (m1 + ma) gl1 cos p; — magls cos @,. (15)

In the standard form this reads

malip + (m1 + ma) 8p3 — 2malils cos ¢y — @y) p1pa
2mal3l3 [m1 4+ my — ma cos? (p; — ©y)]

H= — (m1 + ma) gly cos p; — maglacospy.  (16)

¢) The Hamilton equations read

. oM
OH oH
Pa s P2 900 (17)

The task to work out these equations is left to the reader. The equations for p; and ps are pretty cumbersome
since one has to differentiate the denominator. It is best to do with a mathematical software. The whole
system of Hamiltonian equations for the double pendulum is much more cumbersome than the system
of Lagrange equations. The only purpose to consider the Hamilton equations here is to show that the
Hamiltonian formalism is not well suited for engineering-type problems with constraints.

2 Canonical transformations

(10 points)
a) The canonical transformations between two sets of variables are

Q=In(1+/gcosp), P =2(1+./qcosp)+/gsinp. (18)
Show directly that this transformation is canonical. Show that
2
Foo(p, Q) = — (eQ — 1) tanp

is the generating function of this transformation.
b) For what values of a and 3 do the equations

Q=q%cos(fp), P =q"sin(fp)

represent a canonical transformation? What is the form of the generating function F,g(p, @) in this case?



Solution: a) To check whether a transformation is canonical, one can show that the fundamental Poisson
brackets are invariant:

{Q>P}q,p = {QvP}Q,P =1 (19)

Explicit calculation is below:

0Q 0P 0Q 0P
(P}, = 200929

1 1
= cosp X 2[—4/qgsin sinp+ (1 + cos cos
T Jacosn 2vi p X 2[—y/gsinp\/gsinp + (1 + \/gcosp) \/q cos p]
1

+1+\/§cosp

1
- wqcosp[‘\/5005}781112]9-1-0052;04-\/60053p+sin2p—|—2\/§cospsin2p}
= ;[I—F\/@cospsingp—i—\/acosgp}
1+ /qcosp
= ; {1 + \/acosp(siHQp—i—coszp)] =1. (20)
1+ /qcosp

1
Vgsinp x l\/@ sinp+2cospsinp]

Now check that )
Foop,Q) = — (eQ — 1) tanp

is the generating function of this transformation. that is, one has to check the relations

_ 0F,0 0F,0

- . p=_-2Lm 21
q o 90 (21)
One obtains SF -
_TRR (@ 22
Op <€ ) cos?p’ (22)
On the other hand, from Eq. (18) follows
eQ —_ 1= \/acosp7 (23)
so that indeed OF
pQ
— = 24
> (24)
Further with the help of Eq. (23) one obtains
F,
_6859 = 2 (eQ - 1) e?tanp = (2\/gcosp) (1 + 2,/gcosp) tanp
= 2(1+2/qcosp)./qsinp = P, (25)
as it should be.
b) Let us calculate the Poisson brackets
0Q 0P 0Q 0P
@ Plr = 3090 B0 90
q Op p 0q
= aq* " cos (p) x q*Bcos (Bp) + ¢*Fsin (Bp) ag™ " sin (Bp)
= afg® " [cos® (Bp) +sin® (Bp)| = afg® . (26)

For the transformation to be canonical, this Poisson bracket should be identically equal to 1 that requires

ie.,
Q=q"cos(2p), P=q"sin(2p). (28)



The generating function F,q(p, Q) should satisfy Eq. (21). To use Eq. (21) to find Fpq(p, @), one should
first express ¢ and P via the arguments p, Q. From Eq. (28) one obtains

0F,0 0F,0

= — P=- . 29
Q2
= — P = Qtan(2p).
Now integrating the equation
F,
P =Qtan(2p) = —aaéQ (30)
on () one obtains
Q2
Fyq = —— tan(2p) + f(p). (31)
Here the integration Q-constant f(p) can be obtained from another relation
_ @ 9Fe_ @  df(p
4= = - = — + . (32)
cos? (2p) Op cos?(2p) dp
This yields
d
j;(pp) =0 = f(p) = const, (33)

an irrelevant constant that can be dropped. Thus F,q is given by Eq. (31) with f(p) =

3 Vortex dynamics

(10 points) Consider the equations of motions describing vortices of strength -, with positions r; = (z;, y;)
in the plane

D N 27 =+ VT 2 (34)
i |I'l I'J| i |rz r]]
Consider the Hamiltonian H and the following Poisson brackets:
of dg Of 39)
1 1 1B ; . 35
;m wri-rl {f9) = Z (e it (3)
(a) Check that Hamilton equations
i =A{zi,H}Y, 9 ={yi, M} (36)
reproduce the equations of motions. (Check that the standard Hamilton equations can be written in this
form, t00)
(b) Show that the following quantities are conserved:

P, = Z%’yi, Py=-> v (37)

(c) Find the Poisson brackets {P,, H}, {P,,H}, and {P,, P,}, as defined above.
(d) Find the solution of the equations of motion for a system of two vortices.

Solution: a) The Poisson brackets yield the Hamiltonian equations

o L (On o omeom _ 1 om

oy OH Oy an) 1 OH

1
R JH :5 = IR - o 38
Yk {ow. H} ks, <8scj dy;  Oy; Ox;j Vi Oz (58)



Using Eq. (35) one obtains

. 1 oH 1 Y7 0ln|r; — 1 ViV 1 dlr; —rjl

) Ok _52 e az : :_52 Zjlr-—r-\ ;9 : (39)
and 1oH 1 o1 1 1 9

yk - - 7= Z ’YZrYJ n |rz - rj‘ _ - Z ’Y’L’YJ ’I‘Z - r]‘ (40)

Vi 0Tk, oxy, Vi |ri—r;|  Ozg

J#i
In these expressions
2 2
8]ri—rj|_5\/(:ri—£€j) +(yi_yj) . Yi — Y5 8(yi—yj)_ Yi — Y ((5k (5'k) (41>
- - s . v J
O O Vi —2)* + (i —yy)? fri = 11
and ) |
r, — I‘j xX; l’j
Oik — 0ik) - 42
6ﬂl’k |I‘ —I';| ( k jk) ( )

Substituting these results in the equations above one obtains

ViV Yi Y
J#Z Tk [T J?ék k=% k;éz k
that is,
Vi (44)
;C Z|rk _rz|2

and, similarly,

. Ty — T

Yk = Z’)’zm (45)

These equations indeed coincide with those given in the formulation of the problem. Note that «, is the
strenght or vorticity of the ith vortex.
b) One has ' .
Py = {Py, H}, Py ={P,, "}, (46)

so that calculating Poisson brackets with H amounts to calculating time derivatives. This can be proven
using Eq. (38). It is more direct to calculate these derivatives using the equations of motion:

P;p = Z'kak Z%'Yk -y ‘2 = 0. (47)
k i#£k

It is easy to see that the result is zero since the summand is antisymmetric in ¢ and k. Similarly one can
prove that P, = 0, too. Thus P, and P, are integrals of motion.
c) As argued above, {P,,H} = {P,,H} = 0. It remains thus to calculate

! (‘9Pw oF, _ 0% aPy) =y (_ayaxa 890%)

{Pe, Py} = Zi

w Ve \Oxy dyy Oyp Oxy )ty \ Oxg yk - Oy Oz,
Vi
= Z ’y;: Oikdjk = Z’Yk- (48)
ijk K

From the Jacoby identity for the Poisson brackets follows that if P, and P, are integrals of motion, then
{P;, P} is also an integral of motion. In our case, however, this new integral of motion is trivial.
d) For the system of two vortices the equations of motion read

o= Yy — Y2 By = — Y2 — Y1
T P T P
. T — T2 Ty — X1
_ e 2l 49
Y1 V2|r1 *I'2|27 y 71’ rl|2 ( )

The integrals of motion of Eq. (37) for two vortices take the form

Py, = viy1 + Y212, P, = —vyz1 — 7972. (50)



They can be interpreted as coordinates of the center of mass of the two vortices. The relative motion of the

vortices is described by the variables
X =z — 29, Y =y — yo.

For X and Y one obtains the equations of motion

. Y . X
X:*(’71+72)ﬁa Y:(V1+’Y2)ﬁ
with
R*=X%+Y2
Note that the distance between the vortices R is a constant of motion:

dR? : : XY
i =2XX42YY = -2( )

Thus Eq. (52) can be written in the form

YX

+2(m +72)F

X = —wyY, Y = woX,

where
71t

wo = R2

=0.

(51)

(55)

(56)

is an angular velocity. This is the angular velocity with which the two vortices are rotating around each

other. Indeed, the solution of Eq. (55) can be represented in the form
X =ReZ, Y =ImZ,

where
Z =X+1iY

satisfies the equation .
7 = z‘woZ

and has the form
7 = Re™otteo,

It would be interesting to investigate the behavior of systems of more than two vortices.

(57)

(58)

(59)

(60)



