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Small oscillations with many degrees of freedom

1 General formalism

Consider a dynamical system with N degrees of freedom near a minimum of the potential energy. The
Lagrangian has a general form
L= D) > (majiiiy — kijaizs) (1)
ij
where z; = ¢; — qgo) are deviations from the minimum and the mass and stiffness coefficients are symmetric,
m;; = my; and k;; = kj; The Lagrangian can be written in the matrix form as

1 /. .
E:i(XT-M-X—XT-K-X), 2)
where M is the mass matrix, K is the stiffness matrix, X = (z1,22,...,2y) (a column) and X7 its trans-

position (a row). The Lagrange equations read

Z(m,]xj—i—k”xj) =0, i=1...N, (3)

J

or, in the matrix form,

M-X+K-X=0. (4)

We search for the solution in the form
X = asin (wt) (5)

[or the same with cos (wt)] and obtain the system of linear algebraic equations
2 _
(—w M + K) -a=0. (6)
This system of equations has a nontrivial solution for a only if
M + K| =0 (7)
that defines N eigenfrequencies w?, o = 1...N. One can prove that w? are positive, if the potential energy
is a positively defined bilinear form, as it is the case for the energy minimum. Then the vectors a, are

real. We will assume the simplest case of w? nondegenerate, w? # w% for o # (. Technically, Eq. (6) is a

generalized eigenvalue problem,
K-a=\M"-a (8)

and a is eigenvector of K with respect to M. Algorithm for solving this problem is implemented in Wolfram
Mathematica.

The problem we are solving is resembling an eigenvalue problem. It is more complicated, however, since
we have two matrices instead of one. Whereas in eigenvalue problems eigenvectors corresponding to different
eigenvalues are orthogonal, here a generalized orthogonality relation takes place. To obtain it, write Eq. (6)
with two different eigenvalues w? and w%:

wM-a, = K-a,

wiM-az = K-ag. (9)



Now multiply the first equation by ag from the left, multiply the second equation by al from the left, and
subtract them from each other:

waﬁ M- a, — wﬁa Maﬁ—aﬁ K- a,—al K-ag. (10)

Usmg symmetry of matrices M and K, one can be easily show aﬁ ‘M-a,=al -M- ag and aﬁ K-a, =
-K - ag. Thus the rhs vanishes and one obtains

(w2 w%) -M - apg = 0. (11)

This means that for a # 3 one has al - M - ag = 0. It is convenient also to require al - M - a, = 1. This
gives the generalized orthogonality condition

ag-M'ag = 5,15. (12)
Now from the second of equations (9) one obtains
wﬁa -M-ag = wﬁéaﬁ— al K- ag (13)

One can compose the N x N matrix of vectors A by stacking all a,, together. In terms of A Eq. (12) takes
the form
AT . M-A=1, (14)

where I is the unit matrix, whereas Eq. (13) becomes
AT K- A =02 (15)

where 2 =diag {wq} .
Let us now introduce the normal-coordinate vector ¢ defined by

X=A-¢ X'=(A-Q'=¢" AT (16)
These equations can be resolved for ¢ and (,:
C=AT"X, (o=(ATY) @ (17)

Note that, according to Eq. (14), A~' # AT and (A‘l)m. # aq;. Inserting Eq. (16) into the Lagrangian,
Eq. (2), and using Egs. (12) and (15), one obtains

(" ATM-A - ATK A Q)= (¢ E-¢ ) (18)

l\DI»—\

1
2
or

1 N
=52 (6 —w2c?), (19)

where ¢, are components of the normal-coordinate vector ¢ or normal coordinates. One can see that the
Lagrangian is separable in terms of the normal coordinates, so that every normal coordinate (, oscillates
with its own frequency wq:

Co(t) = Csosin (wat) + Ceq cos (wat) . (20)
From Eq. (16) one obtains
N N
= Z ainCy(t) = Z Ao [Csa sin (wat) + Ceq cos (wat)] (21)
= a=1



that can be compared with the tentative Eq. (5). To obtain the coefficients from the initial conditions, one
writes

Co(t) = Cuawa €08 (Wat) — Coawq sin (wat) (22)
and at t = 0 from Egs. (17), (20), and (22) obtains
(A1 , _ (a-1)  Zi(0)
Cea=(A7") 2,(0),  Cia=(A7") o (23)

2 Example: Double pendulum

Consider a double pendulum that consists of the pendulum 1 attached in a standard way and the pendulum
2 attached to the end of pendulum 1. For simplicity we consider the case m; = mg = m and 1 = Iy = L.
Describing the pendula with the angles 61 and 65, one writes

r1 = lIlsin#by, T = Isinfy + [ sin by

y1 = —lcosb, yo = —lcosfi — [ cos bs.

The potential energy reads
U =mg (y1 + y2) = —mgl (2 cos 01 + cos 03)

and the kinetic energy is given by

2 . . \2 . .\2
T = % (m% + y% + :17% + y%) ml [91 + (— cos 1601 — cos 9202) + (Sin 0101 + sin 0292) ]

mi?
= 5 [201 + 02 + 2 (cos 01 cos O3 + sin 61 sin 03) 0192}

Near the ground state 1 = 63 = 0 one leaves only quadratic terms that results in
_ 7 _ mgl 2 2
L=T-U=— (291+92+29192) 5 (203 +63).

Identifying this with Eq. (1) yields

o 21 _ 20
M-ml(ll, K =mgl 01 )

The generalized eigenvalue problem, Eq. (6), has the form

( 2 (—w? + wd) —w? ) ( a )
2 2 2 =0,
—w —Ww* + wj a2

where we have introduced

~|<Q

The secular equation is
0 = 2(—w2—|—w(2))2—w4:{ﬁ(wz—wo)—l—w}[\/ﬁ(aﬂ—w%)—wz}
= [(\/i—k 1) wz—\/iw%} K\@—l)m —\/iw%} .

Thus the eigenfrequencies are given by

S ST




Let us find now generalized eigenvectors and normal modes of the system. Eq. (?7) becomes
2 (wi — w%) 1o +wiase = 0
wiala + (wi — w%) ase = 0.

For instance, from the second equation one obtains

2 2
—ws +w
aa:ﬂa( C“2 0)7

W

where i, are normalization coefficients. In particular,

ap = M1<_wi¥w%):le%<2\/§?/%>:,ulw%(\/§_1)<\}§>
a = Mz( —w%w—%i—w% ) :MQW?)( _2\?\;51 ) :Mzwg (\/§+1) < . )
Let us check the orthogonality of these eigenvectors, Eq. (12):
al . M-.a, = ,ul,u2m12wé(1 ﬁ)(i 1)(&%)2;11#2771[2013(1 ﬁ)(:iig)
= ppgmiPol (1 V2 ) < _1/5 ) (va—1) =0,

as expected. Now calculate normalization factors:

= et () () (21) ()
= imlPw] (\/5—1)22\/5 (\/54- 1) = pimi?w} (\/5—1) 2v/2

[\

and
2 —1
= et () () (20) ()
2
= ,u%ml2wé(\/§+1) Qﬁ(ﬁ—l):u%ml2wé(\/§+l)2\/§.
Thus
1/2
a1 1 o1 (Va2
Feo e\ (Vi-1)2v2 2\ 22
1/2
ot~ 1 o <\/§—1>1/2
T Ve \(Var1)2v3) ViR \ 22
and, finally,

1 (va-1\"P
T UmeE\ 22 V2

1 (ve+1\P
¥ T UmeE\ 22 vz )




Now, the angles expressed through the eigenmodes are given by Egs. (16) or (21):

1/2 1/2
1 21 1 2+1
0, = a11C1+6L12C2:W<\/Q_\/§> Cl_,/mp (gji) 62
AN 1/2
0, — a21C1+CL22C2:\/§W\/§<\/2§\/§1> ¢+ ;lg\/i<\/2§\};1> Co-

The inverse transformation has the form

1/2 1/2
det; O1a22 — O2a12 9 V241 V2+1
- - = (f1a — 0 12 = Vmi2V/2 01 + Vmi2 9
C1 det a11a22 — 21012 (6102 2a12) m " < 2V2 ! m 2V/2 2

/
_ W(ﬁ“)l 2(\/§el+92)

2V/2

1/2 1/2
detsy 9 V2-1 V2-1
= = _ 0o — a6 1?2 = 12 0 — Vmli2v/?2 0
Co Jot (a1102 — ag161) m m <2¢§> 2 m /«i%@ 1
1/2
2—1
_ m12<\/;\/§> (_\/591+92).

One can see that in the normal mode 1 both pendula are swinging in-phase and in the mode 2 they are
swinging antiphase. The frequency of the mode 1 is lower.
3 Example: Two coupled oscillators

Another model that illustrate general principles and has more interesting physical content is the model of
two coupled oscillators with the Lagrangian

m
L= B (gc% — w%x% + w% — w%w% — A29€19€2) . (24)

We will show that if |w; — wa| > A, the oscillators behave nearly independently from each other and oscillate
with their own frequencies wy 2, whereas in the opposite limit they strongly hybridize and both normal modes
involve both coordinates. Here the matrices M and K are given by

_ 10 _ wi  A?)2
M_m<0 1)’ K_m<A2/2 w3

and the eigenvalue problem, Eq. (6), is

—wr+w?  A?)2 ap
2 2 2 =0.
A%)2 —w®+ws as
Note that this is a standard eigenvalue problem, not generalized. The secular equation has the form
0= (w2 - w%) (w2 - w%) — A4 =0t - WP (w% —I—wg) +wiwd — At/4

and the eigenfrequencies are

1
o =5 (W rud o+ o) - autud+ A1) =

s (Frapsi-ug®+a1). ()

N —



One can see that, indeed, for |w; — wa| > A the eigenfrequencies wy coincide with wy 2. On the other hand,
for w1 = wy = wg one obtains

1
Wi =wlt EAQ. (26)
Let us now find the eigenvectors and normal modes. From the equation
(—wi + w%) a4+ + (A2/2) as+ =0
one obtains
o — A?)2
+ = My w?t _ w% )

where p,, is a normalization coefficient. This form is nonsymmetric and it is convenient to symmetrize it.
To this end, consider the case wi < we. One can see from Eq. (25) that the frequencies are ordered as

wo <wy <wy < Wy,

Now ay can be symmetrized as

a, = 27
+ = K4 ﬁ(ﬁ;%) (27)

with another p, . Here

A2 A2
and
A? B A? Rl (W - w))? A
2 _ 2 - - _ A2
2w} —wi) —w? +wd (W —wB) P+ Al A
B w%—w%+\/(w%—w%)2+A4
_ N ,

To the contrary, a_ can be symmetrized as

A2
2 2_ .2
a_ = p_ (of ) (28)
2(w%—w%)
-\ —ar—
Here
2(f-e?) Wi —wdty/(ef —uwd) A
A2 - A2
and
A2 A% wf —wf — /(0] —uB)’ + A
Y A =
2 (Wi —w?) w%—w%—F\/(w%—w%)z—kA‘l —A?
el (@l - w))? A
_ ~



Obviously eigenvectors a; and a_ are orthogonal. Let us now calculate the normalization factors.

2
i
1= ai'a+=A—§<\/—w%+w%+\/(w%—wg)2+A4 \/w%—w2+\/ +A4>
w2 2 _ 4
\/W1+W2+\/( W2) +A
\/w%—w%—l—\/(w%—w%)2+A4

—w%+w%+%(w?—w%)2+A4+w%—w§+V(w%—w%)ﬂwﬂ— e (w? —wd)? + AL,

S

A2

The equation for u_ is the same. Thus one obtains

A2
$2\/ 2 —wi) +A4'

After that Eqgs. (27) and (28) become

w?—w?
wi—w2+ (w2—w2) +A4 1+ D)
a A’ = 1 (sh=e) "
+ = = = )
4 2 2 —__YTw
2\/ HA —2twd i/ (w2—wd) + Al V2 1 ———
AZ (wl—wQ) +A

and

= 2_ 2
2/ (] — w3)” + A wi—wi+y/ (w3 -u3) A S =
o A2 (wf—wg) +A4

Both eigenvectors can be written as

2 wi-w3
—w24wi+ (w2—w2) +A4 -1
1 2 1 2 5 212
J A2 N 1 (w2—w?)®+At

I
w —w2)2+A4
W1 Wz
q/ w?—w? +A4
Actually this result is valid for an arbitrary relation between wq and ws. For wg — wq > A one has

(1) ()

that means that wy = ws corresponds to the second oscillator and w_ = wy corresponds to the first oscillator.
In the resonance case w? = w3 one obtains
1 1
ay = —
VG NED

that means that the modes are strongly mixed.
The original coordinates expressed through the normal modes are given by

Ti = Z a’iOcCom
a=+




ie.,

Ty =a14+Cy +a1-C_, o = az4+(4 +ag-(_.
The normal modes behave as independent harmonic oscillators with frequencies w4. Thus the time depen-
dence of both x1 and x5 is a superposition of these two oscillations.

Now consider, as an illustration, the resonance case w1 = wo = wg with a small coupling A <« wg. Here

= % (C4+C),  a= % (S (29)

and, inversely,
1 1
C+:ﬁ(l’l+l’2)a C_Zﬁ(xl—@)-

Suppose at ¢ = 0 oscillator 1 was in a general state while oscillator 2 was in its ground state. Then the
initial condition for the normal modes is

(o) = é_<o>=%fc1<o>.

Thus the time dependence of the normal-mode coordinates is given by

Colt) = C4(0)cos (w4t) £, (0) = sin )
_ 21(0) 41(0) 1 sin (w
= 7 cos (w4t) + \/§ o (wyt)
C_(t) = (_(0)cos(w-_t)+ C;(_O) sin (w_t)
_ 200 :EI—(O)L sin (w
- \/5 COS( —t)+ \/5 w_ ( —t)‘
Inserting this into Eq. (29) one obtains
n(t) = % [C.() +C_(8)] = % {xl(O) [cos (wt) + cos (w_t)] + i1 (0) i sin (w4 t) + wi_ sin (w_t)} }
xo(t) = % [CL(t)—¢C ()] = % {xl(O) [cos (wt) — cos (w_t)] + 21(0) i sin (wyt) — wi_ sin (w_t)} } :

In the small-coupling case the eigenfrequencies are close to each other, see Eq. (26), one can approximate

11 1

wy  w_  wgy
On the other hand, one cannot make this approximation in the arguments of sin and cos since it will
breakdown at large times. From Eq. (26) in the weak-coupling case follows

A2 A?
= 1+ —5ZwogE+ —.
wE wo 2w(2) wo 4w0

Usung this and trigonometric relations, one obtains

wle) = oal0)cos (#t) cos (w+ ~ w‘t) + 210 gy (”* ‘2“”—15) cos (ut)

2 wo 2
. 2

[:171(0) cos (wot) + £1(0) sin (wot)] Cos (f—t) .

wo w0

12

8



This is a standard time dependence for a harmonic oscillator (square brackets) multiplied by a slowly
oscillating function of time. Using

A2
#1(t) = [—21(0)wg sin (wot) 4+ £1(0) cos (wot)] cos <4—w0t>

(we do not differentiate the slow function), one can compute the time dependence of the energy of the first

(#3t) + wBai))

. 2
{[—xl(O)wo sin (wot) + &1 (0) cos (wot)]? + w? [ml(O) cos (wot) + #1(0) sin (wot)] } cos? (f—2t>
wo wo

The same can be done for the second oscillator. For instance, its energy behaves as

ea(t) = e1(0) ll — cos? <4A—w20t>] ,

so that the total energy e;(t) + e2(t) = e1(0) is conserved, whereas the energy is slowly migrating between
the two oscillators.

oscillator as

=N

el(t) =

SIERRNIE A

(0) + w%x%(O)} cos? (A—2t> = ¢1(0) cos? (A—2t> .

4w0 4OJ0



