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In today’s class we examine this fundamental physical phenomenon

➣

➣

Outline
Wave superposition dictates that the combined disturbance of multiple overlapping 
waves is the algebraic sum of their individual displacements

When waves occupy the same space, they interfere to produce a net, resultant wave 
without altering their original forms

➣



Interference
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If two waves would individually have the 
effect on a specific point in the medium, 
then when they are both at that point the 
effect on the medium is  

+1

+2

To understand the basic principles underlying interference

One of the most important properties of waves is the principle of superposition
The principle of superposition for waves states that when two waves occupy the same point, 
their effect on the medium adds algebraically

This idea of waves adding their effects, or canceling each other's effects, is the source of 
interference

If a third wave with effect  happens also 
to be at that point, then the total effect on the 
medium is zero

−2
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Constructive Interference
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Constructive interference occurs when overlapping waves combine to form a resultant wave 
with a larger amplitude than the individual waves

➣

Marks the spot where two troughs meet

Marks the spot where two crests meet



Complete Constructive Interference
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When two waves with the same frequency and phase (in-phase) meet, they undergo 
complete constructive interference
Because their crests and troughs perfectly align, their displacements add together at every 
point, resulting in a single wave with an amplitude equal to the sum of the individual 
amplitudes (Atotal = A1 + A2)

➣

➣

complete 
constructive 
interference

=+In phase



In algebraic terms…
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III. WAVES

phase shift. For instance, two waves in phase have a phase shift of zero. Two waves in
counter-phase have a phase shift of half wavelength, or half cycle.

Now, when these waves are added, using the superposition principle to understand how
they interfere, we will obtain a resulting wave that depends on the actual value of the phase
shift between these waves.

When the waves are in phase, the crests of the waves will always add up to larger values
than each of the waves on their own. The troughs will do the same. This results in a wave
for which the total amplitude is the sum of the amplitudes of the two individual waves:
Atot = Aind +Aind = 2Aind. We call this phenomenon constructive interference, and can be
seen in Fig. �.�.

Figure �.�.: Perfectly constructive sum of two waves.

When the waves are in counter-phase, the crests of one are aligned with the troughs of
the other. Therefore, the resulting total wave of zero. We call this phenomenon destructive
interference, and can be seen in Fig. �.�.

Figure �.�.: Perfectly destructive sum of two waves.

Usually, waves traveling in the same direction are neither perfectly in phase nor perfectly
in counter-phase. That is, often, interference is neither constructive nor destructive, but
somewhere in between. Nevertheless, we will see that if the right frequency for a sound
wave in a cavity is chosen, it will be possible to generate constructive interference.

��

Imagine two waves with displacements  and 

such that  and 

Using the principle of superposition, the total displacement  is the sum of the individual 
displacements ☛ 

Because the  term is common to both, we can factor it out to obtain

☛ 

x1 = A1 sin(ω1t + δ1) x2 = A2 sin(ω2t + δ2)
ω1 = ω2 = ω δ1 = δ2 = δ

xtotal
xtotal = x1 + x2 = A1 sin(ωt + δ) + A2 sin(ωt + δ)

sin(ωt + δ)

xtotal = (A1 + A2)sin(ωt + δ)

➣
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Destructive Interference
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Destructive interference occurs when overlapping waves subtract, reducing the overall amplitude

Marks the spot where two crests meet

Marks the spot where two troughs meet
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Complete Destructive Interference
➣

➣

Complete destructive interference is a phenomenon where two waves combine, causing 
their crests and troughs to cancel each other out

In particular, complete destructive interference occurs when two waves of identical 
frequency and amplitude are  (  radians) out of phase, meaning the crest of one aligns 
with the trough of another

This results in the complete cancellation of the waves, producing a net amplitude of zero

180∘ π

➣

Complete destructive 
interference out 

of phase
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In algebraic terms…
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III. WAVES

phase shift. For instance, two waves in phase have a phase shift of zero. Two waves in
counter-phase have a phase shift of half wavelength, or half cycle.

Now, when these waves are added, using the superposition principle to understand how
they interfere, we will obtain a resulting wave that depends on the actual value of the phase
shift between these waves.

When the waves are in phase, the crests of the waves will always add up to larger values
than each of the waves on their own. The troughs will do the same. This results in a wave
for which the total amplitude is the sum of the amplitudes of the two individual waves:
Atot = Aind +Aind = 2Aind. We call this phenomenon constructive interference, and can be
seen in Fig. �.�.

Figure �.�.: Perfectly constructive sum of two waves.

When the waves are in counter-phase, the crests of one are aligned with the troughs of
the other. Therefore, the resulting total wave of zero. We call this phenomenon destructive
interference, and can be seen in Fig. �.�.

Figure �.�.: Perfectly destructive sum of two waves.

Usually, waves traveling in the same direction are neither perfectly in phase nor perfectly
in counter-phase. That is, often, interference is neither constructive nor destructive, but
somewhere in between. Nevertheless, we will see that if the right frequency for a sound
wave in a cavity is chosen, it will be possible to generate constructive interference.

��

 and x1 = A sin(ωt) x2 = A sin(ωt + π) = − A sin(ωt)
where we used the trigonometric identity 

Note that 

sin θ = − sin(θ + π)
x1 + x2 = 0

➣
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Examples of Interference and Complete Interference
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Interference of multiple waves
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III. WAVES

8.3 .2 . Many waves in the same direct ion
One can now consider what happens when more than two waves are traveling in the same
direction. There is one case that doesn’t add anything new: that in which all waves are
perfectly aligned together. Just like before, if this is the case, we get a total wave that has an
amplitude given by the sum of all the individual waves.

A more interesting case occurs when we have a large amount of waves that are not
aligned. Rather, they are out of alignment by some random amount. This can be visualized
in Fig. �.�, Fig. �.� and Fig. �.�, for �, �� and ��� waves.

Figure �.�.: Sum of � randomly shifted waves.

Figure �.�.: Sum of �� randomly shifted waves.

The more waves are added, the more likely is that for any given wave, there is an equal
an opposite wave that cancels it out. That is the reason why the total wave becomes smaller
and smaller as one goes from �, to �� and to ��� waves.

8.3 .3 . Two waves in opposite direct ions: standing waves
incomplete Talk aobut what happens when two waves of equal frequency travel on opp.
directions

��

Usually, waves traveling in the same direction are neither perfectly in phase nor perfectly 
in counter-phase

That is, often, interference is neither constructive nor destructive, but somewhere in 
between

➣

➣

Sum of 5 randomly shifted waves



Interference of multiple waves

Luis Anchordoqui                                                                                                                                                                                                                                  PHY 141

Usually, waves traveling in the same direction are neither perfectly in phase nor perfectly 
in counter-phase

That is, often, interference is neither constructive nor destructive, but somewhere in 
between

➣

➣

III. WAVES

8.3 .2 . Many waves in the same direct ion
One can now consider what happens when more than two waves are traveling in the same
direction. There is one case that doesn’t add anything new: that in which all waves are
perfectly aligned together. Just like before, if this is the case, we get a total wave that has an
amplitude given by the sum of all the individual waves.

A more interesting case occurs when we have a large amount of waves that are not
aligned. Rather, they are out of alignment by some random amount. This can be visualized
in Fig. �.�, Fig. �.� and Fig. �.�, for �, �� and ��� waves.

Figure �.�.: Sum of � randomly shifted waves.

Figure �.�.: Sum of �� randomly shifted waves.

The more waves are added, the more likely is that for any given wave, there is an equal
an opposite wave that cancels it out. That is the reason why the total wave becomes smaller
and smaller as one goes from �, to �� and to ��� waves.

8.3 .3 . Two waves in opposite direct ions: standing waves
incomplete Talk aobut what happens when two waves of equal frequency travel on opp.
directions

��

Sum of 10 randomly shifted waves



Interference of multiple waves
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Usually, waves traveling in the same direction are neither perfectly in phase nor perfectly 
in counter-phase

That is, often, interference is neither constructive nor destructive, but somewhere in 
between

➣

➣ III. WAVES

Figure �.�.: Sum of ��� randomly shifted waves.

� .� . ���������� ��� �� ��������� �����

8.4 .1 . Adding mult iple ref lect ions
Imagine a wave traveling towards the right in a cavity. After reaching the right end, it
will reflect back and start moving towards the left. If, at the same time, the original wave
moving towards the right is still being produced, we will have two waves simultaneously
inside the cavity. Making use of the superposition principle, this is equivalent to a single
wave that is the sum of the two of them.

At some point, the reflected wave, moving towards the left, reaches the left end of the
cavity. At that time, it is reflected into a new wave moving towards the right. At this point,
we have the initial wave moving towards the right, the first reflection moving towards the
left, and the third one moving towards the right. In principle, this process may be repeated
indefinitely.�

After enough time has passed, there will be multiple reflections inside the cavity. The
total wave inside the cavity will be, once again by the superposition principle, the sum of
all individual waves. As we will see below, the result of such sum depends highly on the
relation between the wavelength of the wave and the size of the cavity.

8.4 .2 . Construct ive vs destruct ive superposit ion
When multiple waves of a same frequency are added together, they don’t necessarily
contribute always to make the amplitude of the wave larger. To illustrate this, consider the
two extreme cases shown in the previous section. In Fig. �.� we show a perfectly constructive
sum of two waves that are identical. The resulting wave has twice the amplitude of the
initial.

On the contrary, in Fig. �.� we show a perfectly destructive sum of two waves that are
have the same wavelength but are displaced with respect to each other in such a way that
the maximum of one corresponds to the minimum of the other. Their sum is always zero.

�In practical terms, in each reflection a bit of the energy is lost, and eventually the wave would die out after
too many reflections.

��

Sum of 100 randomly shifted waves



Resolving Wave Patterns into Component Sinusoids
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Sinusoids occupy a foundational role in wave analysis, 

as Fourier analysis permits any complex waveform to be 
decomposed into constituent sine and cosine functions

Fourier's theorem asserts that any periodic, continuous 
wave can be broken down into a sum of simple sinusoidal 
waves (partial waves) with specific amplitudes and phases

➣

➣



Fourier Theorem
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Imagine a highly complex, non-sinusoidal waven  

Fourier theorem states that  where each  is an 

individual sinusoidal paprtial wave with a specific frequency  and amplitude 

Recall that the  symbol indicates that we are adding together multiple waves,

☛ 

Wnon−sinusoidal

Wnon−sinusoidal =
∞

∑
n=1

w(An, fn) w(An, fn)

fn An

∑
Wnon−sinusoidal = w(A1, f1) + w(A2, f2) + w(A3, f3) + ⋯

➣

➣

➣



Luis Anchordoqui                                                                                                                                                                                                                                  PHY 141

➣
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Remarkable Property of Fourier Sums
Note that the sum consists of an infinite series of waves, which may appear 
computationally inefficient compared to simply using the single wave  


This is not a practical concern; because these waves are not equally significant, we do not 
need to use all of them

Wnon−sinusoidal



Example: Wave with Rapidly Decreasing Amplitude
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You can achieve a highly accurate 
approximation using only the first nine 
waves rather than an infinite series
While requirements vary, sometimes 
requiring 100, sometimes 1000, you do not 
need an infinite number of waves
Always prioritize retaining the waves with 
the highest amplitudes and discard the 
smaller ones

Consider a wave decomposed into sinusoidal components with rapidly decreasing amplitudes 
(e.g., )A1 = 100, A2 = 10, A3 = 1
By the time you reach the tenth component , its amplitude is a billion times 
smaller than the first

(A10 = 10−7)

Because its contribution is statistically negligible, you can discard it along with all subsequent, 
even smaller waves  without significantly altering the result

➣

➣
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➣
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➣
high amplitude

medium amplitude

low amplitude



Example: Square Wave
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Consider the square wave at frequency 
By applying Fourier analysis (the derivation of which exceeds the scope of this course) 
the exact partial waves required to reconstruct this wave can be determined 
Omitting the complicated derivation ☛ these constituent waves are expressed as follow

f0

III. WAVES

In order to see how this work, paper offers some limitations; the best way to visualize
this is with an animation. Nevertheless, you can see below an application of this to a few
different situations. I will first start with a square wave, showing the details more carefully.
After that, I will more briefly show the same applied to other waves.

Square wave
In Fig. �.�, I show a few patterns of a square wave with frequency f0. Applying the
mathematical technique implied by Fourier’s theorem, which we don’t show in these notes,
one can obtain exactly what are the partial waves necessary to reproduce it. The waves are
given by the following expressions

An =
4
⇡

1
n

, n = 1, 3, 5, . . . , (�.�a)

fn = n f0. (�.�b)

You can see there that the first wave (n = 1) has the largest amplitude. As n gets larger, An

will get smaller. That is, the most relevant partial wave is the first one, and all others are
smaller corrections to it.

Figure �.�.

In Fig. �.�a you can see the fundamental pattern of the square wave and of the first partial
wave, S(A1, f1). In Fig. �.�b I show the first six partial waves (that is, n = 1, 3, 5, 7, 9, 11).
These partial waves can be added together. In Fig. �.�a I what the addition of one, two,
three and four of those waves look like. That is, I show the sums

MX

n=1
S(An, fn) (�.�)

for M = 1, 2, 3, 4. Finally, I show in Fig. �.�b the addition of ��, ��� and ����� of those
waves, to illustrate how the addition of more and more partial waves brings us closer to the
original square wave.

Triangular wave
To be done...

��

➣

➣

➣

An =
4
π

1
n

and       with   fn = nf0 n = 1,3,5,⋯
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➣

III. WAVES

(a) a (b) b

Figure �.�.

(a) (b)

Figure �.�.

Irregular wave
To be done...

� .� . ��� �������� �� � ����
In the previous section, we explored how a wave can be decomposed into a (possibly
infinite) number of partial waves. This decomposition requires to specify a list of amplitudes
A1,A2, . . . for each frequency fn. This information can be represented in a way different
from that shown in Fig. �.�, which allows to capture the information on all partial waves,
instead of just a few of them.

The decomposition of a wave into partial waves, as we have said, consists on the
specification of a list of amplitudes A1,A2, . . . for each frequency f1, f2, . . . . This is a list of
two-dimensional data, and as such it can be easily represented in a graph.

This can be exemplified for the square wave you saw in the previous section. Specifically,
in (�.�) you can see what these amplitudes and frequencies are. Recall that f0 represents
the frequency of the original square wave. For illustration purposes, that the square wave
has a frequency of f0 = 100 Hz. Evaluating the formulas in (�.�) allows us to build Tab. �.�.

Now, just like for any other list of pair of numbers, we can represent them graphically in
a two-dimensional plot. This is done in Fig. �.� for all amplitudes and frequencies for the
first ���� partial waves.

��

Square wave with its fundamental harmonic First six odd harmonics

It is straightforward to see that the first wave ( ) possesses the highest amplitude 
Because the amplitude shrinks as  gets larger, the first partial wave is the most 
dominant, with all subsequent waves acting as minor  refinements

n = 1
n➣

Example: Square Wave
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III. WAVES

(a) a (b) b

Figure �.�.

(a) (b)

Figure �.�.

Irregular wave
To be done...

� .� . ��� �������� �� � ����
In the previous section, we explored how a wave can be decomposed into a (possibly
infinite) number of partial waves. This decomposition requires to specify a list of amplitudes
A1,A2, . . . for each frequency fn. This information can be represented in a way different
from that shown in Fig. �.�, which allows to capture the information on all partial waves,
instead of just a few of them.

The decomposition of a wave into partial waves, as we have said, consists on the
specification of a list of amplitudes A1,A2, . . . for each frequency f1, f2, . . . . This is a list of
two-dimensional data, and as such it can be easily represented in a graph.

This can be exemplified for the square wave you saw in the previous section. Specifically,
in (�.�) you can see what these amplitudes and frequencies are. Recall that f0 represents
the frequency of the original square wave. For illustration purposes, that the square wave
has a frequency of f0 = 100 Hz. Evaluating the formulas in (�.�) allows us to build Tab. �.�.

Now, just like for any other list of pair of numbers, we can represent them graphically in
a two-dimensional plot. This is done in Fig. �.� for all amplitudes and frequencies for the
first ���� partial waves.

��

Example: Square Wave
When these waves are combined, Wsquare ≈

M

∑
n=1

w(An, fn)

we obtain cumulative square wave approximations

➣
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Example: Square Wave (16 frequencies)
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Example: Sawtooth Wave (16 frequencies)
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Example: Triangle Wave (3 frequencies)
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Example: Half-Wave Rectified Cosine (4 frequencies)
The negative portions of the cosine wave are replaced by zeros, 
turning the signal off for half the period

➣
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The diagram below represents two pulses approaching each other from 

opposite directions in the same medium

Which diagram best represents the medium after the pulses have passed 

through each other? 
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Two wave sources operating in phase in the same medium produce the circular 

wave patterns shown in the diagram below 

The solid lines represent wave crests and the dashed lines represent wave troughs

Which point is at a position of 

maximum destructive interference? 
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The diagram below represents two waves of equal amplitude and frequency 

approaching point P as they move through the same medium 

As the two waves pass through each other, the medium at point P will 

A. vibrate up and down 
 

B. vibrate left and right 
 

C. vibrate into and out of the page  

D. remain stationary 
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Two pulses approach each other in the same medium 

The diagram below represents the displacements caused by each pulse 

•Which diagram best represents the resultant displacement of the medium 
as the pulses pass through each other? 
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