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Outline
The motion that repeats itself after fixed intervals of time is called periodic motion

For example, the oscillatory motion is a type of periodic motion

Oscillatory motion is defined as the to and from motion of an object from its mean position➣

➣

➣

➣

For instance, the oscillation of simple pendulum, vibrating strings of musical instruments, 
vibration prongs of tuning fork, etc
A simple form of oscillatory motion is the simple harmonic motion (SHM)

In this motion, the restoring force is directly proportional to its displacement from its 
equilibrium position
The study of oscillatory motion is basic to physics; its concepts are required for the 
understanding of many physical phenomena
A wave is an example of oscillatory motion

➣

➣



Simple Harmonic Motion (SHM)
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➣

➣

➣

Two conditions must be met to produce SHM in a mechanical system 

First ☛ an equilibrium position must exist, viz there must be one position at which the 
object executing the motion would be at rest if place there and to which it returns if 
displaced and release 

Second ☛ the force tending to pull the object back to its equilibrium position must be a 
linear restoring force, viz the force must be linearly proportional to the distance of the 
object from the equilibrium position

Relaxed spring position

Spring Force pulls mass to the left when mass 
is displaced to the right of the relaxed position

Spring Force pushes mass to the right when 
displaced to the left of the relaxed position



SHM
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Consider the motion of a block of mass  that can slide without friction along a horizontal surface

The mass is attached to a spring of constant , which is anchored to a wall on the other end 

We introduce a one-dimensional coordinate system to describe the position of the mass, such that 
the axis is co-linear with the motion, the origin is located where the spring is at rest, and the positive 
direction corresponds to the spring being extended

m
k

➣

➣

➣

Linear Simple Harmonic Motion

Spring
Equilibrium Object
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A’ AO

A
Extreme point

Mean position (or) 
equilibrium

Extreme point

SHM
If the spring is compressed (or extended) by a distance  relative to the rest position, and the 
mass is then released, the mass will oscillate back and forth between  
When the mass is at , its speed is zero , as these points correspond to the 
location where the mass turns around 
If it requires of force to compress the spring , it will require  for a 
displacement,  for a  displacement, and so forth, because for this system the 
restoring force is linear 
Likewise, if the restoring force is linear it will require  to stretch the spring  from the 
equilibrium position as well

A
x = ± A

x = ± A (v = 0)

1 N 1 cm 2 N 2 cm
3 N 3 cm

1 N 1 cm

➣

➣

➣

➣



Hooke’s Law
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This is an example of a linear restoring force, with a force per unit of stretch of 

Such a linear system is said to obey Hooke's law where  is the displacement 
and  the spring constant

1 N/cm
⃗F = − k ⃗x , x

k

Hooke's law applies only within the elastic limit, 
where the spring return to its original shape once 
the force is removed

If this limit is exceeded, the spring undergoes 
permanent deformation

➣

➣

➣

➣



Pendulum

Luis Anchordoqui                                                                                                                                                                                                                                  PHY 141

The force required to pull the pendulum away from its 
equilibrium position is linearly proportional to the 
displacement of the bob from equilibrium, so long as the 
amplitude is small


When displaced through some small angle and released 
from rest, the bob executes SHM in the plane of the paper 

➣ Another example of SHM is a pendulum consisting of a mass or bob, hanging by a string 
from a fixed point and free to oscillate back and forth in a plane
The equilibrium point is the point directly below the suspension point, where the pendulum 
will hang motionless

➣

➣

➣



Example
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For example, say the mass on the spring is moved  to the right of its equilibrium position and 
released, it begins to accelerate leftward, passing through its equilibrium position, and executes SHM 

3 cm

At time  the mass is released from rest,  away  the equilibrium position  t = 0 3 cm (x = + 3 cm) x = 0

The mass starts moving, builds up speed as it passes through the 
equilibrium point, then slows down to zero velocity by the time it 
reaches the point  to the left of the equilibrium pointx = − 3 cm

The mass then starts moving faster to the right until it goes through 
the equilibrium point, then slows down to zero velocity by the time it 
reaches its original position at  

The motion then repeats every 

x = + 3 cm
2 s

extension

rest

compression

➣

➣

➣

➣

➣



Amplitude and Period
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The maximum displacement  of the mass from the equilibrium position (in either direction) is 
called the amplitude, and the repetition time  is called the period of the SHM 

For our example,  and 

A
τ

A = 3 cm τ = 2 s

The pendulum period is determined by its length  
and the acceleration of gravity at the Earth surface 

 via and is independent of 
pendulum mass or amplitude

(L)

(g) τ = 2π L/g

1 Oscillation ( )τ

Mean position (or) 
equilibrium

Extreme point

Extreme point

AOA’

➣

➣



Frequency
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Now, the period is related to the frequency , which is the number of periods (or cycles) 
per second 
A high-frequency oscillation has many vibrations per second; to fit many vibations into a 
1-second time interval, the period must be short
Hence, a high-frequency oscillation has a short period, whereas a low-frequency oscillation 
has a long period
In our example the frequency is found to be

f
f = 1/τ

f =
1
τ

=
1 cycle

2 s
= 1/2 cycle per second = 0.5 Hz

The unit of frequency is the hertz , which is (Hz) 1 cycle/s

➣

➣

➣

➣

➣



Conservation of Energy
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Recall that at any position  the mechanical energy  of the mass will have a term
from the potential energy , associated with the spring force, and kinetic energy ,

 or equivalently 

x Emechanical
Eelastic Ekinetic

Emechanical = Eelastic + Ekinetic Emechanical =
1
2

kx2 +
1
2

mv2

We can describe the motion of the mass using energy, since the mechanical energy of the 
mass is conserved 

➣

➣
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Conservation of Mechanical Energy
We can find the mechanical energy by evaluating the energy at one of the turning points

At these points, the kinetic energy of the mass is zero, so 

We can then write the expression for mechanical energy as:

With a little bit of algebra, we can thus always know the speed of the mass at any position if we
know the amplitude:

                                          

Emechanical = Eelastic (x = A) =
1
2

kA2

Emechanical =
1
2

kA2 =
1
2

kx2 +
1
2

mv2

v = k(A2 − x2)/m

➣

➣

➣

➣



Experimental Determination of  versus x t
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➣

➣

A marking pen is attached to a mass on a spring and the paper is pulled to the left 

As the paper moves with constant speed the pen traces out the displacement  as a function of time 

In this example we have chosen  to be positive when the spring is compressed

x
x➣

C. B.-Champagne 2

Overview

Luis Anchordoqui

Period and sinusoidal nature of SHM 

Figure shows how to get experimentally    versus on spring 

As paper moves with constant speed pen traces out displacement   

A marking pen is attached to mass on spring and paper is pulled to left

General equation for such curve is 

x

x

t for mass 

x = A cos (! t + �)

2⇡ f Phase constant

as function of time

9Tuesday, November 12, 19



SHM and uniform circular motion

Uniform circular motion, view from a distant point in the plane of the motion is SHM
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➣ Some important details of SHM can be illustrated by comparison of circular harmonic 
motion, which is the motion of an object around a circle with constant speed

Indeed, SHM is the projection of uniform circular motion on a line in the plane of the 
motion

➣

➣

Project Motion 



What are trigonometric functions?
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Sine ☛  sin θ
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Trigonometric functions
Here we will learn what the trigonometric functions and inverse trigonometric
functions are and how we can use them to calculate missing side lengths and angles in
right-angled triangles.

Look out for the trigonometric functions practice problems, worksheets and exam
questions at the end.

What are trigonometric functions?

Trigonometric functions are functions that relate an angle in a right angled triangle to
the ratio of two of its sides.

Sin, cos and tan are trigonometric functions.

The angle can be called anything but it is often referred to as ϴ (theta).

When we input a given angle into   it gives us the ratio between the opposite
length and the hypotenuse.

It tells us how many times bigger the opposite is than the hypotenuse. 

When we input a given angle into  it gives us the ratio between the adjacent
length and the hypotenuse.

It tells us how many times bigger the adjacent is than the hypotenuse.

When we input a given angle into  it gives us the ratio between the adjacent
length and the opposite length.

It tells us how many times bigger the opposite is than the adjacent.

See also: Trigonometry formula

Sine, Cosine and Tangent

Trigonometric functions tell us how many times bigger one side is than another in
triangles containing a right angle. Therefore, if we are given the length of one side and
the value of one angle, we can set up equations using trigonometric functions to help
us find the lengths of the other sides.

E.g.

We need to work out the value of x, to do this, we begin by writing an equation
involving x.

Now we can rearrange this equation to make x the subject:

Finally we can type 10 × sin(30) into a calculator to find the value for x.

Now we can rearrange this equation to make x the subject:

Finally we can type 10 × cos(30) into a calculator to find the value for x.

Now we can rearrange this equation to make x the subject:

Finally we can type  into a calculator to find the value for .

See also: Sin Cos Tan

How to use trigonometric functions

In order to use trigonometric functions:

1 Set up an equation until involving sin, cos, or tan.

2 Rearrange the equation, making the value you are trying to find the subject.

3 Work out the answer using a calculator and round it as needed.

Trigonometric functions examples

Example 1: calculating with trigonometric functions
Work out the value of , given . Give your answer to 1dp.

1 Set up an equation until involving Sin, Cos, or Tan.

We already have an equation involving sin

2 Rearrange the equation, making the value you are trying to find the subject.

3 Work out the answer using a calculator and round it as needed.

Type  into a calculator to work out .

Example 2: finding the length of a side

Find the length labelled x in the triangle below. Give your answer to 3sf.

Labelling the triangle, we can see that we know the hypotenuse and we want to know
the adjacent. The trigonometric function which compares these two sides is cos.

Example 3: finding the length of a side

Find the length labelled x in the triangle below. Give your answer to 3sf.

Labelling the triangle, we can see that we know the opposite and we want to know the
adjacent. The trigonometric function which compares these two sides is tan.

What are inverse trigonometric functions?

In the same way that addition and subtraction are inverse operations, inverse
trigonometric functions do the opposite of regular trigonometric functions. 

We can use the inverse sine function, the inverse cosine function and the inverse
tangent function to work out the missing angle ϴ.

The inverse trig functions are:

How to use the inverse trigonometric functions

In order to work out missing angles in right-angled triangles we need use the inverse
trigonometric functions:

We need to work out θ, but it is currently inside the function sin.
To ‘undo’ sin we use its inverse, which is written as sin .
We call this ‘’inverse sin’’, or ‘’sin to the −1’’.

We can find this on the calculator by pressing SHIFT and then sin.

.

We need to work out θ, but it is currently inside the function cos.
To ‘undo’ cos we use its inverse, it is written as cos .
We call this ‘’inverse cos’’, or ‘’cos to the −1’’.

We can find this on the calculator by pressing SHIFT and then cos

.

We need to work out θ, but it is currently inside the function tan.
To ‘undo’ tan we use its inverse, it is written as tan .
We call this ‘’inverse tan’’, or ‘’tan to the −1’’.

We can find this on the calculator by pressing SHIFT and then tan.

In order to use inverse trigonometric functions:

1 Set up an equation involving Sin, Cos or Tan and rearrange it until you are left

with the trig function as the subject.

2 Apply the inverse trigonometric function.

3 Calculate the answer, using the SHIFT button on the calculator, and round it as

needed.

Inverse trigonometric functions examples

Example 1: use inverse trigonometric functions

Work out the value of to 1 decimal place.

sin(θ)

sin(θ)

sin(θ) =
Opposite

Hypotenuse

cos(θ)

cos(θ)

cos(θ) =
Adjacent

Hypotenuse

tan(θ)

tan(θ)

tan(θ) =
Opposite

Adjacent

What are trigonometric
functions?

"

TrigonometricFunctions

Trigonometricfunctionsarefunctionsthatrelateanangleinarightangled
triangletotheratiooftwoofitssides.

Sin,CosandTanaretrigonometricfunctions.

TheanglecanbecalledanythingbutitisoftenreferredtoasA(theta).

sin(A)
Opposite
Hypotenuse

cos(A)
Adjacent

Hypotenuse
Hyp

oth
enu

se

tan(A)
Opposite
Adiacent

an
is
o
d
d
o

Adjacent
THIRDSPACE
LEARNING

sin(30) = 10
x

We know  sin(θ) =  therefore  sin(30) =
Opposite

Hypotenuse

x

10

sin(30) =

10 × sin(30) = x

x

10

x = 10 × sin(30)
x = 5cm

cos(30) = 10
x

We know  cos(θ) =  therefore  cos(30) =
Adjacent

Hypotenuse

x

10

cos(30) =

10 × cos(30) = x

x

10

x = 10 × cos(30)
x = 8.660254038
x = 8.66cm(2dp)

tan(30) =
x
5

We know  tan(θ) =  therefore  tan(30) =
Opposite

Adjacent

5
x

tan(30) =

x × tan(30) = 5

x =

5
x

5
tan(30)

tan(30)
5 x

x =

x = 8.660254038
x = 8.66cm (2dp)

5
tan(30)

How to use trigonometric
functions

"

Trigonometry worksheet (includes
trigonometric functions)
Get your free trigonometric functions worksheet of
20+ trigonometry questions and answers. Includes
reasoning and applied questions.

DOWNLOAD FREE

x sin(72) =
x
25

sin(72) =
25
x

sin(72) =

x × sin(72) = 25

x =

25
x

25
sin(72)

sin(72)
25 x

x =

x = 26.28655561
x = 26.2 (1dp)

25
sin(72)

We know  cos(θ) =  therefore  cos(34) =
Adjacent

Hypotenuse

x

32

cos(34) =

32 × cos(34) = x

x

32

x = 32 × cos(34)
x = 26.52920232
x = 26.5mm (3sf)

We know  tan(θ) =  therefore  tan(29) =
Opposite

Adjacent

8
x

tan(29) =

x × tan(29) = 8

x =

8
x

8
tan(29)

x =

x = 14.43238204
x = 14.4 km (3sf)

8
tan(29)

sin−1 cos−1 tan−1

sin(θ) = θ = sin−1( )
 Opposite 

 Hypotenuse 
 Opposite 

 Hypotenuse 

cos(θ) = θ = cos−1( )
 Adjacent 

 Hypotenuse 
 Adjacent 

 Hypotenuse 

tan(θ) = θ = tan−1( )
 Opposite 
 Adjacent 

 Opposite 
 Adjacent 

sin(θ) = , θ =5
3 sin ( )−1

5
3

We know  sin(θ) =  therefore  sin(θ) =
Opposite

Hypotenuse

3
5

-1

cos(θ) = , θ =5
4 cos ( )−1

5
4

We know  cos(θ) =  therefore  cos(θ) =
Adjacent

Hypotenuse

4
5

-1

tan(θ) = , θ =4
3 tan ( )−1

4
3

We know  tan(θ) =  therefore  tan(θ) =
Opposite

Adjacent

3
4

-1

sin(θ) = 0.9

Trigonometric functions are functions that relate an angle in a right angled triangle 
to the ratio of two of its sides

It tells us how many times bigger the opposite is than the hypotenuse

When we input a given angle into  it gives us the ratio between the opposite length 

and the hypotenuse 

sin θ

sin θ =
opposite

hypothenuse

➣

➣

➣

➣



What are trigonometric functions?
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Cosine ☛ cos θ

It tells us how many times bigger the adjacent is than the hypotenuse

➣

➣

➣
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Trigonometric functions
Here we will learn what the trigonometric functions and inverse trigonometric
functions are and how we can use them to calculate missing side lengths and angles in
right-angled triangles.

Look out for the trigonometric functions practice problems, worksheets and exam
questions at the end.

What are trigonometric functions?

Trigonometric functions are functions that relate an angle in a right angled triangle to
the ratio of two of its sides.

Sin, cos and tan are trigonometric functions.

The angle can be called anything but it is often referred to as ϴ (theta).

When we input a given angle into   it gives us the ratio between the opposite
length and the hypotenuse.

It tells us how many times bigger the opposite is than the hypotenuse. 

When we input a given angle into  it gives us the ratio between the adjacent
length and the hypotenuse.

It tells us how many times bigger the adjacent is than the hypotenuse.

When we input a given angle into  it gives us the ratio between the adjacent
length and the opposite length.

It tells us how many times bigger the opposite is than the adjacent.

See also: Trigonometry formula

Sine, Cosine and Tangent

Trigonometric functions tell us how many times bigger one side is than another in
triangles containing a right angle. Therefore, if we are given the length of one side and
the value of one angle, we can set up equations using trigonometric functions to help
us find the lengths of the other sides.

E.g.

We need to work out the value of x, to do this, we begin by writing an equation
involving x.

Now we can rearrange this equation to make x the subject:

Finally we can type 10 × sin(30) into a calculator to find the value for x.

Now we can rearrange this equation to make x the subject:

Finally we can type 10 × cos(30) into a calculator to find the value for x.

Now we can rearrange this equation to make x the subject:

Finally we can type  into a calculator to find the value for .

See also: Sin Cos Tan

How to use trigonometric functions

In order to use trigonometric functions:

1 Set up an equation until involving sin, cos, or tan.

2 Rearrange the equation, making the value you are trying to find the subject.

3 Work out the answer using a calculator and round it as needed.

Trigonometric functions examples

Example 1: calculating with trigonometric functions
Work out the value of , given . Give your answer to 1dp.

1 Set up an equation until involving Sin, Cos, or Tan.

We already have an equation involving sin

2 Rearrange the equation, making the value you are trying to find the subject.

3 Work out the answer using a calculator and round it as needed.

Type  into a calculator to work out .

Example 2: finding the length of a side

Find the length labelled x in the triangle below. Give your answer to 3sf.

Labelling the triangle, we can see that we know the hypotenuse and we want to know
the adjacent. The trigonometric function which compares these two sides is cos.

Example 3: finding the length of a side

Find the length labelled x in the triangle below. Give your answer to 3sf.

Labelling the triangle, we can see that we know the opposite and we want to know the
adjacent. The trigonometric function which compares these two sides is tan.

What are inverse trigonometric functions?

In the same way that addition and subtraction are inverse operations, inverse
trigonometric functions do the opposite of regular trigonometric functions. 

We can use the inverse sine function, the inverse cosine function and the inverse
tangent function to work out the missing angle ϴ.

The inverse trig functions are:

How to use the inverse trigonometric functions

In order to work out missing angles in right-angled triangles we need use the inverse
trigonometric functions:

We need to work out θ, but it is currently inside the function sin.
To ‘undo’ sin we use its inverse, which is written as sin .
We call this ‘’inverse sin’’, or ‘’sin to the −1’’.

We can find this on the calculator by pressing SHIFT and then sin.

.

We need to work out θ, but it is currently inside the function cos.
To ‘undo’ cos we use its inverse, it is written as cos .
We call this ‘’inverse cos’’, or ‘’cos to the −1’’.

We can find this on the calculator by pressing SHIFT and then cos

.

We need to work out θ, but it is currently inside the function tan.
To ‘undo’ tan we use its inverse, it is written as tan .
We call this ‘’inverse tan’’, or ‘’tan to the −1’’.

We can find this on the calculator by pressing SHIFT and then tan.

In order to use inverse trigonometric functions:

1 Set up an equation involving Sin, Cos or Tan and rearrange it until you are left

with the trig function as the subject.

2 Apply the inverse trigonometric function.

3 Calculate the answer, using the SHIFT button on the calculator, and round it as

needed.

Inverse trigonometric functions examples

Example 1: use inverse trigonometric functions

Work out the value of to 1 decimal place.

sin(θ)

sin(θ)

sin(θ) =
Opposite

Hypotenuse

cos(θ)

cos(θ)

cos(θ) =
Adjacent

Hypotenuse

tan(θ)

tan(θ)

tan(θ) =
Opposite

Adjacent

What are trigonometric
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"

TrigonometricFunctions

Trigonometricfunctionsarefunctionsthatrelateanangleinarightangled
triangletotheratiooftwoofitssides.

Sin,CosandTanaretrigonometricfunctions.

TheanglecanbecalledanythingbutitisoftenreferredtoasA(theta).

sin(A)
Opposite
Hypotenuse

cos(A)
Adjacent

Hypotenuse
Hyp

oth
enu

se

tan(A)
Opposite
Adiacent

an
is
o
d
d
o

Adjacent
THIRDSPACE
LEARNING

sin(30) = 10
x

We know  sin(θ) =  therefore  sin(30) =
Opposite

Hypotenuse

x

10

sin(30) =

10 × sin(30) = x

x

10

x = 10 × sin(30)
x = 5cm

cos(30) = 10
x

We know  cos(θ) =  therefore  cos(30) =
Adjacent

Hypotenuse

x

10

cos(30) =

10 × cos(30) = x

x

10

x = 10 × cos(30)
x = 8.660254038
x = 8.66cm(2dp)

tan(30) =
x
5

We know  tan(θ) =  therefore  tan(30) =
Opposite

Adjacent

5
x

tan(30) =

x × tan(30) = 5

x =

5
x

5
tan(30)

tan(30)
5 x

x =

x = 8.660254038
x = 8.66cm (2dp)

5
tan(30)

How to use trigonometric
functions

"

Trigonometry worksheet (includes
trigonometric functions)
Get your free trigonometric functions worksheet of
20+ trigonometry questions and answers. Includes
reasoning and applied questions.

DOWNLOAD FREE

x sin(72) =
x
25

sin(72) =
25
x

sin(72) =

x × sin(72) = 25

x =

25
x

25
sin(72)

sin(72)
25 x

x =

x = 26.28655561
x = 26.2 (1dp)

25
sin(72)

We know  cos(θ) =  therefore  cos(34) =
Adjacent

Hypotenuse

x

32

cos(34) =

32 × cos(34) = x

x

32

x = 32 × cos(34)
x = 26.52920232
x = 26.5mm (3sf)

We know  tan(θ) =  therefore  tan(29) =
Opposite

Adjacent

8
x

tan(29) =

x × tan(29) = 8

x =

8
x

8
tan(29)

x =

x = 14.43238204
x = 14.4 km (3sf)

8
tan(29)

sin−1 cos−1 tan−1

sin(θ) = θ = sin−1( )
 Opposite 

 Hypotenuse 
 Opposite 

 Hypotenuse 

cos(θ) = θ = cos−1( )
 Adjacent 

 Hypotenuse 
 Adjacent 

 Hypotenuse 

tan(θ) = θ = tan−1( )
 Opposite 
 Adjacent 

 Opposite 
 Adjacent 

sin(θ) = , θ =5
3 sin ( )−1

5
3

We know  sin(θ) =  therefore  sin(θ) =
Opposite

Hypotenuse

3
5

-1

cos(θ) = , θ =5
4 cos ( )−1

5
4

We know  cos(θ) =  therefore  cos(θ) =
Adjacent

Hypotenuse

4
5

-1

tan(θ) = , θ =4
3 tan ( )−1

4
3

We know  tan(θ) =  therefore  tan(θ) =
Opposite

Adjacent

3
4

-1

sin(θ) = 0.9

When we input a given angle into  it gives us the ratio 

between the adjacent length and the hypotenuse 

cos θ

cos θ =
adjacent

hypothenuse
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Luis Anchordoqui                                                                                                                                                                                                                                  PHY 141

Tangent ☛ tan θ

It tells us how many times biger the opposite is than the adjacent

➣

➣

➣
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Trigonometric functions
Here we will learn what the trigonometric functions and inverse trigonometric
functions are and how we can use them to calculate missing side lengths and angles in
right-angled triangles.

Look out for the trigonometric functions practice problems, worksheets and exam
questions at the end.

What are trigonometric functions?

Trigonometric functions are functions that relate an angle in a right angled triangle to
the ratio of two of its sides.

Sin, cos and tan are trigonometric functions.

The angle can be called anything but it is often referred to as ϴ (theta).

When we input a given angle into   it gives us the ratio between the opposite
length and the hypotenuse.

It tells us how many times bigger the opposite is than the hypotenuse. 

When we input a given angle into  it gives us the ratio between the adjacent
length and the hypotenuse.

It tells us how many times bigger the adjacent is than the hypotenuse.

When we input a given angle into  it gives us the ratio between the adjacent
length and the opposite length.

It tells us how many times bigger the opposite is than the adjacent.

See also: Trigonometry formula

Sine, Cosine and Tangent

Trigonometric functions tell us how many times bigger one side is than another in
triangles containing a right angle. Therefore, if we are given the length of one side and
the value of one angle, we can set up equations using trigonometric functions to help
us find the lengths of the other sides.

E.g.

We need to work out the value of x, to do this, we begin by writing an equation
involving x.

Now we can rearrange this equation to make x the subject:

Finally we can type 10 × sin(30) into a calculator to find the value for x.

Now we can rearrange this equation to make x the subject:

Finally we can type 10 × cos(30) into a calculator to find the value for x.

Now we can rearrange this equation to make x the subject:

Finally we can type  into a calculator to find the value for .

See also: Sin Cos Tan

How to use trigonometric functions

In order to use trigonometric functions:

1 Set up an equation until involving sin, cos, or tan.

2 Rearrange the equation, making the value you are trying to find the subject.

3 Work out the answer using a calculator and round it as needed.

Trigonometric functions examples

Example 1: calculating with trigonometric functions
Work out the value of , given . Give your answer to 1dp.

1 Set up an equation until involving Sin, Cos, or Tan.

We already have an equation involving sin

2 Rearrange the equation, making the value you are trying to find the subject.

3 Work out the answer using a calculator and round it as needed.

Type  into a calculator to work out .

Example 2: finding the length of a side

Find the length labelled x in the triangle below. Give your answer to 3sf.

Labelling the triangle, we can see that we know the hypotenuse and we want to know
the adjacent. The trigonometric function which compares these two sides is cos.

Example 3: finding the length of a side

Find the length labelled x in the triangle below. Give your answer to 3sf.

Labelling the triangle, we can see that we know the opposite and we want to know the
adjacent. The trigonometric function which compares these two sides is tan.

What are inverse trigonometric functions?

In the same way that addition and subtraction are inverse operations, inverse
trigonometric functions do the opposite of regular trigonometric functions. 

We can use the inverse sine function, the inverse cosine function and the inverse
tangent function to work out the missing angle ϴ.

The inverse trig functions are:

How to use the inverse trigonometric functions

In order to work out missing angles in right-angled triangles we need use the inverse
trigonometric functions:

We need to work out θ, but it is currently inside the function sin.
To ‘undo’ sin we use its inverse, which is written as sin .
We call this ‘’inverse sin’’, or ‘’sin to the −1’’.

We can find this on the calculator by pressing SHIFT and then sin.

.

We need to work out θ, but it is currently inside the function cos.
To ‘undo’ cos we use its inverse, it is written as cos .
We call this ‘’inverse cos’’, or ‘’cos to the −1’’.

We can find this on the calculator by pressing SHIFT and then cos

.

We need to work out θ, but it is currently inside the function tan.
To ‘undo’ tan we use its inverse, it is written as tan .
We call this ‘’inverse tan’’, or ‘’tan to the −1’’.

We can find this on the calculator by pressing SHIFT and then tan.

In order to use inverse trigonometric functions:

1 Set up an equation involving Sin, Cos or Tan and rearrange it until you are left

with the trig function as the subject.

2 Apply the inverse trigonometric function.

3 Calculate the answer, using the SHIFT button on the calculator, and round it as

needed.

Inverse trigonometric functions examples

Example 1: use inverse trigonometric functions

Work out the value of to 1 decimal place.

sin(θ)

sin(θ)

sin(θ) =
Opposite

Hypotenuse

cos(θ)

cos(θ)

cos(θ) =
Adjacent

Hypotenuse

tan(θ)

tan(θ)

tan(θ) =
Opposite

Adjacent

What are trigonometric
functions?

"

TrigonometricFunctions

Trigonometricfunctionsarefunctionsthatrelateanangleinarightangled
triangletotheratiooftwoofitssides.

Sin,CosandTanaretrigonometricfunctions.

TheanglecanbecalledanythingbutitisoftenreferredtoasA(theta).

sin(A)
Opposite
Hypotenuse

cos(A)
Adjacent

Hypotenuse
Hyp
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tan(A)
Opposite
Adiacent

an
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o
d
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o

Adjacent
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sin(30) = 10
x

We know  sin(θ) =  therefore  sin(30) =
Opposite

Hypotenuse

x

10

sin(30) =

10 × sin(30) = x

x

10

x = 10 × sin(30)
x = 5cm

cos(30) = 10
x

We know  cos(θ) =  therefore  cos(30) =
Adjacent

Hypotenuse

x

10

cos(30) =

10 × cos(30) = x

x

10

x = 10 × cos(30)
x = 8.660254038
x = 8.66cm(2dp)

tan(30) =
x
5

We know  tan(θ) =  therefore  tan(30) =
Opposite

Adjacent

5
x

tan(30) =

x × tan(30) = 5

x =

5
x

5
tan(30)

tan(30)
5 x

x =

x = 8.660254038
x = 8.66cm (2dp)

5
tan(30)

How to use trigonometric
functions

"

Trigonometry worksheet (includes
trigonometric functions)
Get your free trigonometric functions worksheet of
20+ trigonometry questions and answers. Includes
reasoning and applied questions.

DOWNLOAD FREE

x sin(72) =
x
25

sin(72) =
25
x

sin(72) =

x × sin(72) = 25

x =

25
x

25
sin(72)

sin(72)
25 x

x =

x = 26.28655561
x = 26.2 (1dp)

25
sin(72)

We know  cos(θ) =  therefore  cos(34) =
Adjacent

Hypotenuse

x

32

cos(34) =

32 × cos(34) = x

x

32

x = 32 × cos(34)
x = 26.52920232
x = 26.5mm (3sf)

We know  tan(θ) =  therefore  tan(29) =
Opposite

Adjacent

8
x

tan(29) =

x × tan(29) = 8

x =

8
x

8
tan(29)

x =

x = 14.43238204
x = 14.4 km (3sf)

8
tan(29)

sin−1 cos−1 tan−1

sin(θ) = θ = sin−1( )
 Opposite 

 Hypotenuse 
 Opposite 

 Hypotenuse 

cos(θ) = θ = cos−1( )
 Adjacent 

 Hypotenuse 
 Adjacent 

 Hypotenuse 

tan(θ) = θ = tan−1( )
 Opposite 
 Adjacent 

 Opposite 
 Adjacent 

sin(θ) = , θ =5
3 sin ( )−1

5
3

We know  sin(θ) =  therefore  sin(θ) =
Opposite

Hypotenuse

3
5

-1

cos(θ) = , θ =5
4 cos ( )−1

5
4

We know  cos(θ) =  therefore  cos(θ) =
Adjacent

Hypotenuse

4
5

-1

tan(θ) = , θ =4
3 tan ( )−1

4
3

We know  tan(θ) =  therefore  tan(θ) =
Opposite

Adjacent

3
4

-1

sin(θ) = 0.9

When we input a given angle into   it gives us the ratio 

between the adjacent length and the opposite length

tan θ
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Trigonometric functions
Here we will learn what the trigonometric functions and inverse trigonometric
functions are and how we can use them to calculate missing side lengths and angles in
right-angled triangles.

Look out for the trigonometric functions practice problems, worksheets and exam
questions at the end.

What are trigonometric functions?

Trigonometric functions are functions that relate an angle in a right angled triangle to
the ratio of two of its sides.

Sin, cos and tan are trigonometric functions.

The angle can be called anything but it is often referred to as ϴ (theta).

When we input a given angle into   it gives us the ratio between the opposite
length and the hypotenuse.

It tells us how many times bigger the opposite is than the hypotenuse. 

When we input a given angle into  it gives us the ratio between the adjacent
length and the hypotenuse.

It tells us how many times bigger the adjacent is than the hypotenuse.

When we input a given angle into  it gives us the ratio between the adjacent
length and the opposite length.

It tells us how many times bigger the opposite is than the adjacent.

See also: Trigonometry formula

Sine, Cosine and Tangent

Trigonometric functions tell us how many times bigger one side is than another in
triangles containing a right angle. Therefore, if we are given the length of one side and
the value of one angle, we can set up equations using trigonometric functions to help
us find the lengths of the other sides.

E.g.

We need to work out the value of x, to do this, we begin by writing an equation
involving x.

Now we can rearrange this equation to make x the subject:

Finally we can type 10 × sin(30) into a calculator to find the value for x.

Now we can rearrange this equation to make x the subject:

Finally we can type 10 × cos(30) into a calculator to find the value for x.

Now we can rearrange this equation to make x the subject:

Finally we can type  into a calculator to find the value for .

See also: Sin Cos Tan

How to use trigonometric functions

In order to use trigonometric functions:

1 Set up an equation until involving sin, cos, or tan.

2 Rearrange the equation, making the value you are trying to find the subject.

3 Work out the answer using a calculator and round it as needed.

Trigonometric functions examples

Example 1: calculating with trigonometric functions
Work out the value of , given . Give your answer to 1dp.

1 Set up an equation until involving Sin, Cos, or Tan.

We already have an equation involving sin

2 Rearrange the equation, making the value you are trying to find the subject.

3 Work out the answer using a calculator and round it as needed.

Type  into a calculator to work out .

Example 2: finding the length of a side

Find the length labelled x in the triangle below. Give your answer to 3sf.

Labelling the triangle, we can see that we know the hypotenuse and we want to know
the adjacent. The trigonometric function which compares these two sides is cos.

Example 3: finding the length of a side

Find the length labelled x in the triangle below. Give your answer to 3sf.

Labelling the triangle, we can see that we know the opposite and we want to know the
adjacent. The trigonometric function which compares these two sides is tan.

What are inverse trigonometric functions?

In the same way that addition and subtraction are inverse operations, inverse
trigonometric functions do the opposite of regular trigonometric functions. 

We can use the inverse sine function, the inverse cosine function and the inverse
tangent function to work out the missing angle ϴ.

The inverse trig functions are:

How to use the inverse trigonometric functions

In order to work out missing angles in right-angled triangles we need use the inverse
trigonometric functions:

We need to work out θ, but it is currently inside the function sin.
To ‘undo’ sin we use its inverse, which is written as sin .
We call this ‘’inverse sin’’, or ‘’sin to the −1’’.

We can find this on the calculator by pressing SHIFT and then sin.

.

We need to work out θ, but it is currently inside the function cos.
To ‘undo’ cos we use its inverse, it is written as cos .
We call this ‘’inverse cos’’, or ‘’cos to the −1’’.

We can find this on the calculator by pressing SHIFT and then cos

.

We need to work out θ, but it is currently inside the function tan.
To ‘undo’ tan we use its inverse, it is written as tan .
We call this ‘’inverse tan’’, or ‘’tan to the −1’’.

We can find this on the calculator by pressing SHIFT and then tan.

In order to use inverse trigonometric functions:

1 Set up an equation involving Sin, Cos or Tan and rearrange it until you are left

with the trig function as the subject.

2 Apply the inverse trigonometric function.

3 Calculate the answer, using the SHIFT button on the calculator, and round it as

needed.

Inverse trigonometric functions examples

Example 1: use inverse trigonometric functions

Work out the value of to 1 decimal place.

sin(θ)

sin(θ)

sin(θ) =
Opposite

Hypotenuse

cos(θ)

cos(θ)

cos(θ) =
Adjacent

Hypotenuse

tan(θ)

tan(θ)

tan(θ) =
Opposite

Adjacent
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Sin,CosandTanaretrigonometricfunctions.

TheanglecanbecalledanythingbutitisoftenreferredtoasA(theta).

sin(A)
Opposite
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Hyp
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sin(30) = 10
x

We know  sin(θ) =  therefore  sin(30) =
Opposite

Hypotenuse

x

10

sin(30) =

10 × sin(30) = x

x

10

x = 10 × sin(30)
x = 5cm

cos(30) = 10
x

We know  cos(θ) =  therefore  cos(30) =
Adjacent

Hypotenuse

x

10

cos(30) =

10 × cos(30) = x

x

10

x = 10 × cos(30)
x = 8.660254038
x = 8.66cm(2dp)

tan(30) =
x
5

We know  tan(θ) =  therefore  tan(30) =
Opposite

Adjacent

5
x

tan(30) =

x × tan(30) = 5

x =

5
x

5
tan(30)

tan(30)
5 x

x =

x = 8.660254038
x = 8.66cm (2dp)

5
tan(30)
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Trigonometry worksheet (includes
trigonometric functions)
Get your free trigonometric functions worksheet of
20+ trigonometry questions and answers. Includes
reasoning and applied questions.

DOWNLOAD FREE

x sin(72) =
x
25

sin(72) =
25
x

sin(72) =

x × sin(72) = 25

x =

25
x

25
sin(72)

sin(72)
25 x

x =

x = 26.28655561
x = 26.2 (1dp)

25
sin(72)

We know  cos(θ) =  therefore  cos(34) =
Adjacent

Hypotenuse

x

32

cos(34) =

32 × cos(34) = x

x

32

x = 32 × cos(34)
x = 26.52920232
x = 26.5mm (3sf)

We know  tan(θ) =  therefore  tan(29) =
Opposite

Adjacent

8
x

tan(29) =

x × tan(29) = 8

x =

8
x

8
tan(29)

x =

x = 14.43238204
x = 14.4 km (3sf)

8
tan(29)

sin−1 cos−1 tan−1

sin(θ) = θ = sin−1( )
 Opposite 

 Hypotenuse 
 Opposite 

 Hypotenuse 

cos(θ) = θ = cos−1( )
 Adjacent 

 Hypotenuse 
 Adjacent 

 Hypotenuse 

tan(θ) = θ = tan−1( )
 Opposite 
 Adjacent 

 Opposite 
 Adjacent 

sin(θ) = , θ =5
3 sin ( )−1

5
3

We know  sin(θ) =  therefore  sin(θ) =
Opposite

Hypotenuse

3
5

-1

cos(θ) = , θ =5
4 cos ( )−1

5
4

We know  cos(θ) =  therefore  cos(θ) =
Adjacent

Hypotenuse

4
5

-1

tan(θ) = , θ =4
3 tan ( )−1

4
3

We know  tan(θ) =  therefore  tan(θ) =
Opposite

Adjacent

3
4

-1

sin(θ) = 0.9

tan θ =
opposite
adjacent



Trigonometric circle
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As the point moves, sin and cos oscillate between  and , 
repeating every (or  radians)

−1 +1
360∘ 2π

Trigonometric functions are visualized on a unit circle (radius ) by tracking the 
coordinates of a point as it rotates counterclockwise

r = 1 (x, y)

The -coordinate represents the height and is associated to the sine, y sin θ =
opposite

hypothenuse
The -coordinate represents the horizontal position and is associated to the cosine 

 

x

cos θ =
adjacent

hypothenuse

➣

➣

➣

➣

 ☛ angular position measured from the positive horizontal -axis θ x➣



The Sinusoidal Description of SHM
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Overview

Luis Anchordoqui

Period and sinusoidal nature of SHM 

Figure shows how to get experimentally    versus on spring 

As paper moves with constant speed pen traces out displacement   

A marking pen is attached to mass on spring and paper is pulled to left

General equation for such curve is 

x

x

t for mass 

x = A cos (! t + �)

2⇡ f Phase constant

as function of time

9Tuesday, November 12, 19

Displacement in a SHM can be mathematically expressed as a sinusoidal function of time

Indeed, general equation to describe sinuosidal curve
➣

➣

➣

x = A cos(ωt + δ)

 ☛ shifts the SHM cosine or sine behavior along the horizontal axis, acting as a timing offset δ

  ☛ angular frequencyω = 2πf   ☛ phase angle  parameter in SHM that 
defines the initial state (position and velocity) 
of the oscillating mass at  

δ ≡

t = 0



Damped Oscillations
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Damping occurs when resistive forces (like friction or air resistance) dissipate a system's energy
The amplitude of the oscillation decreases over time until the system eventually stops➣

➣

1τ 2τ 3τ 4τ 5τ 6τ 7τ 8τ
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8

FIG. 10: Position (measured in m) versus time (measured in s) for an underdamped (left), critically damped (middle), and
overdamp (right) oscillator.

The unit of frequency is the hertz (Hz), which is 1 cycle/s.
We can describe the motion of the mass using en-

ergy, since the mechanical energy of the mass is con-
served. Recall that at any position x the mechanical
energy Emechanical of the mass will have a term from the
potential energy Eelastic, associated with the spring force,
and kinetic energy Ekinetic,

Emechanical = Eelastic + Ekinetic , (24)

or equivalently

Emechanical =
1
2

kx2 +
1
2

mv2 . (25)

We can find the mechanical energy by evaluating the
energy at one of the turning points. At these points, the
kinetic energy of the mass is zero, so

Emechanical = Eelastic (x = A) =
1
2

kA2 . (26)

We can then write the expression for mechanical energy
as:

Emechanical =
1
2

kA2 =
1
2

kx2 +
1
2

mv2 . (27)

With a little bit of algebra, we can thus always know
the speed of the mass at any position if we know the
amplitude:

v =
p

k(A2 � x2)/m . (28)

In Fig. 9 we show how we can experimentally obtain x
versus t for a mass on a spring. The general equation to
describe the curve shown in Fig. 9 is

x = A cos(!t + �) (29)

where ! = 2⇡ f is the angular frequency, and the phase
constant �, also known as the phase angle or phase shift,
is a parameter in SHM that defines the initial state (po-
sition and velocity) of the oscillating mass at t = 0.7

7 We note in passing that � shifts the SHM cosine or sine behavior
along the horizontal axis, acting as a timing o↵set.

Another example of SHM is a pendulum consisting of
a mass or bob, hanging by a string from a fixed point
and free to oscillate back and forth in a plane, as shown
in Fig. 5. The equilibrium point is the point directly
below the suspension point, where the pendulum will
hang motionless. The force required to pull the pen-
dulum away from its equilibrium position is linearly
proportional to the displacement of the bob from equi-
librium, so long as the amplitude is small. When dis-
placed through some small angle and released from rest,
the bob executes SHM in the plane of the paper. The
motion can be described by a graph similar to the one in
Fig. 9. The energetic considerations have been described
in Sec. I B 4.

2. Damped and Driven Oscillations

Damped and driven oscillations describe how real-
world systems move when they lose energy to the envi-
ronment and receive energy from an external source.

Damping occurs when resistive forces (like friction
or air resistance) dissipate a system’s energy. The am-
plitude of the oscillation decreases over time until the
system eventually stops, see Fig. 10.

There are three main types of damping:

1. Underdamped, in which the system oscillates with a
gradually decreasing amplitude;

2. Critically damped, in which the system returns to
equilibrium as quickly as possible without oscil-
lating;

3. Overdamped, in which the system returns to equi-
librium slowly without oscillating.

A driven (or forced) oscillation occurs when a periodic
external force is applied to a damped system to maintain
its motion.

Underdamped, in which the system oscillates with a gradually decreasing amplitude

Critically damped, in which the system returns to equilibrium as quickly as possible without oscillating

Overdamped, in which the system returns to equilibrium slowly without oscillating

There are three main types of damping

➣

➣

➣



Decay Rates of Damped Oscillatory Systems
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For a linearly damped harmonic oscillator, the amplitude  decays exponentially over time 
according to a decay constant ,  with 

A
γ A(t) = A0e−γt e ≃ 2.72

➣

1τ 2τ 3τ 4τ 5τ 6τ 7τ 8τ 9τ 10τ

+A0e−γt

−A0e−γt



Driven Oscillations
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A driven (or forced) oscillation occurs when a periodic external force is applied to a damped system 
to maintain its motion ☛ causing it to vibrate at the driving frequency rather thanits natural frequency

Listen to the chimes of the Kendall Band

https://youtube.com/shorts/ROg-NCxyIZM?

https://youtube.com/shorts/ROg-NCxyIZM?feature=share


Resonance
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The phenomenon known as resonance occurs when a driven oscillator is made to vibrate at 
the same frequency as the driver oscillator
Resonance effects are characterized by vibrations with large amplitudes
Think about a child being pushed on a swing
The pusher (driver) pushes at the same frequency as the natural frequency of the oscillation 
of the swing (driven)
The result is that the swing oscillates with large amplitude, since the energy it needs to gain 
altitude is being supplied at exactly the right time in the cycle

➣

➣

➣

➣

➣
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When the mass reaches point  its instantaneous velocity is?x = + A
A. Maximum and positive 

B. Maximum and negative 

C. Zero 

D. Less than maximum and positive 

E. Less than maximum and negative

A mass in the diagram to the right undergoes simple harmonic motion



When the mass reaches point  its instantaneous velocity is?x = + A
A. Maximum and positive 

B. Maximum and negative 

C. Zero 

D. Less than maximum and positive 

E. Less than maximum and negative

A mass in the diagram to the right undergoes simple harmonic motion



When the mass reaches point  its instantaneous velocity is? x = 0
A. Maximum and can be positive or negative 

B. Constant and doesn’t depend on the location 
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A mass-spring oscillating system undergoes SHM with maximum amplitude A  

If the amplitude is doubled what effect will it produce on the mechanical energy 

of the system? 

A. The energy is increased by factor two 

B. The energy is increased by factor four 

C. The energy is decreased by factor two  

D. The energy is decreased by factor four 

E. It doesn’t affect the energy 

[hint: ]Emechanical =
1
2

kA2
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A mass M suspended from a string L undergoes SHM 

Which of the following is true about the period of oscillations? 

A. The period increases with increasing amplitude

B. The period increases with increasing mass 

C. The period increases with decreasing lenght 

D. The period increases with increasing lenght 

E. The period doesn’t depend on acceleration due to gravity 

[hint: ]τ = 2π L/g
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A simple pendulum is moved from the Earth to the Moon. How does it change the 

period of oscillations?  

Acceleration due to gravity on moon= 1.6 m/s2

A. The period is increased by factor √6

B. The period is increased by factor four 

C. The period is decreased by factor √6

D. The period is decreased by factor four 

E. The period remains the same

[hint: ]τ = 2π L/g
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The length of a simple pendulum oscillating with a period  is quadrupled, what is the 
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A simple pendulum has a period of 1 s. What is the length of the string? 

A.

B.  

C.  

D.  

E.

1 m

2 m

4 m

1
2

m

1
4

m
[hint: ]τ = 2π

L
g

⇒ L = g ( τ
2π )

2
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A simple pendulum with a length of 1 m oscillates on the surface of a hypothetical planet  

What is the  surface gravity on the planet if the period of oscillations is 4 s? 

X
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τ )
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A mass-spring oscillating system undergoes SHM 

Which of the following graphs represents the elastic potential energy as a function of position? 
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In damped oscillations, the amplitude of the oscillations:

A. Remains constant over time 

B. Increases linearly with time 

C. Decays exponentially over time 

D. Decays linearly with time
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A damped, driven oscillator that has reached a "steady state" will oscillate at:

A. Its natural frequency   

B. The frequency of the driving force   

C. The difference between the two frequencies  

D. Zero frequency (it stops)

f0
fd

( f0 − fd)
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What is the effect of increased damping on a forced oscillator?

A. The maximum amplitude increases 

B. The maximum amplitude decreases, and resonance becomes flatter 

C. The resonance frequency increases 

D. The system stops acting like a harmonic oscillator
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Bonus Challenge (not on the final exam)

In a lightly damped system, if the amplitude of the oscillator takes time  to fall to half 

its initial value, the total mechanical energy of the system falls to half its initial value in:

tA1/2

A.   

B.   

C.   

D.

tA1/2

2tA1/2

tA1/2
/2

tA1/2
/4
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Explanation of the Bonus Challenge
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For a damped harmonic oscillator, the amplitude  decays exponentially over 

time according to a decay constant 

A
γ

A(t) = A0e−γt with e ≃ 2.72

Substituting this into the mechanical energy relation  

we find that the mechanical energy decays as fast as 

Emechanical =
1
2

kA2

Emechanical(t) =
1
2

kA2
0e−2γt

This gives us the energy decay equation ☛ Emechanical(t) = E0e−2γt

➣

➣

➣



Compare the “Half-Life" Times
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Let  be the time where  and  be the time where tA1/2
A(tA1/2

) = A0/2 tE1/2

Emechanical(tE1/2
) = E0/2

For amplitude  ☛ e−γtA1/2 = 1/2

For energy ☛ e−2γtE1/2 = 1/2

Since both expressions equal  ☛ their exponents must be equal 1/2 γtA1/2
= 2γtE1/2

Dividing both sides by  γ tA1/2
= 2tE1/2

⇒ tE1/2
= tA1/2

/2

➣

➣

➣

➣

➣



Conclusion of Bonus Challenge 
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The energy reduces to half its value in  because energy depends on 

the square of the amplitude

When the amplitude is squared, the exponential decay rate effectively 
doubles, meaning any percentage reduction in energy happens in half the 
time required for the same percentage reduction in amplitude

tA1/2
/2➣

➣


