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|Newton’s Law of Universal Gravitationl

Gravity is the force that maintains planets in orbit around the sun
It was first correctly described by Isaac Newton in 1687

According to Newton [1 any two point mass objects
(or spherically symmetric objects of finite extent)
exert a force of attraction on one another

[ points along the line of centers joining the objects
This force [1 is directly proportional to the product of the objects’ masses

[1 is inversely proportional to the square of the distance between them

U
m M
r2

—

F=-G Er

A laboratory verification of the law and determination of the gravitational constant
was made in 1798 by Henry Cavendish
using a torsion balance with 2 small spheres fixed at the end of a light rod

G = 6.6726 + 0.0008 x 10~* N m? /kg 2
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‘Newton’s Law of Universal Gravitation (cont’d)l

Gravitational Law strictly applies to point particles

If one of the particles is replaced by a body with certain extension

U

we need additional hypothesis to calculate the force

U

assume the gravitational force field is a linear field

U

net gravitational force on a particle due to many other particles

U

vector sum of all individual forces

For a body consisting of a continuous distribution of matter

U

the sum becomes an integral
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‘Newton’s Law of Universal Gravitation(cont’d)l

O p(7') = mass density

0 dv’ = element of volume at the position defined by 7'
from arbitrary origin to the point within the mass distribution
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‘Gravitational Vector Field g I

Vector representing the force per unit mass
excerted on a particle in the field of a body of mass M

U
—y
v T

The quantity g has the dimension of force per unit mass

Near the surface of the Earth g is the gravitational acceleration constant

] ~ 9.8m/s”
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| Gravitational Potential I

Gravitational Vector Field varies ox 1/7“2

U

satisfies the requirement that permits g
to be represented as the gradient of a scalar function

U
j=-Vo

® = gravitational potential

Since g has only radial variation

U

can have at most variation with r

- d® M
V@zﬂer:Gﬁer

Integrating

M
d=-G—
.
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Gravitational Potential (cont’d)

Determine the gravitational potential inside and outside a spherical shell

of inner radius b and outer radius a [J homogeneous mass distribution p(r’') = p

do

T sind

/

dv

_G/ p(r')

AV T

— —27r,0G/ T'2dr’/
b 0

Symmetry about the line connecting the center of the sphere and the field point P
U
azimuthal angle immediately integrated in the expression for the potential
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‘Gravitational Potential (cont'd)l

According to the law of cosines 0 r? =12 + R? — 2r'Rcos 6
Since R = constant [ for given r’ we can differentiate this equation

sin @ dr
df =
r' R

r
2 G a Tmax

o= _2TP / r'dr'/ dr
R b T'min

The limits on the integral over dr depend on the location of point P
I. P is outside the shell

2 a R+r'
®(R>a) = - W}QG/ fr'dr'/ dr
b _

R—1r!
_ _47TpG /GTIQd,',,l
R Jy

ampG
3 R
Mass of the shell O M = Smp(a® — b®)

2rdr = 2r' Rsin 8df =

(* 1)
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‘Gravitational Potential (cont’d)l

II. P is inside the shell

2 a r+R
BR<b) = - Wng/b r'dr'/, o

= —47rpG/ r'dr’
b

= —271pG(a* — b?)

The potential is constant and independent of the position within the shell

III. P is within the shell
Substitute by R the lower limit of integration in the expression ®(R < b)
Substitute by R the upper limit of integration in the expression ®(R > a)

B A7 pG
3R

®(b< R<a) (R? = b°) — 27pG(a® — R?)
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‘Gravitational Potential (cont’d)l

SUMMARY
[J The potential at any point outside spherically symmetric distribution of matter

U

is independent of the size of the distribution

U

to calculate external potential [ consider all the mass concentrated at the center

[1 The potential is constant inside any spherically symmetric mass shell

Magnitude of the vector field g

U
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Gravitational Potential (cont’d)

SUMMARY [1

Luis Anchordoqui

Classical Mechanics

Fall 2006

UWM



12

‘ Poisson’s Equation I

The gravitational flux ®,,, emanating from a mass m

Surface &
__.J'

through the arbitrary surface S is

7. is normal to the surface at the differential area da
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‘ Poisson’s Equation (cont’d) I

Substituting g for the gravitational vector field for a body of mass m

n.g=—-Gm 2 0 angle between 12 and g
J
cos 0
P, = —Gm da
s r?

The integral is over the solid angle of the arbitrary surface
<I>m=/ n.qgda=—4wtGm
S

Generalizing this result for m; masses

/ 'fi.g’da:—4ﬂ'GZmi
S i

and for a continuos mass distribution within surface S
/ ﬁ.g’daz—4ﬂ'G/ p dv
S v
V is the volume enclose by S and p the mass density
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‘ Poisson’s Equation (cont’d) I

Using Gauss divergence theorem

/ﬁ.g’da:/ V. gdv
S \%

U

/—471'Gpdv=/ V. gdv
1% 1%

or equivalently

V.§=—4nGp

Substituting g = —V® [ we obtain Poisson’s Equation

V2ip = —4nGp

If p =0 0 we obtain Laplace Equation

V2@ =0
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| Ocean Tides I

The ocean tides have long been of interest to humans
The Chinese explained the tides as the breathing of the Earth
[J around the sun once a year
Galileo tried unsuccessfully to explain the tides [ effect of Earth's motion

[1 on its own axis once a day
(could not account for the timing of the approximately two high tides each day)

Mariners have known for at least 4000 yr that tides are related to Moon's phases

Exact relationship [1 hidden behind many complicated factors
Newton finally gave an adequate explanation
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‘ Ocean Tides (cont’d) I

[1 Ocean tides are caused by the gravitational attraction of the ocean
[J to the sun

[1 to the moon

Calculation is complicated

U

surface of the Earth is not an inertial system !

[J Earth’s rotation
[] Timing of tidal events is related to

[1 revolution of the moon around the Earth

If the moon was stationary in space [1 tidal cycle would be 24 hours long
HOWEVER

the moon is in motion revolving around the Earth
1 revolution takes about 27 days

4
adding about 50 minutes to the tidal cycle
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‘ Ocean Tides (cont’d) I

1%t 00 consider only effect of the moon

U

assume simple model [I Earth’s surface is completely full of water
set up an inercial frame of reference x’, y’, 2z’

i

e = | v |

| M |
lI I
Mo \ /

Earth

M,, = mass of the moon r = radius of a circular Earth
D = distance from the center of the Earth to the center of the moon

Fall 2006 . .
Classical Mechanics Luis Anchordoqui
UWM



18

‘ Ocean Tides (cont’d) I

Consider the effect of both moon and Earth gravitational attraction
[J on a small mass m placed on the surface of the Earth

[ from the center of the Earth is 7
The position vector of the mass m [ from the moon is R

[0 from our inertial system 77,
The position vector from the inertial system to the center of the Earth is 7

As measured from inertial system [1 the force on m due to Earth and moon is

- GmMg GmM, .
m T =-— 3 &~ —p3 CR
Similarly [J the force on the center of mass of the Earth caused by the moon is
—/ m =
Mg 7y =— D2 €D
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‘Ocean Tides (cont’d)l
We want to find [

acceleration as measured in the noninertial frame place at center of Earth

e, "y 1
r = Ty — Tg
:»/ M —/
. m ’I“m_ E Tg
m ME

GMg ., GM, | G Mn

—

- T2 T Tpr CR + Dz D
GME - 5R 5D
= — 7’-2 er_GMm (ﬁ_ﬁ)

[ The first part is due to the Earth
[1 The second part is the acceleration from the tidal force

Y [1 the moon's gravitational pull at the center of the Earth
due to the difference between

[] the moon's gravitational pull on the Earth surface
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‘ Ocean Tides (cont’d) I

We next find the effect of the tidal force at various points on Earth
Polar view of Earth with the axis along z-axis

—=
“r,u
Feliauan

The tidal force on the mass m on the Earth surface is
€r €D

For the farthest point on Earth from the moon I a
both unit vectors €g and €p are pointing in the same direction
(away from the moon in the z-axis)

Since R > D the second term predominates [1 the force is along the + x-axis
For the closest point on Earth from the moon [ b

R<Dandr/D<1 |
Ft has approximately the same magnitude as at point a [1 but along the —x-axis
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‘ Ocean Tides (cont’d) I

The magnitude of the tidal force along the x-axis is

1 1

1 1
- Temin [(D+r>2 ) D2]

— —GmMml; [(1+:/D)2 _1]

We expand first term using (1 + x)~2 expansion

GmM r 7 2
Fr, = ——MMm oy o" (—) -1
T e [ D—I—3 o) ]
_ 2GmMyr
— BE

we kept only the largest non-zero term in the expansion because /D = (.02
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‘ Ocean Tides (cont’d) I

For point ¢ I though €R is not quite exactly along ép
the z-axis components approximately cancel because R ~ D
and the z-components of eg and ep are similar
There is a small component of er along y-axis J can be approximated by (r/D)j

1
Tidal force at point c is
1 r
FTy = _GmMm (ﬁ E)
B GmM_r
- D3

This force is along the —y-axis towards the center of the Earth at point ¢

For point d [ force of same magnitude
[] but along the +y-axis towards the center of the Earth
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‘ Ocean Tides (cont’d) I

SUMMARY
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‘ Ocean Tides (cont’d) I

For arbitrary point e 1 x =rcosf and y = rsinf

o 2GmM,,r cos 6
GmMrsinf
Fry = —
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‘ Ocean Tides (cont’d) I

The plane of the moon orbit is not perpendicular to the Earth rotation axis

U

high tides are not along the Earth-moon axis

Tidal distortion
(highlv exapseraed) “-.\

| o
o

e
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ek e
g e
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\
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orhit LT i

The sun gravitational attraction is about 175 times stronger
Despite the stronger attraction due to the sun []
gravitational force gradient over the surface of the Earth is much smaller
(because of much larger distance to the sun)

Similar analysis shows [ tidal force due to the sun is 46% that of moon
sizeable effect!
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‘ Ocean Tides (cont’d) I

Second factor controlling tides on Earth’s surface is the sun’s gravity
The height of the average solar tide is about 0.46 the average lunar tide

At certain times during the moon’s revolution around the Earth []
the direction of its gravitational attraction is aligned with the sun’s

during these times the two tide producing bodies act together

U

creating the highest and lowest tides of the year
Spring tides occur every 14-15 days during full and new moons
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‘ Ocean Tides (cont’d) I

When gravitational pull of moon and sun are at right angles to each other

U

daily tidal variations on the Earth are at their least

Neap tides occur during the first and last quarter of the moon
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| Homework I

Using the simple model of ocean surrounding the Earth
calculate the maximum height change in the ocean tides

Newton’s hint

[J one along the direction of high tide (z-axis)
Imagine 2 wells be dug

[J one along the direction of low tide (y-axis)

W

If tidal height change by h |}
difference in potential energy of mass m due to height difference is mgh
AW done to move mass m from point ¢ to center of the Earth and then to point a
[1 must equal the potential energy change mgh

Fall 2006 . .
Classical Mechanics Luis Anchordoqui
UWM



29

‘ Homework (cont’d) I

work done by gravity

0 T
W = / FTy dy—l—/ Fr, dx
T 0

GmM, 0 "
W = D3 [/r (—y)dy—l—/0 2xdaz]
_ 3GmMpyr?
N 2D3
- 3GmM 1> he 3G M, 1>
I = T o ps ~ " 24D3

3(6.67 x 1071 m3 /kgs?) (7.350 x 10?2 kg) (6.37 x 10% m)?
2 (9.8 m/s°) (3.84 x 108 m)3

B = = 0.594 m

RU ok with this answer?
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‘ Homework (cont’d) I

work done by gravity

0 T
W:/ FTydy—I—/ Fr, dz
T 0

G Mm 0 T
W = %3 [/ (—y)dy—|—/ 2:cd:c]
T 0
_ 3GmMy,r?
N 2D3
b — 3GmM,,r? L 3G M, 12
= "ops ~ " 24D3

3(6.67 x 10711 m3 /kgs?) (7.350 x 10?2 kg) (6.37 x 105 m)?
2 (9.8 m/s”) (3.84 x 108 m)3

An observer who has spent much time near the ocean
has noticed that typical oceanshore tides are much greater

U

Earth is not covered completely with water and continents play a significant role
local effects can be dramatic [ leading to tidal changes of several meters!

h = = 0.94 m
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