
Quantum Mechanics

Luis A. Anchordoqui

Department of Physics and Astronomy
Lehman College, City University of New York

Lesson II
February 5, 2019

L. A. Anchordoqui (CUNY) Quantum Mechanics 2-5-2019 1 / 27



Table of Contents

1 Origins of Quantum Mechanics
Blackbody radiation
Photoelectric effect

L. A. Anchordoqui (CUNY) Quantum Mechanics 2-5-2019 2 / 27



L. A. Anchordoqui (CUNY) Quantum Mechanics 2-5-2019 3 / 27



Origins of Quantum Mechanics

Quantum mechanics was born in early 20th century
due to collapse of deterministic classical mechanics

driven by Euler-Lagrange equations

Collapse resulted from the discovery of various phenomena
which are inexplicable with classical physics

Pathway to quantum mechanics invariably begins with Planck
and his analysis of blackbody spectral data
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Origins of Quantum Mechanics Blackbody radiation

Stefan-Boltzmann law

Rate at which objects radiate energy + L ∝ AT4

At normal temperatures + ≈ 300 K
not aware of this radiation because of its low intensity
At higher temperatures + sufficient IR radiation to feel the heat
At still higher temperatures + O(1000 K)
objects actually glow such as a red-hot electric stove burner
At temperatures above 2000 K
objects glow with a yellow or whitish color + filament of lightbulb
Blackbody + idealized object that absorbs all incident radiation
regardless of frequency or angle of incidence
bolometric luminosity: L = σ A T4 + σ = 5.67× 10−8 W m−2 K−4

Radiant flux + total power leaving 1 m2 of blackbody surface @ T

F(T) = L/A = σT4 (1)
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Origins of Quantum Mechanics Blackbody radiation

Wien’s displacement law
Wavelength λmax at which spectral emittance reaches maximum
decreases as T is increased in inverse proportion to T

λmaxT = 2.90× 10−3 m K (2)

Qualitatively consistent with observation that
heated objects first begin to glow with red color

and at higher temperatures color becomes more yellow
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Origins of Quantum Mechanics Blackbody radiation

Approximate realization of blackbody surface
Consider hollow metal box with walls in thermal equilibrium @ T
Cavity is filled with radiation forming standing waves
Suppose there is small hole in one wall of box

which allows some radiation to escape
It is the hole and not the box itself that is the blackbody
Radiation from outside that is incident on hole gets lost inside box
and has a negligible chance of reemerging from the hole

no reflections occur from blackbody (the hole)
Radiation emerging from hole + sample of radiation inside box
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Origins of Quantum Mechanics Blackbody radiation

Radiation inside box

u(T) + energy density (energy per unit volume) [J m−3]
du
dλ ≡ uλ(λ, T) + spectral energy density [J m−3 nm−1]

If we look into interior of box and measure spectral energy density
with wavelengths between λ and λ + dλ in small volume element
result would be + uλ(λ, T) dλ

Surface brightness (or spectral emittance)

Bλ(λ, T) + spectral radiant flux per sterradian
emitted from unit surface that lies normal to view direction

Because photons of all wavelengths travel at c
wavelength dependence of uλ equals that of Bλ

It does not matter whether radiation sampled is:
that in 1 m3 @ fixed time or that impinging on 1 m2 in 1 s

Bλ(λ, T) =
c

4π
uλ(λ, T) (3)
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Origins of Quantum Mechanics Blackbody radiation

Surface element + different for each view direction

dA
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d⌦

d�
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Origins of Quantum Mechanics Blackbody radiation

Radiant flux through unit area of fixed surface immersed in blackbody

dFλ(λ, T) = Bλ(λ, T) cos θdΩ (4)

F(T) =
∫ ∞

0

∫ π/2

θ=0

∫ 2π

φ=0
Bλ(λ, T)

dA cos θ

dA
dΩdλ (5)

∫ π/2

θ=0

∫ 2π

φ=0
cos θ sin θdθdφ = π (6)

F(T) =
∫ ∞

0
Bλ(λ, T) dλ = σT4 (7)

u(T) =
∫ ∞

0
uλ(λ, T)dλ = aT4 (8)

a = 4σ/c = 7.566× 10−16 J m−3 K−4
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Origins of Quantum Mechanics Blackbody radiation

Wave can be characterized by:
wavelength λ, speed c, period T = λ/c, frequency ν = 1/T = c/λ

ω = 2πν = 2πc/λ (9)

Spectral energy density within (λ, λ + ∆λ)

uλ(λ, T) dλ = uω(ω, T) dω (10)

(9) and (10) yield

uλ(λ, T) = uω(ω, T)
∣∣∣∣
dω

dλ

∣∣∣∣ = uω(ω, T)
2πc
λ2 (11)
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Origins of Quantum Mechanics Blackbody radiation

Consider box in thermal equlibrium @ T
Spectral energy density of radiation
with frequencies between ω and ω + dω in small volume element

uω(ω, T)︸ ︷︷ ︸
average energy
per ω interval

per volume

dω =




number of states inside box
within interval (ω, ω + dω)

volume of the box︸ ︷︷ ︸
N(ω,T)


 ·




average energy
of one radiation

mode of frequency ω
︸ ︷︷ ︸

〈E〉




MATH 235, by T. Lakoba, University of Vermont 125

Any wave can be characterized by: the wave-
length ∏, the speed c, the period ø = ∏/c, the
frequency ∫ = 1/ø = c/∏, or, equivalently,
by the angular frequency

! = 2º∫ =
2ºc

∏
. (13.10)

In what follows we will refer to both the fre-
quency ∫ and the angular frequency ! as sim-
ply the frequency, since this will not lead to
a confusion of the two.

Let us recall that our final goal is to derive Eq. (13.6) for the radiation spectral density
K∏(T ). Since we now are using the frequency instead of the wavelength in our description, we
need to relate K!(T ) with K∏(T ). This is done as follows. The energy of radiation emitted
within a wavelength interval [∏, ∏ + ¢∏] can be written in two ways:

K∏(T )d∏ = K!(T )d!. (13.11)

The l.h.s. of this equation is merely the definition of the spectral density K∏(T ). The r.h.s.
expresses the fact that ∏ and ! are related by a one-to-one function (13.10). Then, Eqs. (13.11)
and (13.10) provide a relation between K∏(T ) and Kw(T ):

K∏(T ) = K!(T )

ØØØØ
d!

d∏

ØØØØ = K!(T ) · 2ºc

∏2
. (13.12)

(Note that this change of variables is analogous to those we did in Lecture 4.)
To begin the derivation of K!(T ), consider a large box with some dimensions Lx, Ly, Lz,

as shown below. The density of the radiated energy then equals:

K!(T )| {z }
average energy
per !-interval
per volume

d! =

0
BB@

number of frequencies in the
interval [!, ! + d!] in the box

volume of the box

1
CCA·

µ
average energy of one radiation

mode of frequency !

∂
.

(13.13)

The qualifier “average” above is used because
the radiation is in equilibrium with its source
on average over some macroscopic interval of
time. In this Section we will estimate the first
term on the r.h.s. of (13.13). (It is possible to
compute this term exactly using the Maxwell
equations for the radiation, but this will not
be required for our purposes.)

+ V = LxLyLz
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Origins of Quantum Mechanics Blackbody radiation

Estimate of N(ω, T)

Take Z(ω) + # of standing waves up to ω in box
(

number of states inside the box
within the interval (ω, ω + dω)

)
=

dZ
dω

dω (12)

Assume allowed frequencies of the radiation are spaced evenly

Z(ω) = κ
(

ω

ωmin,x

)

︸ ︷︷ ︸
number of waves

in xdirection

(
ω

ωmin,y

)

︸ ︷︷ ︸
number of waves

in ydirection

(
ω

ωmin,z

)

︸ ︷︷ ︸
number of waves

in zdirection

Minimum frequency exists because there is maximum wavelength

λmax,x = 2Lx (13)

that can exist between walls located Lx units apart
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Origins of Quantum Mechanics Blackbody radiation

Physics 231 Standing Waves 2

Any point x on the string executes simple harmonic motion in time, and at any instant the shape

of the string is given by sin(�x/v). This form of � is a solution of the wave equation for any

values of A and �, while � is determined by our choice of the instant t = 0.

The strings we will deal with are fastened to rigid supports at each end, so the solution (3)

must satisfy the boundary conditions

  � (0, t) = � (l, t) = 0 (4)

for a string of length l. Our solution automatically vanishes at x = 0, but the second condition

requires that   sin(�l / v) = 0 , or

  

�
n
=
n�v

l
n = integer (5)

This result tells us that the string can only vibrate at certain discrete frequencies given by the �n.

The integer n counts the number of half-periods of the wave that will fit between the ends of the

string. This is shown in Fig. 1, for the first few modes. The figure displays "snapshots" of the

string at the instant when it is motionless at one extreme position of the motion. One quarter

cycle later the string would be straight and moving at maximum velocity. One half cycle later,

the string would again be motionless and the relative positions of the parts of the string would be

inverted.

Up to this point, we have neglected a number of features of the real situation. The most

obvious is damping, which will occur because of the energy losses within the string and because

of the energy loss to the sound wave which will be emitted. From our previous work we know

that damping will shift the resonant frequency, but only a little if the Q is large. Experimentally

Q�100, so this effect is small.

We also assumed that the string has negligible resistance to bending. Our experiment will

use a steel wire, for which this is not likely to be true. When the wire is bent it tends to spring

n = 1
n = 2

n = 3 n = 4

Fig. 1 Standing wave patterns on a string.

ωmin,j =
2πc
2Lj

=
πc
Lj

j = {x, y, z} (14)

Next 3 wavelengths + 2Lx/2, 2Lx/3, 2Lx/4
Corresponding frequencies + 2ωmin,x 3ωmin,x, 4ωmin,x

This justifies our assumption
that frequencies of radiation in box are spaced evenly
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Origins of Quantum Mechanics Blackbody radiation

Using (14)

Z(ω) = κ ω3

(πc)3/(LxLylz)
= κ ω3

(πc)3 LxLyLz (15)

Photons have two independent polarizations + κ = π/3
(2 states per wave vector~k = (ω/c) n̂ propagating in direction n̂)
From (15)

(
number of states inside the box
within the interval (ω, ω + dω)

)
=

ω2

π2c3 LxLyLz

and finally
(

number of states inside the box
within the interval (ω, ω + dω)

)

volume of the box
=

ω2dω

π2c3 (16)
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Origins of Quantum Mechanics Blackbody radiation

Energy of each standing wave (normal mode)
distributed according to Maxwell-Boltzmann distribution

P(E) dE =
e−E/kT

kT
dE (17)

k = 1.38× 10−23 J K−1 + Boltzmann’s constant
Classical Rayleigh-Jeans prediction

〈E〉 =
∫ ∞

0 P(E) E dE∫ ∞
0 P(E) dE

= · · · = kT (18)

Energy density and surface brightness become

uλ(λ, T) dλ =
N(λ) dλ

V
kT =

8π

λ4 kT dλ (19)

and
Bλ(λ, T) =

c
4π

uλ(λ, T) =
2c
λ4 kT (20)
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Origins of Quantum Mechanics Blackbody radiation

UV catastrophe

u(λ)

0 2000

Planck’s
law

Rayleigh-Jeans
law

4000 6000 λ, nm

u�(�, T )

∫ ∞

0
uλ(λT) dλ→ ∞ (21)

At short wavelengths classical theory is absolutely not physical
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Origins of Quantum Mechanics Blackbody radiation

Planck proposed a solution to this problem...
Energy is not a continuous variable
Each oscillator emits or absorb only in integer multiples ∆E = hν

En = n ∆E, with n = 0, 1, 2, 3, · · · . (22)

h = 6.626× 10−34 J s = 4.136× 10−15 eV s Planck’s constant
Average energy of an oscillator is then given by the discrete sum

〈E〉 = ∑∞
n=0 En P(En)

∑∞
n=0 P(En)

= · · · = hc/λ

ehc/(λkT) − 1
. (23)

Multiplying this result by number of oscillators per unit volume
+ spectral emittance distribution function of radiation inside cavity

Bλ(λ, T) =
2c
λ4 〈E〉 =

2c
λ4

hc/λ

ehc/(λkT) − 1
(24)
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Origins of Quantum Mechanics Blackbody radiation

Relevant limits
Classical limit h→ 0 and ∆E→ 0 + For x = hc/(λkT)� 1
exponential in (24) can be expanded using ex ≈ 1 + x + · · ·

ehc/(λkT) − 1 ≈ hc
λkT

and so 〈E〉 = hc/λ

ehc/(λkT) − 1
= kT (25)

For long wavelength + Rayleigh-Jeans formula

lim
λ→∞

uλ →
8π

λ4 kT (26)

Quantum regime λ→ 0 (i.e. high photon energy)
ehc/(λkT) → ∞ exponentially faster than λ5 → 0 so

lim
λ→0

1
λ5(ehc/(λkT) − 1)

→ 0 (27)

There is no ultraviolet catastrophe in the quantum limit !!!
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Origins of Quantum Mechanics Blackbody radiation�� ��Planck spectrum of blackbody radiation for 100 K, 101 K, · · · , 1010 K

Figure 2: The Black Body Spectrum. Shown is the flux distribution for

1K, 10K, 100K, ... to 1010K. The Measured Flux at any temperature uniquely

determines the temperature. (Plot courtesy of M. Hedman)

Key in the interpretation was whether the radiation indeed was isotropic and

whether it really followed a blackbody spectrum. By 1967, Partridge and Wilkin-

son had shown over large regions of the sky, that:

�T

T
= (1 � 3) ⇥ 10�3. (2)

In 1967 a Princeton group made the first measurement at a di↵erent frequency;

this was crucial in verifying the black body nature of the radiation. Figure 3 shows

the two measurements on top of the expected curve. Also shown are measurements

of the galactic background at several di↵erent wavelengths, showing that it has a

very di↵erent spectral index from that for a black body.

Another important “confirmation” came from a study of the pattern of ab-

sorption lines in interstellar CN molecules. It turns out that there are a pair of

low-lying rotational states of this molecule. The first is excited with 2.64 mm ra-

diation and the second can be reached from the first state with 1.32 mm radiation.

From the observed relative population of these states, it was determined that the

molecules were bathed in a sea of radiation with a temperature of

T = (3.05 ± 0.35)K. (3)
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Origins of Quantum Mechanics Blackbody radiation

Specific examples: the Sun and the CMB
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Figure 1. Precise measurements of the CMB spectrum. The line represents a 2.73 K
blackbody, which describes the spectrum very well, especially around the peak of inten-
sity. The spectrum is less well constrained at frequencies of 3 GHz and below (10 cm
and longer wavelengths). (References for this figure are at the end of this section under
“CMB Spectrum References.”)
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Figure 2. The shapes of expected, but so far unobserved, CMB distortions, resulting
from energy-releasing processes at different epochs.
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Origins of Quantum Mechanics Photoelectric effect

Success of Planck’s idea immediately raises question:
why is it that oscillators in walls

can only emit and absorb energies in multiples of hν?
Explanation supplied by Einstein:

light is composed of particles called photons
and each photon has an energy Eγ = hν

Photoelectric effect is the observation that a beam of light
can knock electrons out of metal surface

Electrons emitted from surface are called photoelectrons
What is surprising about photoelectric effect?
Energy of photoelectrons independent of intensity of incident light
If frequency of light is swept
find minimum frequency ν0 below which no electrons are emitted
Energy ϕ = hν0 corresponding to this frequency

is called work function of surface
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Origins of Quantum Mechanics Photoelectric effect

Beam of light can knock electrons
out of metal surface

Photoelectrons collected on detector
which forms part of electrical circuit

Current measured in circuit
∝ # electrons striking detector plate

To measure kinetic energy of e−’s
apply static retarding potential V

Only electrons with K > eV
will reach the plate

Any electrons with K < eV
will be repelled and won’t be detected

Lecture Notes 
(Photoelectric Effect & X-Rays) 

 
Intro: 
 
-  in 1887 Heinrich Hertz discovered that light shone on a metallic 
 object will cause the metal to emit electric charges; because 
 both light and electricity were involved, it was called the 
 photoelectric effect (PE) 

 

-  further study of these charged particles emitted by light, 
 performed by J.J. Thomson in 1898, showed that they 
 behaved just like cathode rays; therefore it was deduced that 
 they were electrons (some people called them photoelectrons 
 but they are still regular electrons) 
 
-  the importance of the PE is seen in the development of the 
 atomic theory; the effect could not be described in terms of 
 classical physics 
 
-  as a result, new ideas were formulated (quantum theory) to 
 account for the experimental results 
 
Photoelectric Effect: 
 
-  in 1905 Einstein published a paper in which he showed that 
 radiant energy behaved not as an evenly distributed wave, but 

 rather as a series of particles called quanta (this led to a new 
 branch of physics called quantum theory) 
 
-  the PE shows that radiant energy in the form of x-rays, UV  rays, 
 or visible light hitting the surface of various metals ejects 
 electrons from their surfaces 
 
-  the PE was studied by making two kinds of measurements: 

1) photoelectric current (electrons emitted per unit time) 
2) KE of electrons after being emitted 

 
-  the device used to study the PE was similar to a cathode ray 
 tube (two metal plates sealed in a vacuum tube made of 
 quartz); the plates are connected by a wire to a voltage source 
 and ammeter 
 
-  quartz glass was used because it allowed visible and 
 ultraviolet light to pass through to the metal plates 

 
 

+�

��

�� +

+ +
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Origins of Quantum Mechanics Photoelectric effect

Why classical electromagnetism fails to explain photoelectric effect
In classical electromagnetism...

1 Increasing intensity I of beam
increases amplitude of oscillating electric field ~E

Since force incident beam exerts on electron is ~F = e~E
theory predicts photoelectron energy increases with increasing I
However + V0 is independent of light intensity

2 As long as intensity of light is large enough
photoelectric effect should occur at any frequency

in direct contradiction with experiment
showing clear cutoff ν0 below which no electrons are ejected

3 Energy imparted to e− must be “soaked up” from incident wave
if very weak light is used + expected measurable time delay

between light striking surface and e− emission
This has never been observed
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Why all problems are solved by quantum mechanics
In quantum mechanics...

1 Doubling intensity doubles number of photons
but doesn’t change their energy

total number of photons striking surface
is immaterial in determining energy of ejected electron

2 Frequency of light determines photon energy
photons with hν < ϕ don’t have enough energy to leave surface

3 Photoelectric effect is viewed as single collisional event
and no time delay is predicted

4 When Kmax is plotted as function of frequency ν > ν0
experimental data fit straight line whose slope equals h
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Kmax = hν− ϕ
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