Prof. Anchordoqui

Problems set # 12‘ Physics 400 May 9, 2019

1. Consider a 2-dimensional Hilbert space spanned by an orthonormal basis {| 1),| {)}. This
corresponds to spin up/down for spin = 1/2. Let us define the operators

Se= RGO D, 8= s =1 DD, 8o = S0 | = | L.

(i) Find the matrix representations of these operators in the {| 1),| |)} basis. (i7) Show that
[S’x, S’y] = kS, and cyclic permutations. Do this two ways: Using the Dirac notation definitions
above and the matrix representations found in (3). (i) Now let |£) = %(] 1) £ | 1). Show that

these vectors form a new orthonormal basis. (iv) Find the matrix representations of these operators
in the {|+),|—)} basis.

2. A beam of spin 1/2 particles is sent through series of three Stern-Gerlach measuring devices.
The first SGz device transmits particles with S, = //2 and filters out particles with S, = —7/2.
The second device, an SGn device transmits particles with S, = h/2 and filters out particles with
S, = —h/2, where the axis 1 makes an angle € in the x — 2z plane with respect to the z-axis. Thus
the particles passing through this SGn device are in the state

| 4+ 7)) = cos(0/2)] + 2) + e sin(6/2)| — 2),

with the angle ¢ = 0. A last SGz device transmits particles with S, = —h/2 and filters out par-
ticles with S, = //2. (i) What fraction of the particles transmitted through the first SGz device
will survive the third measurement? (4) How must the angle 6 of the SGn device be oriented
so as to maximize the number of particles that are transmitted by the final SGz device? What
fraction of the particles survive the third measurement for this value of 67 (i) What fraction of
the particles survive the last measurement if the SGz device is simply removed from the experiment?

3. (i) Consider a composite object such as the hydrogen atom. Will it behave as a boson or
fermion? (ii) Argue in general that objects containing an even/odd number of fermions will behave
as bosons/fermions.

4. Consider two spinless particles of the same mass m, and Hamiltonian given by

2 2

H—p—l—kpi—i-V(m,rg).

2m 2m

(i) Define the exchange operator P, such that Pi(ry,r2) = ¥(re,r1), for an arbitrary function .
Show that P? = 1. What are the eigenvalues of P ? (ii) Under what circumstances does [P, H] = 0?
[Hint: It may help to multiply by a test function to evaluate this commutator! Be careful with the
momentum terms in H!| (iii) Suppose that [P, H] = 0, and that at time ¢t = 0

\11(7’1,7"2, 0) = O'\I/(T’Q, 7’1,0),



where o = 1. Show that
\I/(Tl,m,t) = U‘P(T’Q,Tl,t).

(iv) Does it make sense to talk about a pair of bosons or fermions if [P, H] # 07
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and similarly,
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(ZZZ) Note that these vectors are eigenvectors of S,. Clearly, we have
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so they form an orthonormal basis.
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2. (7/) What fraction of the particles transmitted through the first SGz device

will survive the third measurement?

We use the S, diagonal basis |+2). The first measurement corresponds to
the projection operator

A

M(+2) = |+2) (+2|
The second measurement is given by the projection operator
M(+7) = [+7) (+7)]

where

. 0. . .0
|+n) = cos 2 |+2) + sin 3 |—2)
so that
N 50 . 0 . 6 . . . . .90 .
M (+n) = cos 2 |+2) (+2|+cos 5 sing ([4+2) (—2| + |—2) (+2])+sin 2 |—2) (—Z]
The last measurement corresponds to the projection operator
M(=2) = |-2) (2|

The total or combined measurement is given by the product in the appro-
priate order

A

Myp = M(—2)M(+7)M(+2)

The fraction of the particles transmitted through the first SGz device that
will survive the third measurement is given by

. . 2 0 0 1
f=U{=2|M(=2)M(+n)|+2)| = cos® = sin®? — = —sin? 6

(ZZ) 2 2 4

This is maximized by choosing 6 = 7/2 so that f,,.. = 1/4.



(Z'LZ) If there is no third device, then the fraction surviving is

3.(i)

i e ) 0 0.0 .|
f=[{+n| M(+n) |+2) :'<—|—n[ (C082§+COS§SH’1§)|—|—Z>
0 0 . 0
= C083§—|—COS2§SH1§ :00845(14—511&20)

To determine whether hydrogen atoms are bosons or fermions it suffices to take two hydrogen
atoms and swap them. If the wavefunction changes sign under this exchange operation, the
atoms are fermions; if not, they are bosons. Now, since each Hydrogen atom is a bound
state of an electron and a proton, the wavefunction for two hydrogen atoms takes the form,

W(H1, Ha) = 9( ey w), (4)

1st atom 2nd atom

where e; represents the coordinates and the spin of the electron belonging to the first atom, p,
those of the second proton, and so forth. We want to know what happens to the wavefunction

as we exchange H; and Ho,
Y(Hy, Hy) = 9 (Ho, Hy) (5)

To exchange the two atoms, we can simply exchange the constituent electrons and protons.
But the electrons are ferions, and the protons are fermions, so exchanging them in pairs we

find,

e1—ex P1E=Pp2

¢(€1,p1;€2,p2) = (‘1)¢(62ap1;61,p2) = (_1)2¢<€2ap2;€1ap1) (6)

(Hy, Ha) = +¢(Ha, Hy) (7)

i.e. Hydrogen atoms are bosons.



(’[,’[,) The same logic applies to bound states of N fermions: for each pair of constituent fermions
exchanged, the wavefunctions acquires a minus sign; when we are done with exchanging all
N constituent fermions between the two bound states, the wavefunction will have acquired a
factor of (—1)". Thus bound states of N fermions are bosons if N is even (the wavefunction is

even under the exchange of two such bound states) and fermions if N is odd (the wavefunction
changes sign under exchange)

Note: In quantum field theory there is a theorem (the spin-statistics theorem) which states that all
half-integer spin particles are fermions and all integer spin particles are bosons. This theorem can

be used to construct an alternate proof. The total spin of the composite system of a proton and an
electron s the vectorial sum of the individual spins:

Sug=5,+ 59, (8)

from which follows that a measurement of the total spin along an arbitrary direction n:

n-Sg=mn-S,+n-5Se 9)
can have only the results:
- 1 11 1 1 1 1 1
n-Sgis=-+=-,=-—=,——=+=-,— — = ={1,0,0,—1}. 10
n H {2+272 9’ 2+23 9 2} {: s Uy } ( )

We see that all possible eigenvalues are integers, so the hydrogen atom is a boson.

Generally for an arbitrary number N of fermions the possible eigenvalues for the total spin have

the form:
N .
2m; + 1 1 half — int N odd
ZM:Zer—N: .af integer N odd an
— 2 P 2 integer N even
——
integer

where m;’s are integers.



P2£l7(r1,r2) = PP!P(rl, 1‘2) = PSP(I‘Q, 1‘1) = LP(rl,rg),

thus P? = 1. The eigenvalues ¢ must obey P?¥ = ¢?¥ = ¥, so we get 02 = 1 or 0 = £1. The
eigenvalue 0 = 1 corresponds to a bosonic wave function, and ¢ = —1 to a fermionic wave function.

One thing we need to be clear about is that Vi¥(o,0) always acts on the first slot of the
wave function, and V3 always acts on the second slot of the wave function. Let’s evaluate

h2
PHL_D(I‘l, I'Q) =P [ 2m (Vlu'/(rl, I'Q) + VQLT/(rl, 1‘2)) + V(I‘l, I‘Q)Sp(rl, r2)]
h2
— 2m (V%Sl'/(rg, 1‘1) + Vlkp(rg, I'l)) + V(I‘Q, rl)Lp(rg, I'1)
h2
HPLD(I'l,I‘Q) = HW(I‘Q,I‘l) = [—% (V%W(I‘Q,I‘l) + V%&T/(rg,rl)) -+ V(I‘l, I‘Q)LD(I‘Q, Pl)] .

These equations are equivalent when V(ry,rs) = V(ra,ry).

Here is a simple way to do this:

PYU(ri,ro,dt) = P (1 — 1hdt) U(ry,re,0) = (1 + 1hdt> P¥(ry,ro,0)

(1—|— hdt> U(ry,re,0) = oW(ry, ro, dt)
1

In an infinitesimal time step, thus the wave function stays symmetric/antisymmetric. Thus add up
many of these small time steps, and we conclude that P¥(ry,re,t) = oW¥(ry,ra,t).

A bosonic/fermionic wave function will stay bosonic/fermionic for all times, and thus it makes sense to
demand symmetry /antisymmetry of the wave function.



(i?} ) No, because from part (c) if [P, H] # 0, then the wave function will not stay symmetric or
antisymmetric. Alternatively, we can distinguish the particles by seeing “which potential” they feel,
roughly speaking.



