
Prof. Anchordoqui

Problems set # 12 Physics 400 May 9, 2019

1. Consider a 2-dimensional Hilbert space spanned by an orthonormal basis {| ↑〉, | ↓〉}. This

corresponds to spin up/down for spin = 1/2. Let us define the operators

Ŝx =
}
2

(↑〉〈↓ |+ | ↓〉〈↑ |), Ŝy =
}
2i

(↑〉〈↓ | − | ↓〉〈↑ |), Ŝz =
}
2

(↑〉〈↑ | − | ↓〉〈↓ |).

(i) Find the matrix representations of these operators in the {| ↑〉, | ↓〉} basis. (ii) Show that

[Ŝx, Ŝy] = i}Ŝz, and cyclic permutations. Do this two ways: Using the Dirac notation definitions

above and the matrix representations found in (i). (iii) Now let |±〉 = 1√
2
(| ↑〉 ± | ↓〉. Show that

these vectors form a new orthonormal basis. (iv) Find the matrix representations of these operators

in the {|+〉, |−〉} basis.

2. A beam of spin 1/2 particles is sent through series of three Stern-Gerlach measuring devices.

The first SGz device transmits particles with Ŝz = }/2 and filters out particles with Ŝz = −}/2.

The second device, an SGn device transmits particles with Ŝn = }/2 and filters out particles with

Ŝn = −}/2, where the axis n̂ makes an angle θ in the x− z plane with respect to the z-axis. Thus

the particles passing through this SGn device are in the state

|+ n̂〉 = cos(θ/2)|+ ẑ〉+ eiϕ sin(θ/2)| − ẑ〉 ,

with the angle ϕ = 0. A last SGz device transmits particles with Ŝz = −}/2 and filters out par-

ticles with Ŝz = }/2. (i) What fraction of the particles transmitted through the first SGz device

will survive the third measurement? (ii) How must the angle θ of the SGn device be oriented

so as to maximize the number of particles that are transmitted by the final SGz device? What

fraction of the particles survive the third measurement for this value of θ? (iii) What fraction of

the particles survive the last measurement if the SGz device is simply removed from the experiment?

3. (i) Consider a composite object such as the hydrogen atom. Will it behave as a boson or

fermion? (ii) Argue in general that objects containing an even/odd number of fermions will behave

as bosons/fermions.

4. Consider two spinless particles of the same mass m, and Hamiltonian given by

H =
p21
2m

+
p22
2m

+ V (r1, r2) .

(i) Define the exchange operator P , such that Pψ(r1, r2) = ψ(r2, r1), for an arbitrary function ψ.

Show that P 2 = 1. What are the eigenvalues of P ? (ii) Under what circumstances does [P,H] = 0?

[Hint: It may help to multiply by a test function to evaluate this commutator! Be careful with the

momentum terms in H!] (iii) Suppose that [P,H] = 0, and that at time t = 0

Ψ(r1, r2, 0) = σΨ(r2, r1, 0),



where σ ± 1. Show that

Ψ(r1, r2, t) = σΨ(r2, r1, t).

(iv) Does it make sense to talk about a pair of bosons or fermions if [P,H] 6= 0?



4.22.20 A 2-Dimensional Hilbert Space

Consider a 2-dimensional Hilbert space spanned by an orthonormal basis {|"i , |#i}.
This corresponds to spin up/down for spin= 1/2 as we will see later in Chapter
9. Let us define the operators

Ŝx =
~
2
(|"i h#|+ |#i h"|) , Ŝy =

~
2i

(|"i h#|� |#i h"|) , Ŝz =
~
2
(|"i h"|� |#i h#|)

(a) Show that each of these operators is Hermitian.

Ŝx =
~
2
(|"i h#|+ |#i h"|) , Ŝy =

~
2i

(|"i h#|� |#i h"|) , Ŝz =
~
2
(|"i h"|� |#i h#|)

and similarly for Ŝy and Ŝz.

(b) Find the matrix representations of these operators in the {|"i , |#i} basis.

h
Ŝx

i
=

✓
h"| Ŝx |"i h"| Ŝx |#i

h#| Ŝx |"i h#| Ŝx |#i

◆

= ~
2

✓
h"| (|"i h#|+ |#i h"|) |"i h"| (|"i h#|+ |#i h"|) |#i
h#| (|"i h#|+ |#i h"|) |"i h#| (|"i h#|+ |#i h"|) |#i

◆
= ~

2

✓
0 1
1 0

◆

and similarly,
h
Ŝy

i
=

~
2i

✓
0 1
�1 0

◆
=

~
2

✓
0 �i
i 0

◆
,

h
Ŝz

i
=

~
2

✓
1 0
0 �1

◆

(c) Show that
h
Ŝx, Ŝy

i
= i~Ŝz, and cyclic permutations. Do this two ways:

Using the Dirac notation definitions above and the matrix representations
found in (b).

h
Ŝx, Ŝy

i
= ~2

4i


(|"i h#|+ |#i h"|) (|"i h#|� |#i h"|)

� (|"i h#|� |#i h"|) (|"i h#|+ |#i h"|)

�

= ~2

4i [� |"i h"|+ |#i h#|� |"i h"|+ |#i h#|] = i~Ŝz

h
Ŝx, Ŝy

i
= ~2

4i

✓
0 1
1 0

◆✓
0 1
�1 0

◆
�

✓
0 1
�1 0

◆✓
0 1
1 0

◆�

= ~2

4i

✓
�1 0
0 1

◆
+

✓
�1 0
0 1

◆�
= i~~

2

✓
1 0
0 �1

◆
= i~Ŝz

Now let

|±i =
1
p
2
(|"i± |#i)

(d) Show that these vectors form a new orthonormal basis.

Note that these vectors are eigenvectors of Ŝx. Clearly, we have

h+ | +i = 1
2 (h"|+ |#i) (|"i � |#i) = 1

2 (1 + 1) = 1 = h� | �i

h+ | �i = 1
2 (h"|+ |#i) (|"i � |#i) = 1

2 (1� 1) = 0 = h� | +i

so they form an orthonormal basis.

47

4.22.20 A 2-Dimensional Hilbert Space

Consider a 2-dimensional Hilbert space spanned by an orthonormal basis {|"i , |#i}.
This corresponds to spin up/down for spin= 1/2 as we will see later in Chapter
9. Let us define the operators
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Ŝx

i
=

✓
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◆
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h
Ŝy
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~
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✓
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◆
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~
2

✓
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◆
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Ŝz

i
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~
2

✓
1 0
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◆

(c) Show that
h
Ŝx, Ŝy
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
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�
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h
Ŝx, Ŝy

i
= ~2
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0 1
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0 1
�1 0

◆
�

✓
0 1
�1 0

◆✓
0 1
1 0

◆�

= ~2

4i

✓
�1 0
0 1

◆
+

✓
�1 0
0 1

◆�
= i~~

2

✓
1 0
0 �1

◆
= i~Ŝz
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1
p
2
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(d) Show that these vectors form a new orthonormal basis.

Note that these vectors are eigenvectors of Ŝx. Clearly, we have

h+ | +i = 1
2 (h"|+ |#i) (|"i � |#i) = 1

2 (1 + 1) = 1 = h� | �i

h+ | �i = 1
2 (h"|+ |#i) (|"i � |#i) = 1

2 (1� 1) = 0 = h� | +i

so they form an orthonormal basis.

47

1.(i)
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Ŝx =
~
2
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2
(|"i h"|� |#i h#|)
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Ŝx =
~
2
(|"i h#|+ |#i h"|) , Ŝy =

~
2i
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~
2
(|"i h"|� |#i h#|)
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h
Ŝx

i
=

✓
h"| Ŝx |"i h"| Ŝx |#i

h#| Ŝx |"i h#| Ŝx |#i

◆

= ~
2

✓
h"| (|"i h#|+ |#i h"|) |"i h"| (|"i h#|+ |#i h"|) |#i
h#| (|"i h#|+ |#i h"|) |"i h#| (|"i h#|+ |#i h"|) |#i

◆
= ~

2

✓
0 1
1 0

◆

and similarly,
h
Ŝy

i
=

~
2i

✓
0 1
�1 0

◆
=

~
2

✓
0 �i
i 0

◆
,

h
Ŝz

i
=

~
2

✓
1 0
0 �1

◆
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found in (b).

h
Ŝx, Ŝy

i
= ~2

4i


(|"i h#|+ |#i h"|) (|"i h#|� |#i h"|)

� (|"i h#|� |#i h"|) (|"i h#|+ |#i h"|)

�

= ~2

4i [� |"i h"|+ |#i h#|� |"i h"|+ |#i h#|] = i~Ŝz

h
Ŝx, Ŝy

i
= ~2

4i

✓
0 1
1 0

◆✓
0 1
�1 0

◆
�

✓
0 1
�1 0

◆✓
0 1
1 0

◆�

= ~2

4i

✓
�1 0
0 1

◆
+

✓
�1 0
0 1

◆�
= i~~

2

✓
1 0
0 �1

◆
= i~Ŝz

Now let

|±i =
1
p
2
(|"i± |#i)
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(ii)

(iii)

5.6.4 Is there life?

The number of stars in our galaxy is about N = 1011. Assume that the proba-
bility that a star has planets is p = 10�2, the probability that the conditions on
the planet are suitable for life is q = 10�2, and the probability of life evolving,
given suitable conditions, is r = 10�2. These numbers are rather arbitrary.

(a) What is the probability of life existing in an arbitrary solar system (a star
and planets, if any)?

The probability of life in the vicinity of some arbitrarily selected star is
equal to pqr = 10�6, assuming that the three conditions are independent.

(b) What is the probability that life exists in at least one solar system?

The probability P that life exists in the vicinity of at least one star is
given by P = 1 � P0, where P0 is the probability that no stars have life
about them.

The probability of no life about some arbitrarily selected star is 1 � pqr.
Therefore, we have

P0 = (1� pqr)N

Now
logP0 = N log(1� pqr) ⇡ N(�pqr) = �105

so that
P0 = e�pqrN

⇡ e�105
⇡ 0

Thus,
P = 1� P0 ⇡ 1

This says that even a very rare event is almost certain to occur in a large
enough sample.

NOTE: A naive argument against a purely natural origin of life is sometimes
based on the smallness of the probability (a), whereas it is the probability (b)
that is relevant!

5.6.5 Law of large Numbers

This problem illustrates the law of large numbers.

(a) Assuming the probability of obtaining heads in a coin toss is 0.5, compare
the probability of obtaining heads in 5 out of 10 tosses with the probability
of obtaining heads in 50 out of 100 tosses and with the probability of
obtaining heads in 5000 out of 10000 tosses. What is happening?

(b) For a set of 10 tosses, a set of 100 tosses and a set of 10000tosses, calculate
the probability that the fraction of heads will be between 0.445 and 0.555.
What is happening?

68

5.6.4 Is there life?

The number of stars in our galaxy is about N = 1011. Assume that the proba-
bility that a star has planets is p = 10�2, the probability that the conditions on
the planet are suitable for life is q = 10�2, and the probability of life evolving,
given suitable conditions, is r = 10�2. These numbers are rather arbitrary.

(a) What is the probability of life existing in an arbitrary solar system (a star
and planets, if any)?

The probability of life in the vicinity of some arbitrarily selected star is
equal to pqr = 10�6, assuming that the three conditions are independent.

(b) What is the probability that life exists in at least one solar system?

The probability P that life exists in the vicinity of at least one star is
given by P = 1 � P0, where P0 is the probability that no stars have life
about them.

The probability of no life about some arbitrarily selected star is 1 � pqr.
Therefore, we have

P0 = (1� pqr)N

Now
logP0 = N log(1� pqr) ⇡ N(�pqr) = �105

so that
P0 = e�pqrN

⇡ e�105
⇡ 0

Thus,
P = 1� P0 ⇡ 1

This says that even a very rare event is almost certain to occur in a large
enough sample.

NOTE: A naive argument against a purely natural origin of life is sometimes
based on the smallness of the probability (a), whereas it is the probability (b)
that is relevant!

5.6.5 Law of large Numbers

This problem illustrates the law of large numbers.

(a) Assuming the probability of obtaining heads in a coin toss is 0.5, compare
the probability of obtaining heads in 5 out of 10 tosses with the probability
of obtaining heads in 50 out of 100 tosses and with the probability of
obtaining heads in 5000 out of 10000 tosses. What is happening?

(b) For a set of 10 tosses, a set of 100 tosses and a set of 10000tosses, calculate
the probability that the fraction of heads will be between 0.445 and 0.555.
What is happening?

68

i ii

(ii)

1.(i)
SOLUTIONS

1. Perhaps the most direct solution is to begin with the continuity equation (1), substitute in

the definitions of ⇢ and j, and then prove the equality. First, calculate the partial derivatives:

@j

@x
= � i}

2m

✓
@ ⇤

@x

@ 

@x
+  ⇤@

2 

@x2
� @2 ⇤

@x2
 � @ ⇤

@x

@ 

@x

◆
= � i}

2m

✓
 ⇤@

2 

@x2
� @2 ⇤

@x2
 

◆
(6)

and
@⇢

@t
=
@ ⇤

@t
 +  ⇤@ 

@t
. (7)

The connection between the time and space derivatives is given by rearranging the Schrödinger

equation and its complex conjugate

@ 

@t
=

i}
2m

@2 

@x2
� i

}V  and
@ ⇤

@t
= � i}

2m

@2 ⇤

@x2
+

i

}V  
⇤ . (8)

Substituting (8) into (7)

@⇢

@t
= � i}

2m

@2 ⇤

@x2
 +

i

}V  
⇤ +

i}
2m

 ⇤@
2 

@x2
� i

h
V  ⇤ = � @j

@x
. (9)

The continuity equation is equivalent to conservation of probability. One way to see this is to

integrate the continuity equation over x, with the added restriction that  and @ /@x go to zero

as x ! ±1,

0 =

Z +1

�1
dx

✓
@⇢

@t
+
@j

@x

◆
=

@

@t

Z +1

�1
dx| |2+

Z +1

�1
dx
@j

@x
=

@

@t

Z +1

�1
dx| |2 + j(x)

����
+1

�1
=

@

@t

Z +1

�1
dx| |2 .

(10)

The last integral is the total probability (otherwise known as the normalization), and is shown to

be constant with respect to time.

2. (ii) [Â, B̂]/2 + {Â, B̂}/2 = (ÂB̂ � B̂Â)/2 + (ÂB̂ + B̂Â)/2 = ÂB̂. (iii) {Â, B̂}† = (ÂB̂)† +

(B̂Â)† = B̂†Â† + Â†B̂† = {Â, B̂}, so the anticommutator is hermitian. [Â, B̂]† = (ÂB̂)† � (B̂Â)† =

B̂†Â† � Â†B̂† = �(ÂB̂ � B̂Â) = �[Â, B̂], so the commutator is anti-Hermitian. (iv) An anti-

hermitian operator is equal to the negative of its hermitian conjugate, that is Â† = �Â. In inner

products this means h�|Â i = hÂ†�| i = �hÂ�| i. The expectation value of an anti-hermitian

operator is: h |Â i = hÂ† | i = �hÂ | i = �hAi⇤. But h |Â i = hAi, so hAi = �hAi⇤, which
means the expectation value must be pure imaginary.

3. Define new Hermitian operators Â0 = Â�hÂi and B̂0 = B̂�hB̂i. Then, using the Schwarz’s

inequality we obtain hÂ02ihB̂02i � |hÂ0B̂0i|2, or �A�B � |hÂ0B̂0i| = |h[Â0, B̂0]i/2 + h{Â0, B̂0}i/2 �
|h[Â0, B̂0]i|/2. Since the expectation value of the commutator is imaginary and the anticommu-

tator is real, each makes a positive contribution to the absolute value, and the anticommutator

can be dropped without changing the inequality in the last step. So, �A�B � |h[Â0, B̂0]i|/2 =

|h[Â, B̂]� [Â, hB̂i]� [hÂi, B̂]+[hÂi, hB̂i]i|/2 = |h[Â, B̂]i|/2. Note that hÂi and hB̂i are just numbers,

so they commute with the operators and the commutators involving them are 0.

+



(e) Find the matrix representations of these operators in the {|+i , |�i} basis.

h
Ŝx

i±
= ~

2
1
2

✓
(h"|+ h#|) (|"i h#|+ |#i h"|) (|"i+ |#i) (h"|+ h#|) (|"i h#|+ |#i h"|) (|"i � |#i)
(h"|� h#|) (|"i h#|+ |#i h"|) (|"i+ |#i) (h"|� h#|) (|"i h#|+ |#i h"|) (|"i � |#i)

◆

= ~
4

✓
1 + 1 �1 + 1
1� 1 �1� 1

◆
= ~

2

✓
1 0
0 �1

◆
= Ŝz

Clearly, Ŝx is diagonal in its own basis.

h
Ŝy

i±
= ~

2
1
2i

✓
(h"|+ h#|) (|"i h#|� |#i h"|) (|"i+ |#i) (h"|+ h#|) (|"i h#|� |#i h"|) (|"i � |#i)
(h"|� h#|) (|"i h#|� |#i h"|) (|"i+ |#i) (h"|� h#|) (|"i h#|� |#i h"|) (|"i � |#i)

◆

= ~
4i

✓
1� 1 �1� 1
1 + 1 �1 + 1

◆
= ~

2i

✓
0 �1
1 0

◆
= �Ŝy

h
Ŝz

i±
= ~

2
1
2

✓
(h"|+ h#|) (|"i h"|� |#i h#|) (|"i+ |#i) (h"|+ h#|) (|"i h"|� |#i h#|) (|"i � |#i)
(h"|� h#|) (|"i h"|� |#i h#|) (|"i+ |#i) (h"|� h#|) (|"i h"|� |#i h#|) (|"i � |#i)

◆

= ~
4

✓
1� 1 1 + 1
1 + 1 1� 1

◆
= ~

2

✓
0 1
1 0

◆
= Ŝx

(f) The matrices found in (b) and (e) are related through a similarity trans-
formation given by a unitary matrix, U , such that

Ŝ("#)
x = U †Ŝ(±)

x U , Ŝ("#)
y = U†Ŝ(±)

y U , Ŝ("#)
z = U†Ŝ(±)

z U

where the superscript denotes the basis in which the operator is repre-
sented. Find U and show that it is unitary.

The unitary matrix which diagonalizes Ŝx is given by the eigenvectors of
Ŝx, i.e.,

U =
1
p
2

✓
1 1
1 �1

◆

Therefore, we want

U† = U =
1
p
2

✓
1 1
1 �1

◆
= U�1

and

U†
h
Ŝz

i±
U = 1p

2

✓
1 1
1 �1

◆
~
2

✓
0 1
1 0

◆
1p
2

✓
1 1
1 �1

◆

= ~
4

✓
1 1
1 �1

◆✓
1 �1
1 1

◆
= ~

4

✓
2 0
0 �2

◆
= Ŝz

= ~
4

✓
1 + 1 �1 + 1
1� 1 �1� 1

◆
= ~

2

✓
1 0
0 �1

◆
= Ŝz

U †
h
Ŝx

i±
U = 1p

2

✓
1 1
1 �1

◆
~
2

✓
1 0
0 �1

◆
1p
2

✓
1 1
1 �1

◆

= ~
4

✓
1 1
1 �1

◆✓
1 1
�1 1

◆
= ~

4

✓
0 2
2 0

◆
= Ŝx
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(iv)



The fraction of the particles transmitted through the first SGz device that
will survive the third measurement is given by

f =
���h�ẑ| M̂(�ẑ)M̂(+n̂) |+ẑi

���
2
= cos2

✓

2
sin2

✓

2
=

1

4
sin2 ✓

(b) How must the angle ✓ of the SGn device be oriented so as to maximize the
number of particles the at are transmitted by the final SGz device? What
fraction of the particles survive the third measurement for this value of ✓?

This is maximized by choosing ✓ = ⇡/2 so that fmax = 1/4.

(c) What fraction of the particles survive the last measurement if the SGz
device is simply removed from the experiment?

If there is no third device, then the fraction surviving is

f̄ =
���h+n̂| M̂(+n̂) |+ẑi

���
2
=

����h+n̂| (cos2
✓

2
+ cos

✓

2
sin

✓

2
) |+ẑi

����
2

=

����cos
3 ✓

2
+ cos2

✓

2
sin

✓

2

����
2

= cos4
✓

2
(1 + sin 2✓)
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The fraction of the particles transmitted through the first SGz device that
will survive the third measurement is given by
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(b) How must the angle ✓ of the SGn device be oriented so as to maximize the
number of particles the at are transmitted by the final SGz device? What
fraction of the particles survive the third measurement for this value of ✓?
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7.5.9 What comes out?

A beam of spin 1/2 particles is sent through series of three Stern-Gerlach mea-
suring devices as shown in Figure 7.1 below: The first SGz device transmits

Figure 7.1: Stern-Gerlach Setup

particles with Ŝz = ~/2 and filters out particles with Ŝz = �~/2. The second
device, an SGn device transmits particles with Ŝn = ~/2 and filters out particles
with Ŝn = �~/2, where the axis n̂ makes an angle ✓ in the x � z plane with
respect to the z�axis. Thus the particles passing through this SGn device are
in the state

|+n̂i = cos
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2
|+ẑi+ ei' sin
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2
|�ẑi

with the angle ' = 0. A last SGz device transmits particles with Ŝz = �~/2
and filters out particles with Ŝz = +~/2.

(a) What fraction of the particles transmitted through the first SGz device
will survive the third measurement?

We use the Ŝz diagonal basis |±ẑi. The first measurement corresponds to
the projection operator

M̂(+ẑ) = |+ẑi h+ẑ|

The second measurement is given by the projection operator

M̂(+n̂) = |+n̂i h+n̂|

where
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The last measurement corresponds to the projection operator

M̂(�ẑ) = |�ẑi h�ẑ|

The total or combined measurement is given by the product in the appro-
priate order

M̂T = M̂(�ẑ)M̂(+n̂)M̂(+ẑ)
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(iii)
Problem Set 10 Solutions
8.04 Spring 2013 Thursday, May 9

Problem 3. (5 points) The World is Full of Fermions...

To determine whether hydrogen atoms are bosons or fermions it su�ces to take two hydrogen
atoms and swap them. If the wavefunction changes sign under this exchange operation, the
atoms are fermions; if not, they are bosons. Now, since each Hydrogen atom is a bound
state of an electron and a proton, the wavefunction for two hydrogen atoms takes the form,

 (H1, H2) ⌘  ( e1, p1 ; e2, p2 ), (4)

1st atom 2nd atom

where e1 represents the coordinates and the spin of the electron belonging to the first atom, p2
those of the second proton, and so forth. We wan

| {z

t to

}

kno

|

w

{z

what

}

happens to the wavefunction
as we exchange H1 and H2,

 (H1, H2) = ±?  (H2, H1) (5)

To exchange the two atoms, we can simply exchange the constituent electrons and protons.
But the electrons are ferions, and the protons are fermions, so exchanging them in pairs we
find,

e

 (e1, p1; e2, p
1�e2 p1�p2 2

2) = (�1) (e2, p1; e1, p2) = (�1)  (e2, p2; e1, p1) (6)

so
 (H1, H2) = + (H2, H1) (7)

i.e. Hydrogen atoms are bosons.

The same logic applies to bound states of N fermions: for each pair of constituent fermions
exchanged, the wavefunctions acquires a minus sign; when we are done with exchanging all
N constituent fermions between the two bound states, the wavefunction will have acquired a
factor of (�1)N . Thus bound states ofN fermions are bosons ifN is even (the wavefunction is
even under the exchange of two such bound states) and fermions ifN is odd (the wavefunction
changes sign under exchange)

Note: In quantum field theory there is a theorem (the spin-statistics theorem) which states that all
half-integer spin particles are fermions and all integer spin particles are bosons. This theorem can
be used to construct an alternate proof. The total spin of the composite system of a proton and an
electron is the vectorial sum of the individual spins:

* * *

SH = Sp + S e, (8)

from which follows that a measurement of the total spin along an arbitrary direction n̂:

3

3.(i)
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* * *

n̂ · SH = n̂ · Sp + n̂ · S e (9)

can have only the results:

* 1 1 1 1 1 1 1 1
n̂ · SH :

⇢
+ , , + , = 1, 0, 0, 1 . (10)

2 2 2
�

2
�
2 2

�
2
�

2

�
{ � }

We see that all possible eigenvalues are integers, so the hydrogen atom is a boson.

Generally for an arbitrary number N of fermions the possible eigenvalues for the total spin have
the form:

XN N
2mi + 1 X 1

(
half� integer N odd

= mi+ N = , (11)
2 2 integer N even

i=1 |i=1

inte
{z
ger

where m

}

i’s are integers.
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I If we account for the fact that there are ions, then we have to account for a periodic potential from
the ions: V (r) = V (r+ a), though we still ignore electron-electron interactions:

H =
NX

i=1


p2
i

2m
+ V (ri)

�
. (13)

Bloch’s Theorem tells us that the wave functions can be written in the form

 (r) = eik·r�(r), (14)

with �(r) = �(r + a), and |ki| < ⇡/ai. The allowed energy levels E in such a system tend to form
continuous bands with gaps in between them. If EF sits within a band, then we have a metal – we
can add a small amount of energy and move an electron from just below EF to just above. If EF

sits in between two bands, then it takes a finite amount of energy to move an electron from a filled
band to an empty band – this is an insulator.

Problem 1: Suppose that we have two spinless particles of the same mass m, and a Hamiltonian:

H =
p2
1

2m
+

p2
2

2m
+ V (r1, r2).

(a) Define the exchange operator P , such that P (r1, r2) =  (r2, r1), for an arbitrary function  . Show
that P 2 = 1. What are the eigenvalues of P?

Solution:
P

2
 (r1, r2) = PP (r1, r2) = P (r2, r1) =  (r1, r2),

thus P
2 = 1. The eigenvalues � must obey P

2
 = �

2
 =  , so we get �2 = 1 or � = ±1. The

eigenvalue � = 1 corresponds to a bosonic wave function, and � = �1 to a fermionic wave function.

(b) Under what circumstances does [P,H] = 0?1

Solution: One thing we need to be clear about is that r2
1 (�, �) always acts on the first slot of the

wave function, and r2
2 always acts on the second slot of the wave function. Let’s evaluate

PH (r1, r2) = P


� ~2
2m

�
r2

1 (r1, r2) +r2
2 (r1, r2)

�
+ V (r1, r2) (r1, r2)

�

= � ~2
2m

�
r2

2 (r2, r1) +r2
1 (r2, r1)

�
+ V (r2, r1) (r2, r1)

HP (r1, r2) = H (r2, r1) =


� ~2
2m

�
r2

1 (r2, r1) +r2
2 (r2, r1)

�
+ V (r1, r2) (r2, r1)

�
.

These equations are equivalent when V (r1, r2) = V (r2, r1).

(c) Suppose that [P,H] = 0, and that at time t = 0:

 (r1, r2, 0) = � (r2, r1, 0)

where � = ±1. Show that
 (r1, r2, t) = � (r2, r1, t).

1It may help to multiply by a test function to evaluate this commutator! Be careful with the momentum terms in H!
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Solution: Here is a simple way to do this:

P (r1, r2, dt) = P

✓
1 +

H

i~dt
◆
 (r1, r2, 0) =

✓
1 +

H

i~dt
◆
P (r1, r2, 0)

= �

✓
1 +

H

i~dt
◆
 (r1, r2, 0) = � (r1, r2, dt)

In an infinitesimal time step, thus the wave function stays symmetric/antisymmetric. Thus add up
many of these small time steps, and we conclude that P (r1, r2, t) = � (r1, r2, t).

A bosonic/fermionic wave function will stay bosonic/fermionic for all times, and thus it makes sense to
demand symmetry/antisymmetry of the wave function.

(d) Does it make sense to talk about a pair of bosons or fermions if [P,H] 6= 0?

Solution: No, because from part (c) if [P,H] 6= 0, then the wave function will not stay symmetric or
antisymmetric. Alternatively, we can distinguish the particles by seeing “which potential” they feel,
roughly speaking.

Problem 2 (Pigments): A typical pigment molecule has a structure sketched below [2]. The bonds
highlighted in red are special: they are called conjugated ⇡ bonds. Suppose there are N conjugated ⇡

bonds: then each bond contributes one “free” spin-1/2 electron, of mass m, which may move up and
down the chain of bonds freely. If each bond has length a, when N is large, we may thus approximate
these electrons as moving in a particle in a box of width L = a(N � 1) ⇡ Na.

· · ·· · ·

R0

R

(a) Suppose N is an even number. Using the Pauli exclusion principle and the results for the particle in a
box, describe which energy levels in the box are filled and which are empty. Ignore electron-electron
interactions.

Solution: The first N/2 energy levels of the particle in the box will be filled with electrons; all the
rest will be empty.

(b) How much energy does it take to place all of these fermions in the ground state of this quantum
system? Approximate your answer in the N � 1 limit.

Solution: The energy levels of the box are

Ej =
~2⇡2j2
2mL2

.

The energy stored in the lowest filled levels is

Egs =

N/2X

j=1

2Ej =
~2⇡2
mL2

N/2X

j=1

j
2 ⇡ ~2⇡2

mL2

1

3

✓
N

2

◆3

=
N~2⇡2
24ma2

.

4

4.(i)

(ii)

(iii)



Solution: Here is a simple way to do this:

P (r1, r2, dt) = P

✓
1 +

H

i~dt
◆
 (r1, r2, 0) =

✓
1 +

H

i~dt
◆
P (r1, r2, 0)

= �

✓
1 +

H

i~dt
◆
 (r1, r2, 0) = � (r1, r2, dt)

In an infinitesimal time step, thus the wave function stays symmetric/antisymmetric. Thus add up
many of these small time steps, and we conclude that P (r1, r2, t) = � (r1, r2, t).

A bosonic/fermionic wave function will stay bosonic/fermionic for all times, and thus it makes sense to
demand symmetry/antisymmetry of the wave function.

(d) Does it make sense to talk about a pair of bosons or fermions if [P,H] 6= 0?

Solution: No, because from part (c) if [P,H] 6= 0, then the wave function will not stay symmetric or
antisymmetric. Alternatively, we can distinguish the particles by seeing “which potential” they feel,
roughly speaking.

Problem 2 (Pigments): A typical pigment molecule has a structure sketched below [2]. The bonds
highlighted in red are special: they are called conjugated ⇡ bonds. Suppose there are N conjugated ⇡

bonds: then each bond contributes one “free” spin-1/2 electron, of mass m, which may move up and
down the chain of bonds freely. If each bond has length a, when N is large, we may thus approximate
these electrons as moving in a particle in a box of width L = a(N � 1) ⇡ Na.

· · ·· · ·

R0

R

(a) Suppose N is an even number. Using the Pauli exclusion principle and the results for the particle in a
box, describe which energy levels in the box are filled and which are empty. Ignore electron-electron
interactions.

Solution: The first N/2 energy levels of the particle in the box will be filled with electrons; all the
rest will be empty.

(b) How much energy does it take to place all of these fermions in the ground state of this quantum
system? Approximate your answer in the N � 1 limit.

Solution: The energy levels of the box are

Ej =
~2⇡2j2
2mL2

.

The energy stored in the lowest filled levels is

Egs =

N/2X

j=1

2Ej =
~2⇡2
mL2

N/2X

j=1

j
2 ⇡ ~2⇡2

mL2

1

3

✓
N

2

◆3

=
N~2⇡2
24ma2

.

4

(iv)


