Prof. Anchordoqui

Problems set # 1‘ Physics 400 January 31 and February 7, 2019

1. Let V be a vector space over F' and let T be a linear transformation of the vector space V
to itself. A nonzero element x € V satisfying T'(x) = Az for some A € F is called an eigenvector
of T', with eigenvalue A. Prove that for any fixed A € F' the collection of eigenvectors of T" with
eigenvalue A together with O forms a subspace of V, that is, a subset of the vector space V that is
closed under addition and scalar multiplication.

2. (i) Show that {t, sint, cos2t, sintcost} is a linearly independent set of functions.
(11) Find all unit vectors lying in span{(3,4)}.

3. Consider the following matrices:

1 2 -1
A= 0 3
20
2 1 0
B=] 0 —1 2
1 1 3
21
C=14 3
10

find the following;:
(i) det(AB) = |AB|, (ii) AC, (iii) ABC, and (iv) AB — BTAT.

4. A matrix is orthogonal if its transpose is equal to its inverse: AT = A~!. Show that the
product of 2 orthogonal matrices is also an orthogonal matrix.

5. A matrix A € C™" is nilpotent if A¥ = 0 for some integer k¥ > 0. Prove that the only
eigenvalue of a nilpotent matrix is zero.

6. (i) Determine whether the function T : R? — R2, such that T'(x,y) = (22,y) is linear?
(ii) Let T : R® — R3 be a linear transformation such that

T(1,0,0) = (2,4,-1), T(0,1,0) = (1,3,-2), T(0,0,1) = (0,—2,2);

compute T'(—2,4, —1).
(iii) Let T : R?® — R3 be a linear transformation such that

T(z1,22,23) = (221 + 2,222 — 321,21 — 23), @« = (1,x2,23) € R3:



compute T'(—4,—5,1).
(iv) Let T : R® — R? be a linear transformation T'(x) = Az, with

A -1 2 1 3 4 :
00 2 -1 0
compute 7'(1,0,—1,3,0).

(v) Let T'(x,y,2) = (3¢ — 2y + 2,22 — 3y,y — 4z). Write down the matrix representation of 7" in
the standard basis and use it to find 7'(2, -1, —1).

(vi) Let T : R® — R3 be given by T(a1,a2,a3) = (3a; — 2a3,az,3a; + 4az). Prove that T is an
isomorphism and find 71,

7. (i) Show that if T : R? — R? is the counterclockwise rotation by a fixed angle 6, then

T(s,y) = Az = Cf)SQ —sinf T '
sin 6 cos 6 Y

(ii) Let T be the counterclockwise rotation in R? by an angle 120°, write down the matrix of T
and compute 7(2,2).

(#4i) Prove that if # is not an integer multiple of 7 there does not exist a real valued matrix B such
that B~'AB is a diagonal matrix.

8. Let * € R™ be a vector. Then, for y € R", define proj,(y) = ”mm—”%w The point of
such projections is that any vector y € R™ can be written uniquely as a sum of a vector along
x and another one perpendicular to x: y = proj,(y) + [y — proj,[y)]. It is easy to check that
[y — projg[y)] L proj,(y).

(i) Show that proj, : R™ — R is a linear transformation.
(ii) Let T be the projection on to the vector = (1, —5) € R? : T(y) = proj,(y); find the matrix
representation in the standard basis and compute 7'(2, 3).

9. (i) Show that the eigenvalues of a symmetric linear operator A are real.
(ii) Prove that the eigenvectors of a symmetric linear operator A associated to different eigenvalues
are mutually orthogonal.

10. (i) Show that Hermitian matrices satisfy the following properties (AB)" = BTAT.
(ii) Prove that the inverse of a Hermitian matrix is again a Hermitian matrix.

11. Find the eigenvalues and normalized eigenvectors of the Pauli matrices:

(o (o i I
“t10) P \i o) P lo -1)

12. Show that the Pauli matrices obey the following commutation and anticommutation rela-
tions: [Ui, Jj} =0 22:1 €ijk0k and {UZ',O']‘} = 2(51']']12 .

13. Show that {1, 01, 09,03} is an appropriate basis to describe the space of operators on a two-
Hilbert space. (i) Show that {1, 01, 09,03} are linearly independent. (ii) Prove that {1,01, 02,03}



form a basis in 2 x 2 matrix space, by showing that any arbitrary matrix

mir m
M — 1 mi2
ma1  M22
can be written on the form M = agl+a. &, where ag = 3Tr (M), @ = 3Tr (M), and & = (01, 02, 3)
is the Pauli vector.

14. Evaluate (i) [%_[f(2)6(x — 1) + f(x)6(x + 2)] dx; (i) [7 f(x)d'(x)dx (to do this integral
use integration by parts); (i) [~ [f(2)d(z —a) — f(x)0" (x)]dx; (iv) [T O(x)O(1 — z) f(x) da;
(v) [2o, ©(2) O(b — z) a f(x) dz; (vi) [7 [f(x)d(x — ) — f(2)d'(z — 2m) + f(2)0" (x — b)]da.

z if x>0

15. Show that: (7) di|x] =sgn ¢ = O(z) — O(—x), where |z| = ) ; (i) dd—QQ|:1c| =
* —z if z <0 v

%sgn x = 2(x).



SOLUTIONS

1. Let A € F, and let V) denote the set of eigenvectors for A, together with 0. You have to
show that V) is a subspace of V. By construction, 0 € V). Suppose x,y € V), then T'(xz) = Az
and T'(y) = A\y. Hence T(x +y) =T(x) + T(y) = \x + Ay = A(x + y), so x +y € V). Similarly,
if c € F then T'(cx) = cT'(x) = cAx = Acx), so cx € V). Therefore V) is a subspace.

2 (i) In order to prove this collection is linearly independent, you need to show that if ¢1t +
cosint + cgcos 2t + ¢y sintcost = 0 for all ¢, then ¢l = ¢2 = ¢3 = ¢4 = 0. Firstly, plug in ¢t = 0, and
find that 04+ 04 ¢35+ 0 = 0, so that ¢ = 0. Plugging this into the original equation, you now have
cit + cosint + ¢qsintcost = 0, for all . Secondly, plug in ¢ = m, and find that c;m + 0+ 0 = 0,
so that ¢; = 0. Plugging this into the original equation, you now have cysint 4 ¢4 sintcost = 0
for all ¢. Thirdly, plug in ¢t = 7/2, and find that ¢ + 0 = 0, so that ca = 0. Plugging this into
our original equation, you now have: ¢gsintcost = 0 for all ¢. Finally, plug in ¢ = 7/4, to find
c4(v2/2)(V/2/2) = 0, or ¢4 = 0. So, overall, you have proven that ¢; = c3 = c¢3 = ¢4 = 0, and thus
that the given collection of functions is linearly independent. (7i) Every element of span {(3,4)}
has the form (3t,4t), where t € R. An element of span {(3,4)} would then be a unit vector if
and only if ||(3t,4t)|| = 1; in other words, if (3t)2 4 (4¢)2 = 1. This equation has two solutions,
t = £+1/5. Therefore, span {(3,4)} has two unit vectors, (3/5,4/5) and (—3/5,—4/5).

3. (i)
1 2 -1 2 1 0 1 -2 1
AB=| 0 3 -1 2 |=|1 -2 9
2 0 1 1 3 5 3 3
Expand by the first row
-2 9 -1 9 1 -2
AB| =1 2 1 = 104
|AB] 3 3" 5 3175 3
(i)
1 2 —1 2 1 9 7
AC=1]0 3 1 4 3 |=|1309
2 0 1 1 0 5 2
(iii)
1 2 —1 8 5 -5 -5
ABC=ABC)=| 0 3 1 -2 -3 |= 3 -5
2 0 1 9 4 25 14
(iv)
0 1 0 2 1 1 5
BTAT 1 -1 1 2 30 |=] -2 -2 3
0 2 -1 1 1 1 9 3
0 -3 —4
AB-B'AT =13 0 6
4 -6 0



4. The product of two orthogonal matrices AB will be an orthogonal matrix C < CT = C~L.
Now, Cij = Zk AikBkj and (CT)Z'j = Cji = Zk AjkBki = Zk BkiAjk- Identifying By; = (BT)Zk
and Ajp = (AT)y; we have (CT);; = 3, (BT)ir(AT)k;, or equivalently CT = (AB)T = BTAT. Then
(AB)T = BTAT| but because A and B are orthogonals AT = A=! and BY = B~!. Multiplying the
expression (AB)T = BTAT by AB from the right we have (AB)'AB = BTATAB = B'B = 1. Then
1 = (AB)'AB therefore (AB)? = (AB)~! and the matrix C is orthogonal.

5. Note that a matrix A € C™*" is nilpotent of degree k, if k is a positive integer such that
AP = 0y xn for p > k, and AP £ 0,x, for 0 < p < k. Suppose A # 0 is an eigenvalue corresponding
to the eigenvector & # 0. It follows that Az = Ax and AFx = \*x. However, by the nilpotent
assumption A¥ = 0,5, and therefore A¥x = 0,,xpx = 0 = \fx. Since x = 0, it follows that A = 0,
which is a contradiction. Therefore all A must be zero.

6. (i) Note that T((z,y) + (z,w)) = T(z + 2,y + w) = ((x + 2)%,y + w) # (22, y) + (2%, w) =
T(x,y) + T(z,w). So, T does not preserve additivity. So, T is not linear. (i) Note that
(—2,4,-1) = —2(1,0,0) + 4(0,1,0) — (0,0,1), so T(~2,4,~1) = —2T(1,0,0) + 47(0,1,0) —
T(0,0,1) = (—4, —8,2) + (4,12, —8) + (0, —2,2) = (0,6, —8). (iii) T(—4,5,1) = (2 x (—4) — 5,2 x

1

(=5) —3x (—4),—4—1) = (-13,2,-5). (iv)T(l,O,—l,?),O):(_(l) (2) ; _?1’ 3) -1 | =

0
(v) With e; = (1,0,0)T, ea = (0,1,0)T, es = (0,0,1)T it follows that T(e1) =

3 -2 1
2 |, T(e2) = -3 |, T(e3) = 0 |, so the matrix representation in the standard
0 1 —4

basisis | 2 -3 0 |, and T(2,-1,-1) = | 2 -3 0 -1 | =1 7] (vi Rel-

1

0
ative to the standard basis, the matrix of T is 01 0 |. It is sufficient to prove that
3 4

this matrix is invertible. Its determinant is, using the column expansion for the last column,

—2x(0x4—-1x3) =6 # 0. Therefore, the matrix is invertible because its column vec-
4

3
1

-2

tors are linearly independent. The inverse matrix is , so that T~1 is given by:

N o O
D= O Wi

T~ a1, a2,a3) = (—3a2 — a3, az, —3a1 — 2a + Lag).

7. (i) Write x = rcos¢ and y = rsin ¢, where r = /22 4+ y? and tan¢ = y/x. By definition
T(x,y) = (rcos(¢ +0), rsin(¢ + 6)). Using trigonometric formulas r cos(¢ + 0) = rcos ¢ cos —



rsin¢ sinf = xcosf —ysinf and rsin(¢+60) = rsin ¢ cosf+1rcos ¢ sin = ycos+ xsinh. Thus,

sinf cos@

_ V3 _1 V3 2 -1-3
_ 2 2 —
B ),andthereforeT(2,2)—< N _% ><2>—<_1+\/§ .

cos@ — A —sinf

f —sinf
T(x,y) = A( N > = i . (17) The matrix representation in the stan-
Yy

=

Y
dard basis A = ( -

[Nl )

(7i) det(A — A1) = = A2 —2X\cosf+1, then A\j 2 = cosf++/cos?0 — 1 =

sinf  cosf—\ |
M2 =a=xib, b#0,i.e. A2 ¢ R. Hence, the eigenvectors are not real and AB € M(R), such that
B~ AB is diagonal.

S

8. (i) Let w € R™ and p € R, then you can easily check by direct substitution that proj,(y +
w) = projg(y) + projy(w) and proj,(ny) = plprojz(y)l. (i) T(y1,42) = projg(y1,y2) =

( ) ) J— (17_5)( ) ) _ —5 _ —5 —5y1+25 . _
2o g — Gr-ge) (1, —5) = wghe (1, —5) = (LgRe, Sk Thus, with e = (1,0)7,

1 _ 35
ez = (0,1)T you obtain T(ey) = ( %, T(e2) = 26 ], so the “standard matrix” is
26 26

15 15 9 1
A=| % 3 | andtherefore 7(2,3)=( ¥ 2 5 = & |
26 26 26 26 26
9. (i) Assume Az = Ax; then it follows that
Mz|? = (z, Az) = (Az,z) = X||z||> = X = ).
(ii) Assume Ax = \x and Ay = py, with X\ # p. It follows that,

()‘ - M)<yvm> = <yaA$> - <Ay,$> =0= <y,m> =0.

Therefore, x L y if A # pu.

10. (i) Derive this using matrix multiplication (AB);; = > ,_, AixBx;, where (AB);; denotes
the (i,7)™ entry of (AB), and likewise for A and B. Then (AB)L. = (A*B*)jiT = (A*B*);; =
D k1 A;,‘kkBltj = ZZ:l(AZi)T(B;k)T = ZZ:l(B;k)T(AZi)T = > p=1 B]T'kALz" The product on
the right is the (j,i)'" entry of BTAT, while (AB)L is the (j,7)™ entry of (AB)T. Therefore,
(AB)T = BTAT. (ii) If A is Hermitian, then A = UDU', where U is unitary and D is a real di-
agonal matrix. Therefore, A~! = (UDUT)~! = (UN)~!D~1U~! = UD~'UT, because U~' = U. Note
that D! is just the diagonal matrix with entries )\;1 (where the \; are the entries in D). Hence,
(A~HT = (UD'UNHT = UMDHTUT = UD'UT = A~!, because D! is a real matrix, so that A~! is

Hermitian.

11. For o7 the eigenvalue relation



leads to A? = 1, which implies A = +1. For A\ = 1, we have

-1 1 T (0 N —x14+x22=0
1 -1 zo ) L0 x1—x9=0

yielding 21 = 29 = 1/4/2. For A = —1, we have
1 1 T\ _ 0 N 1+ 22 =0
11 To 0 r1+x2=0
yielding z1 = —29 = 1/V/2.
For o9 the eigenvalue relation
A —i
det =0
leads to A2 = 1, which implies A = +1. For A = 1, we have
-1 —i Ty =
. ) T _ 0 N :.Bl +1ix9 =0
i —1 9 0 11 —x9 =0
yielding z; = i/v/2 and 2o = —1/4/2. For A = —1, we have

1 — T i 0 . x1*i$2:o
i 1 2 )\ 0 ixy + 22 =0

yielding 21 = i/v/2 and 2o = 1//2.
1-Xx 0
det =0
e( 0 1—A>

For o3, the eigenvalue relation
leads to —(1 — X)(1 4+ A\) = 0, which implies A = £1. For A = 1, we have

(05 )(2)=(0)={ =

yielding 1 = 1 and x93 = 0. For A = —1, we have

(30)(2)=(8)={"=

yielding 1 = 0 and x2 = 1.

All in all, each Pauli matrix has eigenvalues 1 and —1. The normalized eigenvectors are

e al1) 4(3)
1)
).

S %

VR
== O



12. It is straightforward to check that the multiplication of two different Pauli matrices yields
the third one multiplied by the (positive or negative) imaginary unit, i.e., 0109 = io3, 0103 = —iog,
0903 = 101, 0201 = —i03, 0301 = 103, 0302 = —ioy. This may be expressed in more compact form
for all cyclic permutations of 4, j, k € {1,2,3} as

3
0i0; = (5@‘]12 +1 E €ijkO -
k=1

As a direct consequence of this last relation the commutation and anticommutation relations for
Pauli spin matrices are given by

3
[O’Z‘,O'j] = QiZEijkak and {O’Z‘,Uj} = 25@‘3‘]12-
k=1

13. Suppose

Then o = =€ and a = & < o = £ = 0. Similarly, 8 = —i¢ and = i(, which implies 8 = ( = 0.
(7i) Now we show that the vectors {1, 01, 02,03} span the 2 x 2 matrix space. Let

M = mi1 M2
m21  M22
1( n ) 10 n 1( ) 1 0
= —-(m m —(mi1 —m
o\l 22 0 1 o\l 22 0 -1

+1(m+m)01+z(m—m)0_i
5 (1m12 )l 1 o 5 (m12 a){ . )

1 1 7
= §(m11 + mo2)1 + §(m12 + may)or + §(m12 — mMa1)02
1
+ §(m11 — M22)03 . (2)
Note that 1 .
§T1" [M] = §(m11 + mo3) 3)

and so the first term in (2) can be written as 1Tr [M] 1. Now,

1 1
§Tr Moy] = §Tr < Mz ) = —(my2 + ma1)

ma2  M21

Tm —im 1
Tr < 12 11 — Z(mas — ma1)

1
ETI' [MUQ] = 9

) mo2 —1 moq

N————— N

1 1 — 1
—Tr [Mo‘g] = -Tr i 2 = f(mn — m22) .
2 2 mo1  —Ma 2



We define, Mo = (Mo, Mo, Mos) so that the last three terms in (2) can be written as 1 Tr [Mo| - o
Therefore, any 2x2 matrix can be written as M = agl+a-o, where ag = 1 Tr [M] and @ = 1 Tr [Mo].

14, (z)f [fx)5:v—1)+f(w)5(:c+2)]dx=f() (w)f fa )dw——f’()
(iii) [, [/ (2)3(x —a) — f(@)8"(@)|dzx = f(a) ~ (0 (w)f @ )f( dm—fo 7) da;
() [, @ Ob—a)x f(x)de = [y x f(x) du; (vi) [ [f( w—ﬂ)—f( )/ (a—2m) + f(a >5“<x—
b)}dx—f() 7@m) + 110,

15. The signum function is the derivative of the absolute value function (up to the indeterminacy

at 7ero), |z| = x ifz>0 o faff = 1 ifx>0
TT) — ifz <0 )] -1 ifz<0

0 ifz<0 { 1 ifz>0

= sgn(x); on the other hand, O(z) =
L 250" hence O(x) —O(—x) = 1 ifr<0 = sgn(z) = |z|'. () The signum function

is differentiable with derivative zero everywhere except at zero. It is not differentiable at zero in
the ordinary sense, but under the generalised notion of differentiation in distribution theory you
may write [sgn(x)]’ = [0(x) — O(—x)]' = 26(x). Then |z|" = [sgn(z)]’ = 2§(z).



