Prof. Anchordoqui

Problems set # 11‘ Physics 303 November 18, 2014

1. The partition function of classical particles in 3 dimensions is defined as

Zetass = / d*p / d*r expl-BE(p, )],

where E(p,r) is the particles energy. Note that this expression has the unit of (momentum X
distance)?, unlike the quantum partition function that is dimensionless. Define the density of
states of a free classical particle in a box of volume V. By comparing it with the density of states
for a quantum particle in a rigid box, find the missing factor in Zj, that would make the classical
partition function match the quantum one. This will define a quantum-mechanical “cell” in the
phase space of a classical particle. Show that this quantum-mechanical aspect does not contribute
into the internal energy and heat capacity of the classical particles.

Solution: The energy of the particle consists of kinetic and potential energy E(p,r) = % +V(r,
so that the classical partition function factorizes Zijass = [ d3p e—Bp?/(2m) Ik d3r e_BV(”)). For free
particles there is no potential energy, and Z.,ss for particles in a rigid box of volume V' becomes
Zeass = V [ d3p e=Pp?/(2m) Choosing the kineti energy ¢ = p?/(2m) as the integration variable,
you can rewrite this in the form Zgass = [5° d€ pelass(€) e P, where pelass(€) = 27V (2m)3/2 /e.
The quantum mechanical partition function for free particles has the same form with p(e) =

3/2
(2‘;)2 (2#21) / V2. The two density of states are related by p(e) = £ (Czljfggi), which defines the

missing factor in the previous definition of the classical partition function. Correcting Z.j.ss as

Zelass = [ % exp|—(BE(E,r], you obtain the dimensionless quantity that coincides with the
classical limit of the quatum partition function Z. This expression can also be used in the presence
of a potential energy. The interpretation of the above is the following. The (z,p,) projection of the
phase space of the particle is discretized into cells AxAp, ~ 27h = h, and equivalent expressions
for the directions y and z. The cells have quantum origin and are related to the Heisenberg’s
uncertainty principle, stating that the product of uncertainties of measuring x and p, of a quantum
particle is of order h. The number of quantum cells in a limited region of z and p, is limited
and it defines the number of different states in this region. It is impossible to have more different
states because there is no way to distuingush states that are too close both in z and in p, by any
measurement. Similarly, quantum cells can be introduced in many-particle problems and in prob-
lems with rotational degrees of freedom. The concept of a quantum cell is na external element in
classical statistical physics. Statistical averages of most physical quantities (except for the entropy
and related functions) are insensitive to the quantization of the phase space of the system, because
the correction factor introduced above cancels.

2. Using the distribution function

f(p,7) = Zl

class

exp[—-BE(p,r)]



for classical particles with gravity, find the dependence of particle’s concentration n and pressure
P as the function of the height. Set the minimal height (the earth level) to zero. Calculate the
heat capacity of this system and compare it with the one for free particles.

Solution: The energy of a particle has the form E = % + mgz The classical partition function
factorizes Zenes = [ dp [ d*r exp[—BE(p,7)] = Ziinetic Zpotontial, Where Zyneric = [ dp e~ 7/(m)
and Zpotential = d®re=P™m9%  The kinetic part of the classical partition function can be calcu-
lated as Zxinetic = { ff;o dpxe_ﬁpg/ (2’”)}3 = (277ka)3/ 2. Assuming that the particles are con-
tained to a vertical cylinder of cross section S, for the potential partition function you obtain
Zpotential = S Jo° dze=Pmoz — %_ Therefore, Zgaes = g(ZW)?’/le/Q(k:T)E’/Q. Now, suppose
the are N particles in the system. The number of particles in the element of phase space is

dN = N fdpmdpydpzdxdydz where f is the distribution function. The concentration of particles
is defined as n = [ d3p-2 e dy o= =N/ d3pf. Since f and Zga factorize, the integrals over mo-
N

mentum cancel out and you obtain n = - p— lefﬁmgz. You can verify that integration this
potentia.

over the volumes yields the identity N = N. Using the expression for Zjgtential you obtain

n = "ggN e~Pm9% that is n exponetially decreases with height. For the pressure you obtain the

mgN —pBmgz
S

equation of state of the ideal gas P = kkT =

by U = —N%ﬁd‘m = —Nélnaﬁﬂ v %% = 5Nk:T The heat capacity is C' = BT = gNk. This

result might be unexpected. The three translational degrees of freedom contribute %N k to the

. The average internal energy is given

heat capacity. In addition, there is a potenatil energy for the motion in the vertical direction. Its
contribution is Nk instead of the expected %N k, as it would be the case or a vibrational degree
of freedom. The reason for a different result is that the theorem of equidistribution of the energy
over degrees of freedom is valid in cases where the energy is a quadratic function of the momenta
and the deviations from the equilibrium position (see problem 4). For the problem at hand, the
potential energy is linear rather than a quadratic function of z.

3. Consider two interacting Ising spins, 7.e. a model of two coupled spins with the Hamiltonian
-H = _gMBB(Sl,Z =+ S?,z) - JSl,z82,27

where B is the external magnetic field and J is the so-called exchange interaction, ferromagnetic
for J > 0 and antiferromagnetic for J < 0. The energy levels of this system are given by

Emymy = —guBB(mi + ma) — Jmima,

where the quantum numbers take the values —S5 < mq,mo < S. Write down the expression for the
partition function of the system. Can it be calculated analytically for a general S? If not, perform
the calculation for S = 1/2. Calculate the internal energy, heat capacity, magnetization induced
by the magnetic field, and the magnetic susceptibility (in the zero field limit). Analyze ferro- and
antiferromagnetic cases.

Soultion: The partition function of the system is given by Z = Z e Pemima - For a

mi,ma=—S
general spin you can perform analytically one summation. You can use the results for a single

spin in a magnetic field and with h = gupB write Zg = Z;?H:_S ePhm me:_s ePlhtImiyms —



S g ePhm Slngfiﬁ?&?éﬁg%;;}m)] The remaining sum most probably cannot be calculated analyt-

ically. For S = 1/2 the partition function simplifies to Z; /5, = Ziﬁflm ePhm2 cosh [M},

that is Z;5 = 2 {eﬁh/Q cosh {w} + e B2 cosh [M] } This expression can be simpli-
fied to Zy/p = 2 {eﬂ‘]/‘l cosh(Bh) + 6_5‘]/4]. In the zero field limit the result further simplifies to

Zy /9 = 4cosh(BJ/4). The internal energy in the zero field limit is U = —Naglﬁz = —% tanh (%),

where N is the number of two-spin systems. In the limit of low temperatures the hyperbolic tan-

gent tends to 1 and so U = —N.J/4 (the two coupled spins are parallel for J > 0). In the case
of antiferromagnetic coupling, J < 0 and so tanh(3.J/4) — —1 for T — 0, so that for both ferro-
and antiferromagnetic coupling it follows that U = —N|J|/4 at zero temperature. The average

spin value per two-spin system is (S,) = (m1 + mg) = %%. Use the 7/, partition function to

obtain (S,) = % J/4sinh(Bh)  _ _ sinh(8h)

P77 cosh(Bh)1¢P773 = cosh(h)teFIT2" The susceptibility can be obtained by differe-

Blcosh?(Bh)+cosh(Bh)e=B7/2_sinh?(Bh)]
(cosh(Bh)+e—PJ/2)2

In the ferromagnetic case J > 0, the

tiating this expression with respect to the magnetic field, y o
B[14cosh(Bh)eF7/2] B8

(cosh(Bh)+eFI/2)2 " Ite BI72"
exponential is very small at low temperatures, 8J > 1, so that the susceptibility has a regular

In particular, at zero field y o

value comparable with that of an isolated spin. On the contrary, in the antiferromagnetic case
J < 0 the exponential is large and therefore the susceptibility is very small.

4. Consider classical particles with the potential energy V() = xr?/2 in 3 dimensions. Calcu-
late the partition function, internal energy and heat capacity.

Soultion: Start by calculating the classical partition funtion which factorizes into the kinetic
and potentail parts: Zeas = [ d°p e—Bp?/(2m) [d3r e BkT?/2 Zikinetic Zpotential, Where Zyinetic =
[fjo(f dps e*ﬁpg/@m)}g = (2rmkT)%? and Zpotential = {fj’;o dx 6*5’“‘”2/2}3 = (2rkT/k)%/?; hence
Zlass & T3. The internal energy and heat capacity are given by U = —N %ﬁdass = 3NKT and
C = g—g = 3Nk. The factor of 3 here is due to the three translational degrees of freedom of the
system. Per each degree of freedom there is Nk/2 due to kinetic energy and the same amount due
to potential energy. This problem illustrates the equidistribution of energy over degrees of freedom
in classical statistical physics.



