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Mandelstam Variables
Cross sections and decay rates can be written
using kinematic variables that are relativistic invariants
For any Ewo par&ial& to two Far&iai& process
we have at our dcsFmsaL 4-momenta associabted with each par&mi.e
thvariank vartables are scalar prmdu&&s D ASSELSD A PP A DD

conventional to use related (Mandelstam) variables

5 = (pa+pB)° = (pc+pp)
! t = (pa—pc) = (ps—pp)°|
U = (pA —pD)2 — (pB —pc)2

Because p? = m? (with i = A, B, C, D) and Pa +DPp = pc + pp

ci.u,e Ecw energj momem&um ﬂomservahom

s+t+u = Zm +2pA+2pA(pB—pC pD)

| 2
i >
{

Le. only two of the three variables are independent




Crossing

A 4 B a@ s

S = is positive (square cm energy)

S=channel process
N {,u = are negatives

From this process we can form another process A0 B LD

‘antiparticle of C'| _ by taking antiparticle of B |
to Left-hand side | to right-hand side|

Antiparticles have momenta which are negatives of particle momenta

PR 77 = Ppa @t LE “alic

relabive to g-channel reaction
2 2 i3 2
O = (pA —pB) , 1 = (PA +pc) e = (PA —PD)
This is called {-channel process

t wis positive and represents square cm energy

s <0 = = are square of momentum kransfers



Crossing

A+ B (.

s=(pa—pB)t=(pa—pc) & u=(pa+pp)°

U-channel process —

Uwr s pos&&éve (SQMQT’@; cm enerqy of AD Sjs&am)

s <0 and t <0 = are square of momentum transfers
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EXAMPLE

Amplitude for pair annihilation by crossing amplitude for Compton scattering
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Leading order contributions of some QED

Process

12/ 2¢*

Mgller scattering

~\~
e e —e e

(Crossing s < u)

?habha scatterin%
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forward interference backward
(u <> t symmetric)

s + u? i 2u? i u? + t?
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forward

u? + t?

Compton scattering
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Motivation ﬂfor Ffevmmam Rules

Nownrelativistic perturbation expansion of transition amplitude is

~

— =

we have associated factors of (f|V|n) with vertices
and identified ] /(E; — E,) as propagator
State vectors are eiqenstates of Hamilkonian in absence of V

Ho|n) = Ep|n)

Using completness relation |n)(n| = 1 we rewrite & as
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Propagator for spinless particles

It is natural bto bkake (—iV) rather than Vas Fser&urba&iom meme&er
Vertex factor is(—tV) and propagator
may be re_garcied. as z' times inverse of Schrodinger operator

acting on intermediate state

e e A
to deduce form of propagators for corresponding particles

Form of Ki@.bh*GOfd@h equa&mh corresyondms to [-] is

=
) see = (9,0 +m*)p = ~V¢

Gruided bjrei.a&wns&w:eraa of 8B we expect propagator

for spinless particle to be inverse of operator on left-hand side of<X
For intermediate state of momentum P Ehis gives
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Propagator for spin-1/2 particles

In a similar fashion, an electron in an electromoagnetic field satisfies
! me —

As before, we must mu&zptj b'.? —1

Hewnce, vertex factor is is —rey"

Electron propagator is therefore inverse of—i times left-hand side of<

Numerator conbkaiing sum
over spin states of

virtual eleckron

\
S —

m i , - 7 ) )
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General form of propagator of virtual particle of mass m is

N

Spin sum is completeness relation =
we include all Fossibt& spin states of propagating particle

Also integrate over different momentum states that propagate

-- for diagrams we have considered so far
this momenbtum is fixed bv momenka of external particles —-
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Grauqge freedom in photon propagator

Propaqakor for photon is ok unique
ki ol on account of freedom in choice of A*

Recall that physics is unchanged
by transformation that is associated with invariance of QED
under gauqge &ro\msﬂformaﬁmms o& wo\veﬁfum&mms c;:-nf ak&rged particles

A, S A=A, +o,x |8

X Ls &Wj afuv\t&c}h %ho& sa&sﬁas

| &
Wave equation for a tho&om e‘Wpa(? Fpg = O 8MF“V )
can be writken as w (gyA au a)x) A _ jV oo

photon propagator cannot exist until we remove gauge freedom of A)
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Pholown Pro paga&or

So far we worked in Lorentz class of gauges with 0 A=

wavefunction AF for a free photon satisfies equation

where four vector ¢/ is polarization vector of photon

Wikh this ih mind wave equ&&imn dp simyt&&es to g’ A2 A I

since guugm = 52 propagator is

(inverse of momentum space operator mulkiply by —i)



YROPAGATORK OF STIN-1 FARTICLES

Wave equation for a spin-1 particle of mass M

obtained from that for photon by replacement il T -

From o we see &kc& wave{uv\«c&;ov\ B A {or a {rae parh«cte sakisfies

. B

[g'/)‘( +M2) 8”6/\] ,\_0"

‘Proc:eec(ma e.ch&tv as benfc:era

we de&ermme inverse cwf mamen&um s[mc:e opera&or bv sc;a-tvma

| [9”\( S MQ) PP )] = 5“(A9uu + Bpupu) 4

Propagator m quantity tn brackets on right-hand side of O times 1
is found to be
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Polarizakion vectors

@ Numerator is sum over three spin states of massive particle
when talken on-shell p2 — M?

o We first take divergence 0, of

‘ , PR
o Two terms cancel and we find w ;

| M?0*By, =0 }

o Hence for a massive vector particle
we have no choice but to take 9B Sie—=(}

> ik is not a gauge condiktion

o As a colsequence wave @.qu&&on reduces to

with {re Par&ii.e solubions

_ —ip .z ]
B“ — Cu € i

o condition %t demands p~. €, =0

reducing independent polarization vectors from 4 ko 3
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Photown Foarizaémm vecktors

Lorentz condition for photons 0,A" =0 gives ¢y - Ea )
reducing humber of independent components of € to 3
We can explore consequences of additional gauge freedom T

Choose a gauge parameter

[X — jae 9" ]

with @ constant so that X is sakisfied

Substituting this together with Winto &

show Ehak pkjsi,cs LS unakavxged bj repiacamem&

[ euéegzeu—l—aqu ]
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ﬁ&jmmamotagj

/
2 patariz.aﬁiom vectors (e,uv 6,)

which differ by a multiple of ¢y describe same photon

Use this freedom to ensure that ktime component of ¥ vawmishes

e) = 0 and Lorentz condition reduces ko €. g=.0

This (noncovariant) choice of gauge is khown as Coulomb gauge
This means there are only two independent polarization vectors
and they are both transverse to three-momentum of photon

e.g. for a photon traveling along 2-axis we may take

[61 — (1,0,0), € = (0, 1,0)}

A free photon is thus described by its momentum ¢

—

and a Fotariz.aﬁcm vector €

CONCLUSION: we can obtain tnvariant amplitude I
by drawing all Feynman diagrams for process
(topologically distinct and connected)

and assigning mulkiplicative factors with various elements of each diagram
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e External Lines

spin-0 boson (or antiboson)
spin-1 fermion (in, out)
spin-1 antifermion (in, out)
spin-1 photon (in, out)

e Internal Lines — Propagators
spin-0 boson

spm—— fermion

massive spin-1 boson

massless spin-1 boson
(Feynman gauge)
e Vertex Factors

photon—spin-0 (charge e)

photon—spin-1 (charge e)

Look=: d*k/(2m)" over Lloop momentum; include—1if fermion loop and take trace of associated 7Y-matrices

Identical fermions: —1 between diagrams which differ only in e <> € or initial €~ <> final ™
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Trees

ahnithilakions
_|_

Bullk of hadrons produced in e ER

are fragments of 9 and antig produced by e e — qq
QED cross section for this process is readily obtained from

4
4o
Oetem—putpu— = 302
\_ J
center-of-mass energy squared is e
s-channel G QZ TN 4Ebeam

: | : : 2

we have taken account of fractional charge of quark €,
extra factor of 3 arises because we have diagram for each guark color

and cross sections have ko be added
To obtain cross section for producing all types of hadrons

must sum over all quark flavors ( h
R d S Oet+e— —hadrons — E :O-e+e_—>q<j
q—1u,a,s,... and hence

q
_ E : 2
_ q y




4

That sim[pie calculation leads ko dramatic Predw&iom

e

R = O ¢+e— —hadrons _32 : 2

Octe——pu—put

\_ /

Because Tete— —pu—put is well howhn (from Last class)

measurement of total e e anmnihilation cross section inko hadrons

directly counts number of guarks, their flavors, and their colors

We have
R o= 3[(3)+ () + ()] =2 fruds
— 2+3(%)2:%0 for u, d, s, c,
_ %_O_FS(%)Q:% for u, d, s, ¢, b
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Cross Seckiown

45
vs (GeV)]

cross seckiown meaéured at PETRA Aversu,s center-of-mass eherqgy
solid (opem) svmbots e ,u+,u_ (€+€_ o T+T_)
— - — relativistic Limit of lowest order QED prediction
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Predickions f:am[mr@.cl. to R weasurements

Value of R ~ 2 apparent below threshold for producing charmed
at () = 2(m. +my) ~ 3.7 GeV
Above threshold for all five quark flavors

(Q > 2my ~ 10 GeV), R = %1 as predicted

These measurements confirm that there are three colors of quark

11
R 3 would be reduced by a factor of 3 if there was only 1

Results for R will be modified when interpreted in context of QCD

Previowus s&udej is based on (leading order) process o Ay qq

We should also include diagrams where q and/or antig radiate g
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In ii%am&&par&ides are drawi u,g only particle (67, 175 q) Lines
BUT
we omilb arrow lines indicating time direction of antip 4-momenta

We'll adopt this simplified notation

-- whenever there is no danger of confusion --
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UV divergences
When annihilation energy far exceeds Light massesm of g and g
we must expect that for dimensionless observable I?

| J

as there is no intrinsic scale in theories with massless exchange bosons

This pradi,«:&iom disagrees with ﬁxparimenﬁ

and is not krue in renormalizable QFT

Exchange of a massless photon is ulkraviolet divergent
requiring introduction of a cutoff A

A scale is inkroduced into caleculation a

and dimensionless observable R(a, s,A%)is of form [ J

This seems ugly = it is not:

Aappears order by order in perturbative series but not in final answer
4 )

Therefore w

\U Y
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Renormalizabkion Group Equa&mm

Renormalizakion group aqu&&c}n [ J

da OR
2 T A
A2 F A OA2 o =0 FA

which exhibiks that K can c:lepemd o A c&w@.c&hj or via toupi.ma 8

8 can be rewribben in variable t = ln(s / AQ)

Usiing Azé’/(ﬁAz) — —(9/[(9 111(8/./\2)] we obtain

R

can be written more explicitly { A?

[)

where
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Bela Funckion

With identificakion A? = 5 w renormalization group equation
has very simple solution

n which observable ciepenc&.s on S ovxiv via teufpuv\g

Because (S)is dimensionless m dimensional analysis requires

-

a(s) =

F (a(A?),

S

AQ

)

~

which is cownsistent with ;
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e " . o e 2 meano s~ o a A as seeoao e <<

r N
da(s) |OF |
. p— e p—
N = | gp 2] =8
N\ y
8 a(s) i
Solution is t=1In(s/A) L(A) B(x)
N




Hints of calculations

repta«aiug

= o " At 14 = o 5 N 3 g £ v 5 g = SRNEL NS 2 -
R ioas e o o e b e SR g p e B S on N Y B R OB - R O] et e 921 S I LN ) T B R ORI - A N T s B R IA, R TIREY T BE RO
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¢ we cmaiv\» #

00 0R  0a0n
ot O« Ot Oa
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Running Coupiivxgs _
Runining of fi:cmptf,ug is described bj 5] -«fuv\c&mvx
which can be tampuﬁed per&urba&ivetv

In @FT interaction of 2 electrons by exchange of virtual photon

s described bj a Foer&urba&ve series
4 )

A

\_ J
Note hegative sigih

associated with fermion loop
which s made axyttci& A A
to inkroduce summakion

H(qQ) ts ulkraviolet divergehﬁ

as k — 00 (aske Maddiaiity (2 P
explicit calculation confirms this q”) = 1272 _/m . k2 1972 In m2
and we therefore write H(qz) o2 : A2

in kterms of = 1222 In (——412) >
divergent and finite part N y
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Renormalizable charge

The trick is to introduce a new charqge € which is finite
4 )

? = 2[1-T(—g?=p? +---][%
or !
_ 1 2 9 - O

€0 is infinitesimal and combines with divergent loop I

to yield finite physical charge e

This operation is performed at some reference momentum [

e.qg. e(p =0) is Thomson charge with
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Removing UV divergences
To illustrate how this works we calculate ¢ e scattering

Amplitude is (ignoring identical particle effects)

where ) has been obtained
by substituting renormalized charge € for bare charge using &
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Removing UV divergences (contd)

In Last term of  we can just replace €0 by €
as additional kerms associabted wikth subskibubion
Ombj appear in higher order

Thereﬂfore can be rewritten as:

BESE

at —q¢° = p’

o A2 o A?
()L
371 —q? 371 ,u2

2
@7
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Hints of calculations

2

2+ 0 P g 2
€ T+ 11{g%) eq = e“(1 + II(g°)

Using Taylor series boy o = V142 around x =0
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Running charqge
Divergent parts cancel and we obtain a finite result to O (a®)
In a renormalizable theory this cancellation

happens at every order of per&urba&imn theory

Price we have paid is introduction of a parameter Oz(,LLZ)
which is fixed by experiment

Electron charge (uhforﬁuna&etj) cannot be calculated

In summary m bj usiing substitution W
perturbation series using infinitesimal charges €g and infinite Lloops T
has been reshuffled order by order to obtain finite observables

Runhning charge can be written as
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QED Rebka Funckion
For QED result &

Ulkraviolet cutoff is eliminabted

bj renormalizing charge to some measured value at Q2 =5}
( )

! L —b 1n—2 A
a@) ale) e

One also notices thath determines 3 -function
to leading order in Fer&urb&&om theory
We obtain indeed from fl and o thak

Bla) = 80&2? ) = ba® + O(a”)

2

)
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b-values for running of coupling constants

2

coupling a = i]— b-value
™

>W
>mm

\
/
\
/

. - number of quarks (2-6)
ng : number of generations (3)

ng : number of Higgs doublets (1)
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Charge Screening

From % it is clear that much of structure of gauge theory
is dictated by identifying momentum dependence of couplings

Formal arquments have revealed screening of eleckric charge

There is pkjsias associaked wikh

In @FT a charge is surrounded by virtual eTe ™ pairs
which screen charge more efficiently at large than at small distances
Therefore |

o g =AY
s smaller Ehan shorb-distance value
O (T e —=H27.925 £ 0.016
We wnote Ehak qu&ii&a&ivﬂv
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For 3 generations of quarks b -value for QCD is negative

While GG pairs screen color charge

Just Like 6+€_pairs screen electric charge (21n¢/127 term inb)
=90
127

gluon Loops reverse that effect with larger negative b-value
Color charge grows with distance yielding
property: o, — 0 as ) — o0
On the other hand w &kearij becomes s%rov\gtv ﬁOMF’L&d ak Q2 ~ AQQCD
-= infrared slavery --

presumabi.j leading to confinement of quarks and gluons
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QCD Rebka Fulnckiown

Oas(Q?)
2 S pe 2
PERTURBATIVE EXIPANSION OF ﬂ"‘FUNCﬂON CALCUOLATED TO CORNPLETE 4-L00P APPROXIMATION
B(as(Q?) = — [oai(Q?) — Braz(Q7)
— B (Q7) — B3a2(Q%) + O(ay)
33 2N,
bo o= 127 :
5 a8 153 — 19N
oy 27 ’
; 77139 — 15099N + 325N
R 345673 |
29243 — 6946.3N + 405.089N? + 1.49931N?
o 2567

Nt NUMBER OF ACTIVE QUARK FLAVOURS AT ENERGY SCALE ()
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2009 WORLD AVERAGE OF ALPHA-STRONG

July 2009 |

s o Deep Inelastic Scattering
oe ¢'¢ Annihilation
0® Heavy Quarkonia

ag(Mz)=0.1184 = 0.0007

10 Q (GeV] 100




SUMMARY OF MEASUREMENTS OF as(My)

t-decays (N3LO)
Quarkonia (lattice)

Y decays (NLO)

|

DIS F, (N3LO) ot

DIS jets (NLO) |_:O_|
|

ete™ jets & shps (NNLO) ——O+—
|

electroweak fits (N3LO) |
ete™ jets & shapes (NNLO) —o—

0.11 6.12 0.13
Olg (M Z)
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KP do U skill bhimlk |
ﬁtr&m L8 comskank ?
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