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Virtual Photons

v In Maxwells theory of electromaginetism
charged particles interact through their electromagnetic fields

v For many years it was difficult to conceive
how such action-ab-a-distance bebween charges came abouk

v In QFT = we have such a tangible connection
YQFT approach visualizes force between electrons

as interaction arising in exchange of “virtual” photons
which can only travel disktance allowed bv uncertainty principle

v Virtual photons cannot Live an existence
independent of charges that emit or absorb them
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Perbturbative Approach

X| When calculating scattering cross sections

interaction between particles can be described

bj starting from a free field

-— which describes incoming and outgoing particles --
and ncluding an interaction Hamilkonian

to describe how particles deflect one another

Xl Amplitude for scattering
is sum of each possible interaction history
over all pessibte intermediate particle states

X] Number of times interaction Hamilkonian acks
is order of perturbation expansion

X| Perturbative series
con be written as a sum over Feynman diagrams
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Bhabha scattering bree-level diagrams

t-channel s-channel

Lowest order (kree level) diagrams for Bhabha scattering

(eTe” — ete)
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Bhabha scattering one-loop diagrams

Various virtual contributions containing one-loop
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Bhabha scattering two-loop diagrams




‘Spmtess quarks . L@.mes
© In non-relativistic Limit of perturbation theory
we have introduced a factor Llike Vi for each interaction verkex

and for propagation of each intermediate stakte
we have introduced a propagator factor Llike 1/(E; — Ey,)

© Intermediate states are virtual in sehse that enerqy is not conserved
but there is energy conservation between initial and final states
as indicated bv delta function §(FE e )

© We'll generalize perturbative scheme to handle relativistic particles

© We illustrate how to use per&urba&éan theory in a covariant way
by choosing interacting particles to be spinless charged leptons
as it is desirable to begin bvj avoiding complications of their spin
© No spinless quark or lepton has ever been observed in an experiment

‘Spmtess hadrons exist (e.q. T -meson)
but are complicated composite structures of spin-1/2 4 & spin-1g
© Spin-o leptons are completely fictitious objects
L.__» (Ehat is leptons so\%c',sﬂfvij Klein-Gordon @.qu&&iam)



Consider scattering of spinless electron in electromagnetic potential

In classical etea&rodvnamics
| motion of a particle of charge e
in electromagnetic potential = (gb7 A)

| is obtained bj subskibukion ot — pP — e AH

Working to lowest orcier we Megiea& 62A2 term i
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Transikion Amyt&%ude

e (from state ¢z to ¢ f) {:rc::rm etec&ramagne&c po&eV\EmLA

(1. - i [s@veewa: |

= —z/gbfze AFO, + 0, A" ¢; d*a

Derivative i seam«d Eerm (mkmh ox:&s on ba&k A“ th @,
can be turined around via m&agra&mn bj [mr&s = 50 that acts on ¢}

/cbf (A¥6,) d /a (65) A" ¢ d'a

surnfat:e &erm has b@.@\ om&&eo&

because potential is taken to vanish as %[ — +0o0
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Eleckromaqgnetic current fori — f transition

S— e —

bv aamparisan wikh ej“ =17¢€ (¢* 3“qb o gb 3“¢*)
can be reqarded as electromagnetic current for ¢ — f bransition
1f incoming e has four momentum p; we have ¢;(x) = e

-- N, is normalizakion constant —-

using analogous expression for @+ it follows that
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Spinless electron-muon scattering

tree level diagram for elecktron-muon scattering
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Source Current

Using resulks for scattering of electron off AH
we calculate scattering of same € off another charged particle
say o Muoin

Calculation is a straightforward extension of previous ohe
we just have to identify electromagnetic potential A*

with ks source charged MALGA :
This is done with help of Maxwell's equations A =7 é)
which determine A" associabed with currenk
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Spinless electron-muon scattering € tree level
Inserting bhis field due to muon into 2
we find tree level amplitude for electron muon scattering

— — ______ — ——— —————

PD +Pc —PB — PA
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Invariant Amplitude
© A consistency check on ) shows that
we would have obtained same amplitude
considering muon scattering off A produced by electron
® Consequently M (as defined b3 @ ) is called invariank amyii%uc&a
© della function expresses energy-momentum conservation for process

©® Phobtown Prc}pago&or carries Lorentz indices because is spi&wl par&icm

© Four-momentum ¢ of photon
is determined by four-momentum conservation at vertices
© We see that ¢° # 0 and we say photon is virtual or off-mass shell

© Each vertex factor contains electromagnetic coupling e
and a 4-vector index to connect with photon index

© Particular distribution of minus signs and factors ? has been made
to give correct result for higher order diagrams

© Note that multiplicative of three factors gives —IN

© Whenever same vertex or internal Line occurs i Feynman diagram
corresponding factor will contribute mulkiplicatively
ko amyii&ud& — 19N for that diagram
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Baumdarj Conditions
X To relate bhese calculations bto experimental observables
we must set normalization N of free particle wave functions

¢ Pt Nei(ﬁ.f—Et)
X  Recall that probability density of particles described by O is
p=2E|N|’
X Proportionality of p to L was just whot we needed

to compensate for Lorentz contraction of volume element d°x

and to keep number of particles ,Odgai’ unchanged

X We then worlke with a volume |/

and normalize o 2F par&ittes within Ehat volume

/ o dVe = 2 [
|%4

Thursday, October 6, 2011




Cross-Section
Tramsition rate per unit votume o»f proc:ess A+ B—->C+H+D is

T'is interval of interaction and transition amplitude is given by (@

Upon squar;y\g one delta function remains

and (27T) times other gives TV
Making use of & we obtain

Experimental vesulls on A S CD scattering
quoted as w related to btransition rate according to

W,
(initial lux)

— — —— - = - p— s ——

cross section = (number of final states)

factors in brackeks w of ncoming and oubtqoing states
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Normalizakion

For single particle m quantum physics restricts # of final states in V

with momenta in element dgp to be Vdgp/ (27T )3
but we have 2F F&r&ict&s T

(" )

V d’p
(2m)3 2F |

For par&iﬂes C, D scattered into momentum elements dgp(;, d?’p D
s )

Vd’pe Vd’pp &
\ (2m)32FE¢c (2m)32Ep )

It is easiest to calculate initial flux in Lab frame

No. of final states /particle =

\_

No. of available final states =

# of beam particles passing per unit area per unit time = Ua|2EA/V

# of target particles per unit volume w 2E5/V
normalization-independent measure of ingoing by taking

(" )

2F 4 21
w | Initial flux = |U4] VA VB
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Differential Cross Section

ALL in all = do for scattering into dgpc dgp D

“ i
SRV

— —

23
sad e

Arbi,&mrj normalizabion volume cancels

dro V and work i unilk volume
P

Normalize o 2F particles/unit volume

Normalization factor of wave function is A —
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Lorentz invariant

472 2E¢c 2Ep
1 p% dpc df)

S(W — Eq — E
Ar2 AE-Ep ( ¢~ Ep)
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dS) is ei.eme_m& <;>§ solid angle about De $ \/_ W = Eg4 —|— Eg
Using W = Eg + Ep = (pf +m¢)'/* + (b} +mp)"/?




Differential cross section in cwm. frame

Incident flux for a general collinear collision between A and B reads

‘ O ‘?714 —273| 284 2F 5

| = 4A(|pa|EB + |PB|EA)

= 4[(pa.p)® —mimp)]"?

and hence diftferential cross section in center-of-mass is

s S p— p— e e
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e e — e e uavariank &mpti&ud@;

For electron-electron scattering we need
account for identical particles in the initial and final sEa&es,
amplitude should be symmetric under interchange of particle Labels

O Dond A= B

Lowest-order
F‘v’evhmah

diagrams for

- Mgller scattering

t-channel u-channel

tree level invariant ampi_.i&wie for scattering of a spinless electron

Caom— i (€At pc)ups £ pp)" € (pa+pp)ulps +pc)”
e ( (pp — pPB)? (pc — pB)? >

svmme&r:} under PC < PD
ensures Fhat 91 is also svmm&rﬁt under PA <7 DB



Free electron of 4-momentum P" s deseribed bj Y = u(p) o~ ID-T

sa&ﬁs{vaug (Yup"* — m)p =0

Electron in an eleckromaqgnetic field A
obtained by substitution p" — p" — eA”
where we have again taken € to be charqge of the electron

R

per&urba&i,on s given bj Fy_OV = e’yﬂA“ \

Introduction of g is to make @ of form (B +...)Yv =V

so that potential energy enters in same way as in Schrodinger eq.
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Using first-order perturbation theory Tl = —j / d*z ¢* (z) V(z) ¢s(z)

&mpii&ud& for scattering of an electron from state Vi to stake @bf is
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Tree level kransition ampti&ud& for electron-nmuon scattering

Recall that the nvariant amplitude N is defined by

— e E— E— [ — —
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SF?EM average
To calculake uﬂpai&réz&d cross seckion
we must amend cross section formulae of spinless particles

By unpolarized we mean that
no information about electron spins is recorded in experiment

To allow for scattering in all possible spin configurations
we therefore have to malke replacement

N — M2 = M|

sSpins
where S 4, Sp are spins of incoming particles

We average over spins of incoming particles
and sum over spins of particles in final state
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How ko obkain umyetar&::.ed eross seckion

To obtain (unpolarized) cross section take square of modulus of
- ~

M = —e2T(k') v* u(k) (q—12> u(p’) v u(p)

and CarTY oub spiin sums
wikth momenka Pa = Kk, pp = p, pc = k/,pD = p/ and ¢ = k — Kk’

_/

Convenient ko separa&e sums over elecktron and muon spms

r ~
2 e’ py T ()
|9ﬁ‘ — q_4L(€)L,L“/

N y
Fensor associabed with eleckron vertex
a y 1 > o y *\

Ly =5 Z a(k' )y u(k)|[u(k" )y u(k)]
e—spins

. J

and with a similar expression for Lffu)
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A Little bit of algebra

a )

Ly =2 Y iy ak)Ek k)|

\_ e —spins y

MSW\S fy Tfy =0 fyofy’/

S—— . o .

% betomes

Liey = Z“(S ) Vs Z“(S) _(S) k) 73 uc(ss )(k ) 1
: YWAQSS o{
(et ) 5 ~ aiea&rom

spin summations look Like a forbidding task
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Think Pinle

( ) ba«comes &ra«c:e of prodm&& c:»f 4 x4 maEmces

Using btrace theorems
evaluation of tensor associated with elecktron vertex

(.
| Lo = TR )+§m?Tr(*v”v)

(k’“k” + k’”k“

— == — B— = ——

My is mass of muon
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Hinks 4 Calculation: Trace Theorems

Tope ==k

trace of an odd number of Y vanishes

Tr(gd ¥) =4a . b
Tr(d W ¢ d)=4{(a.b)(c.d)—(a.c)b.d)+ (a.d)(b.c)

Tr(y5) =0

Tr(ys ¢ §) =0

Te(vs d ¥ ¢ d) = di o @ b” c* d°




SF’LM averaqe e u —e [ ampii&uc&e

Forming product of Y and (B

obtain exact form for spin average amplitude

4 2
In extreme relativistic Limit neglect terms containing mi and M
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Mandelstam Variables
Cross sections and decay rates can be written
using kinematic variables that are relativistic mwxman&s
For any two particle to two particle process (m Y
we have at our cics[aosod. 4-momenta associakted wn&h each particle
tvariant variables are scalar products pa . pB, paA - Pc, PA - PD

conventional to use related (Mandelstam) variables

5 = (pa+pB)° = (pc+pp)
! t = (pa—pc) = (ps—pp)°|
U = (pA —pD)2 — (pB —pc)2

Because p? = m? (with i = A, B, C, D) and Pa +DPp = pc + pp

ci.u,e Ecw energj momem&um ﬂomservahom

s+t+u = Zm +2pA+2pA(pB—pC pD)

| 2
i >
{

Le. only two of the three variables are independent




Forward and Backward Scattering
To get a better feel for S, 1, and Ulet us evaluate them explicitly
Taking

bA = (E7 E’L)v PB = (Ea _Ei)a PC — (E, ]Zf), PpD = (E, —]Zf),E — (kQ _|_m2)1/2

n center-of-mass frame for particles all of mass

—2k*(1 — cos )

—2k*(1 4 cos )

is center-of-mass scattering angle

L.e. Ezgf Sk o3/

As k2 > 0 we have s > 4m?
and since —1 < cosfh < 1 we have t < (0 and u < 0

Note that 7' ()7 =g corresponds to forward (Packward) scattering
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HINTS £O1R CALCULATION

In (pa — pc)2 energy component cancels so
(pa —pc)® = —(ki — kyf)*
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In exktreme relakivistic Limik Mandelstam variables become

2k . p ~ 2k . p/ ~ 4k*
2k . k'~ —2p.p ~ —2k*(1 —cos®),

~ 2k .p ~ =2k .p ~ —2k*(1 + cos )

4

where pg = k,pg =p,pc = k' and pp =p

At high energies unpolarized e = — e [ scattering amplitude
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Hints for calculation

In massless Limit relatbivistic enerqgy relation becomes [2 — p2

SO

—

(k" — k)2 = —2kMk!, = —2k . k' = 2(|k||K'| — k. k")
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Crossing

Amplitude for e e — ,u Ll

bfj crossing resulk ﬂfor € L s R
requ,ired interchange is e —PD
thak is S & § w we c»b&am

F»“ejnman tree level cimgram
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HINTS £O1R CALCULATION

/
K< —p means k' — —k' AND P — —D YVIELDING

s=(k—p)°

B (1 )

Thursday, October 6, 2011



Differential cross section for ¢7et — T~ scattering

do

using Y
df)
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Posibron-Eleckron Tandem Ring Accelerator

iy A K .
-;.',"'.,'"ﬁ w_.tll
e X -,_{" e

PETRA accelerator

eTe beams

v
> 7!
w )
‘f-‘\x
. ~_"
Qff R

Corrections to Q of order &7, O, .. from higher order diagrams
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Cross seckion

\i.\%\\%\

e'e” —> uu { iq‘i
CELLO @ — JADE =

e'e”— 777
CELLO O — JADE OO

10 10 15 20 25 30 35 40 45 50

Vs (GeV)

cross section measured ot PETRA versus center-of-mass energy

solid (opem) svmbots e ,u+,u_ (€+€_ e 7‘+7'_)
— . — relakivistic Limik of Llowest order QED prec{w%mv\
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