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The force awakens Cosmic Microwave Background

CMB radiation was discovered in 1964 by Penzias and Wilson
Radiation was acting as a source of excess noise

in radio receiver

Precise measurements at λ = 7.35 cm + radiation was found:
not to vary by day or night or time of year
it came from all directions with equal intensity

to precision of better than 1%

Blackbody emission of hot dense gas
T ∼ 3000 K and λmax ∼ 1000 nm

redshifted by factor of 1000 + λmax ∼ 1 mm and T ∼ 3 K
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The force awakens Cosmic Microwave Background

Compilation of experimental measurements
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Figure 1. Precise measurements of the CMB spectrum. The line represents a 2.73 K
blackbody, which describes the spectrum very well, especially around the peak of inten-
sity. The spectrum is less well constrained at frequencies of 3 GHz and below (10 cm
and longer wavelengths). (References for this figure are at the end of this section under
“CMB Spectrum References.”)
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Figure 2. The shapes of expected, but so far unobserved, CMB distortions, resulting
from energy-releasing processes at different epochs.
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Accurate blackbody spectrum + T0 = 2.726± 0.010 K
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The force awakens Cosmic Microwave Background

CMB photons we see today interacted with matter for last time
some 380 kyr after the bang

γ decoupling occurs when T has dropped to point
where there are no longer enough high energy photons

to keep hydrogen ionized

γ 1H /� e−p+

Although ionization potential of 1H is 13.6 eV + T ∼ 105 K
recombination occurs at Trec ∼ 3000 K

Low baryon to photon ratio

η ≈ 5× 10−10

allows high energy tail of Planck distribution
to keep small number of hydrogen atoms

ionized until this much lower temperature
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The force awakens Cosmic Microwave Background

B4 recombination epoch universe was opaque “fog” of free electrons
and became transparent to radiation afterwards

When we look at the sky in any direction
we can expect to see photons that originated in last-scattering surface

This hypothesis has been tested very precisely by observed distribution of CMB
Planck Collaboration: The Planck mission

Fig. 9. Maximum posterior CMB intensity map at 50 resolution derived from the joint baseline analysis of Planck, WMAP, and
408 MHz observations. A small strip of the Galactic plane, 1.6 % of the sky, is filled in by a constrained realization that has the same
statistical properties as the rest of the sky.
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Fig. 10. Maximum posterior amplitude Stokes Q (left) and U (right) maps derived from Planck observations between 30 and
353 GHz. These mapS have been highpass-filtered with a cosine-apodized filter between ` = 20 and 40, and the a 17 % re-
gion of the Galactic plane has been replaced with a constrained Gaussian realization (Planck Collaboration IX 2015). From
Planck Collaboration X (2015).

8.2.1. Polarization power spectra

In addition to the TT spectra, the 2015 Planck likelihood in-
cludes the T E and EE spectra. Figure 12 shows the T E and EE
power spectra calculated from the 2015 data and including all
frequency combinations. The theory curve shown in the figure
is the best-fit base ⇤CDM model fitted to the temperature spec-

tra using the PlanckTT+lowP likelihood. The residuals shown
in Fig. 12 are higher than expected and provide evidence of
residual instrumental systematics in the T E and EE spectra. It
is currently believed that the dominant source of errors is beam
mismatch generating leakage from temperature to polarization
at low levels of a few µK2 in D`. We urge caution in the in-

19
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The force awakens Cosmic Microwave Background

B4 recombination + Compton scattering tightly coupled photons to electrons
which in turn coupled to protons via electomagnetic interactions

Consequently + photons and nucleons in early universe
behaved as single “photon-nucleon fluid” in gravitational potential well

created by primeval variations in the density of matter

Outward pressure from photons acting against inward force of gravity
set up acoustic oscillations that propagated through photon-nucleon fluid

exactly like sound waves in air

Frequencies of these oscillations are now seen imprinted on CMB
temperature fluctuations ∆T

Gravity caused primordial density perturbations across universe
to grow with time

Temperature anisotropies in CMB
are interpreted as snapshot of early stages of this growth

which eventually resulted in formation of galaxies
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The force awakens Cosmic Microwave Background

Convenient to expand difference ∆T(n̂) in spherical harmonics

∆T(n̂) ≡ T(n̂)− T0 =
∞

∑
l=0

∑
|m|≤l

almYlm (1)

T0 =
1

4π

∫
d2n̂ T(n̂) (2)

Set {Ylm} is complete and orthonormal + obeying∫
dΩ Yl1m1(Ω)Yl2m2(Ω) = δl1l2 δm1m2 (3)

Since ∆T(n̂) is real

Ylm(θ, φ) = N(l, m)


Pl

m(x)(
√

2 cos(mφ)) m > 0
Pl(x) m = 0
Pl

m(x)(
√

2 sin(mφ)) m < 0

(4)

Normalization given by

N(l, m) =

√
(2l + 1)(l −m)!

4π (l + m)!
(5)
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The force awakens Cosmic Microwave Background

Lowest multipole + monopole l = 0 equal to full-sky average
and gets fixed by normalization

Higher multipoles (l ≥ 1) and their amplitudes alm correspond to anisotropies
A nonzero m + 2 |m| longitudinal “slices” (|m| nodal meridians)
There are l + 1− |m| latitudinal “zones” (l − |m| nodal latitudes)

Nodal lines separating excess and deficit regions of sky for various (l, m) pairs
G Top row: (0, 0) monopole and partition of sky into two dipoles (1, 0) and (1, 1)
G Middle row: quadrupoles (2, 0), (2, 1), and (2, 2)
G Bottom row: l = 3 partitions, (3, 0), (3, 1), (3, 2), and (3, 3)
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The force awakens Cosmic Microwave Background

Expansion coefficients a`m’s + frame-dependent
Only ` = m = 0 monopole coefficient is coordinate independent
To combat problem + define power spectrum

Cl ≡
1

2l + 1

l

∑
m=−l

a2
lm (6)

Brief Cl initiation +

• the composition of the Universe: f(⌦B,⌦CDM ,⌦HDM ,⌦⌫ ,⌦�)

• the origin of structure

What makes these parameters even more important and what makes CMB-
cosmology such a hot subject is that in the near future measurements of the CMB
angular power spectrum will determine these parameters with the unprecedented
precision of a few % (Jungman et al. 1996).

lC

1 1000 l10010

lC

1 1000 l10010

lC

1 1000 l10010

Power SpectraMaps

Figure 2. Simple Maps and their Power Spectra. If a full-sky CMB map

has only a dipole (top), it’s power spectrum is a delta function at ` = 1 . If a map

has only temperature fluctuations on an angular scale of ⇠ 7� (middle) then all of

the power is at ` ⇠ 10. If all the hot and cold spots are even smaller (bottom) then

the power is at high `.

3. What is the CMB power spectrum?

Similar to the way sines and cosines are used in Fourier decompositions of arbi-
trary functions on flat space, spherical harmonics can be used to make decompo-
sitions of arbitrary functions on the sphere. Thus the CMB temperature maps

5
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The force awakens Cosmic Microwave Background

To get a rough understanding of the power spectra
divide up plot into super-horizon and sub-horizon regions

Angular scale corresponding to particle horizon size
is boundary between super- and sub-horizon scales

Size of causally connected region on last scattering surface
is important

It determines size over which astrophysical processes can occur

Normal physical processes can act coherently
only over sizes smaller than the particle horizon

and could not have produced structure in CMB map

For historical reasons + quantity usually used in plots

∆T ≡
[

l(l + 1)
2π

Cl

]1/2

(7)
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The force awakens Cosmic Microwave Background

l(
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Figure 4. Simplified CMB Power Spectrum. The CMB power spectrum

can be crudely divided into three regions. The Sachs-Wolfe Plateau caused by the

scale independence of gravitational potential fluctuations which dominate the spec-

trum at large super-horizon scales. The horizon is the angular scale corresponding

to ctdec where c is the speed of light and tdec is the age of the Universe at decou-

pling. The Doppler peaks on scales slightly smaller than the horizon are due to

resonant acoustic oscillations analogous to mellifluous bathroom singing (see Figure

8). At smaller scales there is nothing because the finite thickness of the surface of

last scattering averages small scale fluctuations along the line of sight. Di↵usion

damping (photons di↵using out of small scale fluctuations) also suppresses power

on these scales.

.

8
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The force awakens Cosmic Microwave Background

Relative size of peaks and locations of power spectrum
16.5 Inflation
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Figure 16.4: The influence of several cosmological parameters on the angular power spectrum
of the CMB.

is the distance a photon travelled freely after its last scattering at tls. Thus the maximal
angular separation of a causally connected points is with l = ctls(1 + zls)

ϑ =
(1 + zls)tls

t0
≈ 0.02 ≈ 1◦ (16.13)

The reason for this “causality problem” is that the universe expands slower than light
travels: As the age of the universe increases, the part observable to us increases linearly, ∝ ct,
while the scale factor increases only with t2/3 or (t1/2). Thus we see more and more regions
that were never in causal contact for a radiation or matter-dominated universe.

The sound horizon has approximately the same angular size, because of vs ≈ c/
√

3. The
exact size depends among other on the cosmological model: The sound horizon serves as a
ruler at fixed redshift zls to measure the geometry of space-time. Moreover, the fluid of pho-
tons and nucleons performs acoustic oscillations with its fundamental frequency connected
to the sound horizon plus higher harmonics. The relative size of peaks and locations gives
information about cosmological parameters. Figure 16.4 shows the influence of several cos-
mological parameters on the angular power spectrum as function of ℓ ∼ π/ϑ. The first panel
shows that the first peak sits indeed at ℓ ≈ 100 (or ϑ ∼ 1◦) for a flat Universe, as we have
found in our simple estimate (16.13). Observations by the WMAP satellite confirm with high
significance the value for Ωb from BBN, for ΩΛ from type Ia supernovae, and that we live in
a flat Universe.

16.5 Inflation

Shortcomings of the standard big-bang model
• Causality or horizon problem: why are even causally disconnected regions of the universe

homogeneous, as we discussed for CMB?

137

gives information about cosmological parameters
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The force awakens Cosmic Microwave Background

At recombination universe is already matter-dominated

Use last class calculations with zls ' 1100
to give estimate of horizon distance at CMB epoch

dh,ls =
2c

H0(1 + z)3/2 ≈ 0.23 Mpc (8)

This is linear diameter of largest causally connected region
observed for CMB + `ls

Today’s angular diameter of this region in the sky is

θ =
1

(1 + z)1/2 − 1
= 0.03 ≈ 1.8◦ (9)

CMB data point to flat universe
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The force awakens Cosmic Microwave Background

Compilation of measurements of CMB angular power spectrum
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The force awakens ΛCDM

Weighting the Universe
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The force awakens ΛCDM

Cold Dark Matter
There is a strong astrophysical evidence
for a significant amount of nonluminous matter in the universe

referred to as CDM

For example + observations of rotation of galaxies suggest that
they rotate as they had considerably more mass than we can see

Similarly + observations of motions of galaxies within clusters
also suggest they have considerably more mass than can be seen

What might this nonluminous matter in the universe be?

We do not know yet

It cannot be made of ordinary (baryonic) matter
so it must consist of some other sort of elementary particle
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The force awakens ΛCDM

Rotational Velocities of Stars in Spiral Galaxies

v2(R) = G M(R)/R

Stars and gas in the disk move in circular orbits

Newtonian approximation ☛

Gravitational field provides inward acceleration
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The force awakens ΛCDM

Gravitational Lensing
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The force awakens ΛCDM

Bullet Cluster
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The force awakens ΛCDM

Best fit to most recent data from Planck satellite yields:
Ωm,0 = 0.308± 0.013, Ωb,0h2 = 0.02234± 0.00023,
ΩCDM,0h2 = 0.1189± 0.0022, h = 0.678± 0.009, and Ωk < 0.005
Unexpectedly + H0 inference from Planck data
deviates by more than 2σ from HST result + h = 0.738± 0.024Planck Collaboration: Cosmological parameters

Fig. 16. Comparison of H0 measurements, with estimates of
±1� errors, from a number of techniques (see text for details).
These are compared with the spatially-flat ⇤CDM model con-
straints from Planck and WMAP-9.

excellent agreement with the base ⇤CDM model evident in Fig.
15, we can infer that the combination of Planck and BAO mea-
surements will lead to tight constraints favouring ⌦K = 0 (Sect.
6.2) and a dark energy equation-of-state parameter, w = �1
(Sect. 6.5). Since the BAO measurements are primarily geomet-
rical, they are used in preference to more complex astrophysical
datasets to break CMB parameter degeneracies in this paper.

Finally, we note that we choose to use the
6dF+SDSS(R)+BOSS data combination in the likelihood
analysis of Sect. 6. This choice includes the two most accu-
rate BAO measurements and, since the e↵ective redshifts of
these samples are widely separated, it should be a very good
approximation to neglect correlations between the surveys.

5.3. The Hubble constant

A striking result from the fits of the base⇤CDM model to Planck
power spectra is the low value of the Hubble constant, which is
tightly constrained by CMB data alone in this model. From the
Planck+WP+highL analysis we find

H0 = (67.3±1.2) km s�1 Mpc�1 (68%; Planck+WP+highL).(51)

A low value of H0 has been found in other CMB experi-
ments, most notably from the recent WMAP-9 analysis. Fitting
the base ⇤CDM model, Hinshaw et al. (2012) find24

H0 = (70.0 ± 2.2) km s�1 Mpc�1 (68%; WMAP-9), (52)

consistent with Eq. (51) to within 1�. We emphasize here that
the CMB estimates are highly model dependent. It is important
therefore to compare with astrophysical measurements of H0,
since any discrepancies could be a pointer to new physics.

24The quoted WMAP-9 result does not include the 0.06 eV neutrino
mass of our base ⇤CDM model. Including this mass, we find H0 =
(69.7 ± 2.2) km s�1 Mpc�1 from the WMAP-9 likelihood.

There have been remarkable improvements in the preci-
sion of the cosmic distance scale in the last decade or so.
The final results of the Hubble Space Telescope (HST) Key
Project (Freedman et al. 2001), which used Cepheid calibrations
of secondary distance indicators, resulted in a Hubble constant
of H0 = (72 ± 8) km s�1 Mpc�1 (where the error includes esti-
mates of both 1� random and systematic errors). This estimate
has been used widely in combination with CMB observations
and other cosmological data sets to constrain cosmological pa-
rameters (e.g., Spergel et al. 2003, 2007). It has also been recog-
nized that an accurate measurement of H0 with around 1% pre-
cision, when combined with CMB and other cosmological data,
has the potential to reveal exotic new physics, for example, a
time-varying dark energy equation of state, additional relativistic
particles, or neutrino masses (see e.g., Suyu et al. 2012, and ref-
erences therein). Establishing a more accurate cosmic distance
scale is, of course, an important problem in its own right. The
possibility of uncovering new fundamental physics provides an
additional incentive.

Two recent analyses have greatly improved the precision of
the cosmic distance scale. Riess et al. (2011) use HST observa-
tions of Cepheid variables in the host galaxies of eight SNe Ia to
calibrate the supernova magnitude-redshift relation. Their “best
estimate” of the Hubble constant, from fitting the calibrated SNe
magnitude-redshift relation, is

H0 = (73.8 ± 2.4) km s�1 Mpc�1 (Cepheids+SNe Ia), (53)

where the error is 1� and includes known sources of systematic
errors. At face value, this measurement is discrepant with the
Planck estimate in Eq. (51) at about the 2.5� level.

Freedman et al. (2012), as part of the Carnegie Hubble
Program, use Spitzer Space Telescope mid-infrared observations
to recalibrate secondary distance methods used in the HST Key
Project. These authors find

H0 = [74.3 ± 1.5 (statistical) ± 2.1 (systematic)] km s�1 Mpc�1

(Carnegie HP). (54)

We have added the two sources of error in quadrature in the
error range shown in Fig. 16. This estimate agrees well with
Eq. (53) and is also discordant with the Planck value (Eq. 16)
at about the 2.5� level. The error analysis in Eq. (54) does not
include a number of known sources of systematic error and is
very likely an underestimate. For this reason, and because of the
relatively good agreement between Eqs. (53) and (54), we do not
use the estimate in Eq. (54) in the likelihood analyses described
in Sect. 6.

The dominant source of error in the estimate in Eq. (53)
comes from the first rung in the distance ladder. Using the
megamaser-based distance to NGC4258, Riess et al. (2011) find
(74.8±3.1) km s�1 Mpc�1.25 Using parallax measurements for 10
Milky Way Cepheids, they find (75.7 ± 2.6) km s�1 Mpc�1, and
using Cepheid observations and a revised distance to the Large
Magellanic Cloud, they find (71.3 ± 3.8) km s�1 Mpc�1. These
estimates are consistent with each other, and the combined esti-
mate in Eq. (53) uses all three calibrations. The fact that the er-
ror budget of measurement (53) is dominated by the “first-rung”
calibrators is a point of concern. A mild underestimate of the

25 As noted in Sect. 1, after the submission of this paper
Humphreys et al. (2013) reported a new geometric maser distance
to NGC4258 that leads to a reduction of the Riess et al. (2011)
NGC4258 value of H0 from (74.8 ± 3.1) km s�1 Mpc�1 to H0 = (72.0 ±
3.0) km s�1 Mpc�1.

32
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The force awakens ΛCDM

Estimated Composition of the Universe

Supernova Cosmology Project                         Supernova Search Team  
Hubble Space Telescope             Wilkinson Microwave Anisotropy Probe (WMAP)  
Sloan Digital Sky Survey (SDSS)                    Planck spacecraft 

Before Planck After Planck

Dark Matter Ordinary Matter Dark Energy
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The force awakens ΛCDM

Consider benchmark model containing only
pressure-less matter and cosmological constant + Ωm,0 + ΩΛ = 1
Multiplying the acceleration equation by 2
and adding it to Friedmann equation + eliminate ρm

2
ä
a
+

(
ȧ
a

)2

= Λc2 (10)

Using
d
dt
(aȧ2) = ȧ3 + 2aȧä = ȧa2

[(
ȧ
a

)2

+ 2
ä
a

]
(11)

it follows that
d
dt
(aȧ2) = ȧa2Λc2 =

Λc2

3
d
dt
(a3) (12)

Integrating is now trivial

aȧ2 =
Λc2

3
a3 + C (13)
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The force awakens ΛCDM

C can be determined by setting a(t0) = 1
and comparing Friedmann equation to (13) with t = t0

C = 8πGρm,0/3

Introducing x = a3/2 such that

da
dt

=
dx
dt

da
dx

=
dx
dt

2x−1/3

3
(14)

(13) becomes

ẋ2 − 3
4

Λc2x2 +
9
4
C = 0 . (15)

Inserting solution of homogeneous equation

x(t) = A sinh(
√

3Λct/2) fixes A =
√

3C/Λc

Time scale factor is

a(t) = A2/3 sinh2/3(
√

3Λct/2) (16)
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The force awakens ΛCDM

Time-scale of expansion set by tΛ = 2/
√

3Λc2

Present age of universe t0 follows by setting a(t0) = 1

t0 = tΛ tanh−1(
√

ΩΛ) (17)

Deceleration
q = − ä

aH2 (18)

is important parameter for observational tests of ΛCDM model
We calculate first the Hubble parameter

H(t) =
ȧ
a
=

2
3tΛ

coth(t/tΛ) (19)

and after that
q(t) =

1
2

[
1− 3 tanh2(t/tΛ)

]
(20)
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The force awakens ΛCDM

Limiting behavior of q:
for t→ 0 + q = 1/2
for t→ ∞ + q = −1

For ΩΛ = 0.7
transition region from decelerating to accelerating universe + t ≈ 0.55t0
This can be easily converetd to a redshift z∗ = a(t0)/a(t∗)− 1 ≈ 0.7

that is directly measured by SNe Ia observations
15.6 The ΛCDM model
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Figure 15.3: The deceleration parameter q as function of t/t0 for a ΛCDM model and various
values for ΩΛ (0.1, 0.3, 0.5, 0.7 and 0.9 from the top to the bottom).

The limiting behavior of q corresponds with q = 1/2 for t → 0 and q = −1 for t → ∞ as
expected to the one of a flat Ωm = 1 and a ΩΛ = 1 universe. More interesting is the transition
region and, as shown in Fig. 15.3, the transition from a decelerating to an accelerating universe
happens for ΩΛ = 0.7 at t ≈ 0.55t0. This can easily converted to redshift, z∗ = a(t0)/a(t∗) −
1 ≈ 0.7, that is directly measured by Supernova observations.

Exercises

1. Derive the relation between temperature and time in the early (radiation dominated)
universe using ρ = gaT 4 = gπ2T 4/30 as expression for the energy density of a gas with
g relativistic degrees of freedom in the Friedmann equation. What is the temperature
at t = 1 s? [Hints: The expression ρ = gπ2T 4/30 is valid for k = c = ! = 1. Then one
can measure temperatures in MeV/GeV and use s−1 = 6.6 × 10−25 GeV and G−1/2 =
MPl = 1.2 × 1019 GeV.]

129

t/t0

q(t)
⌦⇤ = 0.1

⌦⇤ = 0.9
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