Prof. Anchordoqui

Problems set # 8‘ Physics 501 November 9, 2016

Ordinary Differential Equations IV

1. Use a power series to solve the following differential equations:

(i)
u" = kPu = 0;
(ii)
W +au' +u=0.

2. Show that:
(i) Rodrigues formula is a solution of Legendre equation;
(ii)

m m dm
P () =(1— $2) /2 WPZ(:U),

(iii)
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3. Suppose that we have a cylindrical capacitor, as seen in the figure. Suppose further that we
put an AC current across the plates, starting at a low frequency, w. As the voltage alternates, the
positive charge on the top plate is take off and negative charge is put on. While that is happening,
the electric field disappears and then builds up in the opposite direction. As the charge sloshes
back and forth slowly, the electric field follows. At each instant the electric field is uniform, as
shown in the figure, except for some edge effects which we are going to disregard. We can write the
electric field as £ = Egcos(wt), where Eg = Qo/egA is constant, and A = 7wa? is the area of the
plate. Now will this continue to be right as the frequency goes up? No, because as the electric field
is going up and down, there is a flux of electric field through any circular loop, say I', of radius r
inside the capacitor. And, as you know, a changing electric field acts to produce a magnetic field.
From Maxwell’s equations, the magnetic field is given by a

I A d
cQjéB dl = /E~dA = 2B2rr = —(Enr?),
dt dt

or
B = —%Eo sin(wt).

So, the changing electric field has produced a magnetic field circulating around inside the capacitor,
and oscillating at the same frequency as the electric field. Now, are we done? No! This magnetic
field also oscillates, which produces a new electric field! The uniform field, E; = Eycos(wt), is
only the first term! The changing magnetic field produces a new electric field, Fs, such that the
total field is ¥ = FE1 + E5. Now, in general, Fs is also oscillating! This means that there will be
a new magnetic field from Es, which will be oscillating, which will create a new electric field, Fs,
which will create a new magnetic field.... Your task is to calculate the first four terms of the series,



enough to get the pattern, and write the total electric field, taking the field at the center of the
capacitor to be exactly Eycos(wt), (i.e., there is no correction at the center). Then, compare your
result with Bessel functions, and see if you can write the full electric field you find in terms of one
of the Bessel functions, in closed form. Can you find an exact expression in terms of one of the
Bessel functions for the magnetic field?



